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Abstract

Although error modeling and compensation have given significant results for three-axis CNC machine tools, a few barriers have
prevented this promising technique from being applied in five-axis CNC machine tools. One crucial barrier is the difficulty of
measuring or identifying link errors in the rotary block of five-axis CNC machine tools. The error model is thus not fully known.
To overcome this, the 3D probe-ball and spherical test method are successfully developed to measure and estimate these unknown
link errors. Based on the identified error model, real-time error compensation methods for the five-axis CNC machine tool are
investigated. The proposed model-based error compensation method is simple enough to implement in real time. Problems associated
with the error compensation in singular position of the five-axis machine tool are also discussed. Experimental results show that
the overall position accuracy of the five-axis CNC machine tool can be improved dramatically.
 2003 Elsevier Science Ltd. All rights reserved.
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1. Introduction

In the past decades, much research has focused on the
machine tool accuracy of three-axis CNC machine tools
in the presence of geometric and thermally induced
errors [1–4]. Based on the established error model, a
compensation method can be developed to improve the
accuracy of the target machine tool[5,6]. The error com-
pensation in the three-axis machine tool delivers very
good results if the machine’s operating condition is well-
defined and repeatable. In contrast, previous studies on
the five-axis CNC machine tool are mainly based on
theory and simulation[7,8]. Due to the lack of a proper
measurement device, some dominant errors in the error
model of the five-axis CNC machine tool are not
measurable. In[9], a neural network model was used for
the error compensation, thus bypassing the problem.
Since the error model describes the effects of individual
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error sources on the overall position errors exactly, it is
obvious that error model-based compensation will
deliver the most effective results. This research effort
focuses on the identification of unknown components in
the error model.

The components appearing in the error model of the
five-axis CNC machine tool can be classified into two
categories: motional errors and link errors. Motional
errors are those associated with the inaccurate motion of
the servo-driven linear or rotary axis. All motional errors
of the servo-driven linear axis can be measured
efficiently with modern laser interferometers[10]. In
contrast, the motional errors of the rotary axis are only
partly measurable, with an electronic level or multi-face
mirror. Link errors are those due to the erroneous mount-
ing of structural components such as column, spindle,
and rotary block. Measurable link errors include the
three squareness errors between the three linear axes.
Link errors in the rotary block are normally not measur-
able, due to lack of accessibility.

To enhance the accuracy of five-axis CNC machine
tools, model-based real-time error compensation has
many advantages. For one, nearly all identified errors
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can be fully compensated. For another, high-level path
definitions in the NC program, such as the spline, can
be processed by the CNC’s interpolator directly and
avoid the typical problem of discontinuous feedrate dur-
ing five-axis machining. In a previous study [11], a new
measurement device with corresponding methods was
presented to test the overall position errors of the five-
axis CNC machine tool. Also, an estimation method was
developed to identify the unknown link errors in the
error model [12]. This study goes further and investi-
gates model-based real-time error compensation.

2. Basic concept

In the information flow of five-axis machining, for-
ward and backward kinematic transformations are per-
formed at different levels. Usually, both transformations
are based on an ideal kinematic chain, whereby geo-
metric errors of the real machine are not considered.
Since most five-axis CNC controllers only accept NC
data defined in machine coordinates, backward trans-
formation is performed in the post-processor of the
CAD/CAM system. The tool path defined in the cutter
location data (CLDATA) file is transformed from work-
piece coordinates into machine coordinates to adapt to
the input format of the target CNC controller.

In this paper, transformation based on the ideal kinem-
atic model is named nominal transformation. The nomi-
nal backward transformation Fb,n computes the axis pos-
ition vector u in machine coordinates from given tool
pose vector v in workpiece coordinates:

u � Fb,n(v) (1)

The tool pose vector v is defined in workpiece coordi-
nates and includes the tool tip position P = [xw yw zw]
and the tool orientation Q = [iw jw kw]. Q is a unit direc-
tional vector.

The nominal forward transformation Ff,n computes
tool pose vector v in workpiece coordinates from given
axis position vector u in machine coordinates:

v � Ff,n(u) (2)

Note that the solution for the forward transformation
is unique. For each given axis position vector u, there
is one, and only one, corresponding tool pose vector v.
In contrast, the solution for the backward transformation
is not unique. If the five-axis machine is not in singular
position, there are in general two solutions for the back-
ward transformation. It is necessary to select a suitable
one according to predefined criteria, for example mini-
mal driving energy or distance. If the five-axis machine
is in the singular position, the position of one rotary axis
is not solvable. In the case of the X�Y�ZA�C� type five-
axis milling machine, the machine is in singular position
when the rotary C-axis is in the vertical direction. In this

case, the k-component of the orientation vector Q is
equal to one and the other components are zero. The
rotation of the C-axis does not change the tool orien-
tation in workpiece coordinates.

In driving the real five-axis machine with the axis pos-
ition vector us, the actual tool pose vector va deviates
from the setting tool pose vector vs:

va � Fe(us,e) (3)

where Fe represents the error model of the real five-axis
machine and e the set of geometric errors.

The task of model-based error compensation is to find
a necessary correction vector du for each axis position
vector us such that despite the existing geometric errors,
the tool takes the desired pose:

vs � Fe(us � du,e) (4)

The necessary condition for finding the correction
vector du is that all errors in the error model must be
known. There are different ways to find the vector du.
Since the error model is highly nonlinear, iterations are
normally necessary to get a solution with acceptable tol-
erance. For real-time error compensation, the iterative
approach is not preferred. Since the errors are small, the
relationship between the differential change of tool pose
in workpiece coordinates and the differential change in
machine axis coordinates can be assumed to be linear.
This linear relationship in matrix form is known as the
Jacobian matrix [13]. Because the solution for the for-
ward transformation is always unique, it is better to use
it to compute the Jacobian matrix:

J �
∂Ff,n(u)

∂u
(5)

The computation of correction vector du is then very
simple by using the inverse Jacobian matrix:

du � J�1dv (6)

where J�1 is the inverse Jacobian matrix.

3. Error modeling and identification

Fig. 1 shows the target five-axis milling machine. The
machine can be modeled as an open kinematic chain
with several links connected in series by prismatic and
rotational joints. At one end of the kinematic chain is
the tool locked with the main spindle. The spindle block
is fixed on the Z-slide. The Z-slide moves vertically
along the column with a prismatic joint. The column on
the other hand is bolted onto the machine bed. The other
end of the kinematic chain begins with the workpiece,
which is fixed onto the base surface of the C-turntable.
The C-turntable is integrated with the A-tilting head,
which on the other hand is mounted on the X-table. The
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Fig. 1. Five-axis milling machine of the type X�Y�ZA�C�.

C- and A-axis together contribute to the tilt motion of
the workpiece. The X-table moves horizontally on the Y-
table with a prismatic joint. The Y-table moves on the
machine bed with a prismatic joint too.

Fig. 2 illustrates the coordinate frames with constant
offset parameters Z0, Z1, Z2 and Z3 between coordinate
systems. The parameter Lt is tool length. After defining
the homogenous transformation matrix (HTM) [14] for
each kinematic component, the spatial relationship
between the workpiece coordinate frame and the tool
coordinate frame can then be expressed as
wTt � wTb

bTc
cTa

aTx
xTy

yTz
zTs

sTh
hTt (7)

where the index t represents the coordinate frame of the
tool, h the tool holder, s the spindle, x, y, z the three
linear axes, a and c the two rotary axes, b the base sur-
face of the turntable and w the workpiece. Note that link
errors in the rotary block bTc, cTa and aTx are dominant,
unknown and need to be estimated.

The positioning with axis position vector u gives tool
pose v. The tool tip’s position P = [xw yw zw] is obtained
as follows:

[P 1]T � wTt,i[0 0 0 1]T (8)

where wTt,i describes the ideal relationship between the
workpiece coordinate frame and the tool coordinate

Fig. 2. The coordinate frames of the five-axis milling machine.

frame and can be obtained by setting all errors to zero.
The vector [0 0 0 1] represents the origin point of the
tool coordinate frame. Note that the workpiece coordi-
nate frame is fixed on the turntable and rotates with the
rotary axes C and A. Therefore, the tool orientation vec-
tor, represented by unit directional vector Q =
[iw jw kw], is determined only by the two rotary axes
and can be obtained by transforming the unit vector
[0 0 1] in the tool coordinate frame into the workpiece
coordinate frame:

[Q 0]T � wTt,i[0 0 0 1]T (9)

The nominal forward transformation of the target five-
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axis milling machine can be derived easily by using the
matrix wTt,i and can be explicitly expressed as follows:

xw � zmsin(qc)sin(qa)�ymsin(qc)cos(qa) (10)

�xmcos(qc)�Xw0

yw � zmcos(qc)sin(qa)�ymcos(qc)cos(qa) (11)

� xmsin(qc)�Yw0

zw � zmcos(qa) � ymsin(qa)�Z3�Zw0 (12)

iw � sin(qa)sin(qc) (13)

jw � sin(qa)cos(qc) (14)

kw � cos(qa) (15)

where xm, ym, zm, qa and qc are the setting position of
the servo-controlled X-axis, Y-axis, Z-axis, A-axis and C-
axis, respectively. The axis position vector is u =
[xm ym zm qa qc]. Xw0, Yw0 and Zw0 are offsets between
the workpiece coordinate frame and the base surface
coordinate frame.

Explicit expressions of the overall position errors can
be obtained after carrying out matrix multiplications and
simplifying the equations by neglecting the second- and
higher-order terms. The tool pose error dv includes the
tool tip’s position error dP = [dxw dyw dzw] and the
orientation error dQ = [diw djw dkw], both are defined
in workpiece coordinates. The errors dP and dQ can be
expressed as

[dP 1]T � wTt,i[0 0 0 1]T�wTt[0 0 0 1]T (16)

[dQ 0]T � wTt,i[0 0 0 1]T�wTt[0 0 0 1]T (17)

The error model represented by Eqs. (16) and (17) is
different from that presented in [11]. Eq. (16) describes
the overall position errors of the tool in the workpiece
coordinate frame. In contrast, the error model in [11]
describes the overall position errors measured by the
probe sensors. Although these two models are different,
most error components are the same.

In the past, the error model was used for simulation
since major error components were not known. Today,
the spherical test [11] with the 3D probe-ball provides
a new approach. With the measured overall position
errors, the unknown link errors can be identified by using
the least square estimation (LSE) method.

4. Compensation algorithm

Note that the tool pose error vector dv is defined in
workpiece coordinates and the correction vector du is
defined in machine coordinates. A critical step in model-
based error compensation is to derive the correction vec-
tor du from the error vector dv. As mentioned above,
the nominal forward transformation functions are used
to compute the Jacobian matrix describing the linear

relationship between differential changes in the work-
piece coordinates and the machine coordinates. From
Eqs. (10)–(15), this linear relationship can be explicitly
expressed as

dxm � (�dxwCcSa � dywScSa � diwCcSazm (18)

�diwCcCaym�djwScSazm � djwScCaym) /Sa

dym � (�dxwScC2
a�dywCcC2

a � dzwCaSa

� diwS2
aSczm � diwCcSaC2

axm�djwScSaC2
axm (19)

� djwCcS2
azm) /Ca

dzm � (dxwSaScCa � dywCcSaCa � dzwC2
a

�diwScym�diwCcCaxm � djwScCaxm (20)

�djwCcym) /Ca

dqa � (diwSc � djwCc) /Ca (21)

dqc � (diwCc�djwSc) /Sa (22)

where Cc, Ca, Sc and Sa are the simplified operators of
cos(qc), cos(qa), sin(qc) and sin(qa), respectively. In Eqs.
(18)–(22), cos(qa) and sin(qa) appear in the denominator
and may cause problems.

4.1. Case 1: qa = 0o

In this case, the C-turntable is in the horizontal pos-
ition. The tool orientation vector is [0 0 1] in the work-
piece coordinates and the five-axis machine is in its
singular position. The nominal backward transformation
is not solvable because the C-axis may take any position
value. A small orientation deviation out of the singular
position may cause the C-axis to adapt abruptly. A simi-
lar effect exists for five-axis machine tools of other kine-
matic types. In path planning, the singular position must
be avoided through tilt mounting of the workpiece. In
practice, the singular problem may occur after 3D work-
piece mounting correction. For the sake of safety, correc-
tion with the C-axis must be suppressed. Only the orien-
tation deviation in the YZ-plane is compensated with the
A-axis. The corrections are as follows:

dxm � �Ccdxw � Scdyw�ymdjw (23)

dym � �Scdxw�Ccdyw � xmdjw (24)

dzm � dzw (25)

dqa � diw (26)

4.2. Case 2: qa = 90o

In this case, the base surface of the C-turntable is ver-
tical and the component kw is zero. The position of the
C-axis determines the tool orientation in the XY-plane of
the workpiece coordinate frame. The corrections are sim-
plified as follows:
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dxm � �Ccdxw � Scdyw � zmdjw (27)

dym � dzw (28)

dzm � Scdxw � Ccdyw�xmdjw (29)

dqa � diw (30)

dqc � djw (31)

5. Experimental results

To test the effectiveness of the proposed compen-
sation method, the compensation function is developed
and integrated in the CNC controller of the target five-
axis milling machine. The self-developed CNC control-
ler is an industrial PC with Pentium III microprocessor
running at 330 MHz. The interface between the control-

Fig. 3. The functional structure of real-time geometric error compen-
sation.

ler and the AC drivers is a motion card, which has five
16-bit D/A converters for the output of velocity com-
mands and five 24-bit counters for the encoder inputs.
The motion control software has been developed in
C/C++ language and runs under the real-time NT-RTX
operating system. The sampling time for the position
control is 2 ms.

The functional structure of the CNC software for the
real-time error compensation is shown in Fig. 3. The
real-time kernel program performs the path and orien-
tation interpolation. The NC path input can be defined
in either machine coordinates or workpiece coordinates.
If interpolation is performed in the workpiece coordi-
nates, backward transformation based on the ideal kine-
matic model follows to calculate the setting position in
machine coordinates. The error compensation is acti-
vated in each real-time position control loop. The error
model computes tool pose errors in workpiece coordi-
nates for each setting axis position. From the tool pose
errors, the correction vector in machine coordinates is
then calculated.

The measurement of overall position error and the
estimation of unknown link errors are already described
in previous papers. Simulations show that errors in the
rotary axes block are dominant, contributing up to 80%
of the overall position errors. In contrast, the linear axes
system contributes less than 20%.

Fig. 4 shows some test paths for the real-time error
compensation. Fig. 5 shows the measured overall pos-
ition errors before and after the real-time error compen-
sation, whereby path F is used for both estimation and
accuracy test. The accuracy enhancement is very
impressive. The overall positioning accuracy can be
improved by a factor of 7.8 in the X direction, 3.2 in the

Fig. 4. The test path.
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Fig. 5. Results of error compensation for path F.

Y direction and 8.2 in the Z direction. This high improve-
ment rate is already predicted in simulation and justified
now with real machine tests. These excellent results
come from the fact that the non-measurable link errors
in the rotary block are dominant, repeatable and can be
identified accurately. The effectiveness of the real-time
error compensation is proved further under the condition
that different paths for identification and accuracy test
are used. This time, path F is used for the estimation
and path S is used for the evaluation. Fig. 6 shows the
results. The accuracy enhancement is still impressive.

6. Conclusion

The ultimate goal of geometric error modeling is to
compensate errors such that the accuracy of the CNC
machine tool can be improved effectively. In previous

Fig. 6. Results of error compensation for path S.

studies, a new measurement device and methods were
developed to identify unknown link errors in the error
model. In this paper, the identified error model is used
for real-time error compensation. Since all geometric
errors are small, the relationship between differential
changes in the machine coordinates and the workpiece
coordinates can be regarded as linear. The proposed
compensation method uses the linear relationship to cal-
culate the correction vector in machine coordinates from
the predicted tool pose error in workpiece coordinates.
The algorithm is thus simple and suitable for real-time
implementation. Practical tests show that the overall pos-
ition errors can be reduced dramatically. With the error
compensation function implemented in the CNC control-
ler, the manufacturing cost and the assembling time of
rotary block can be reduced while the accuracy of the
five-axis machine tool is not sacrificed. Future work will
focus on modeling the thermal effects on the error model
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so that the model-based error compensation can respond
to different machine operating conditions.
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