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෎؇ູaࡆğഡۚ؇ູhđࢳ = °2oooom/h2đԚ൓෎؇ູv
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dh

dt

= v
0

+ at.

h(T ) = 0

dh

dt

|

t=T

= 0

Ⴎֻ၂ཛॖ֤h = v
0

t + 1

2

at2 + C,ఃᇏCູ಩ၩӈඔđႮֻؽཛॖ֤v
0

T + 1

2

aT 2 + C = 0,Ⴎֻ೘ཛॖ

֤T = °v0
a

đջೆ۲ཛඔᆴđቋᇔ֤֞h(0) = C = 25m.

2.၂۱޵ѻ֥ඣਈູV৫ٚ૜đஆೆ޵ѻଽݣ໪ಙ໾A֥໪ඣਈູV
1
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2
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+ V
2
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ູ5m
0
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҂֤ӑݖm0
5

b൫ษં޵ѻᇏ໪ಙ໾A֥୩؇э߄Ĥ

ğഡ໪ಙ໾A֥୩؇ູP(t),Ⴎีၩॖ֤ࢳ
8
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:
V P 0(t) + P (t)(V

1

+ V
2

) = m0
5

V
1

P (0) = 5m
0

ӱቋᇔ֤֞Pٚࢳ (t) = e°
V1+V2

V

t[5m
0

+ m0
5

V1
V1+V2

(e
V1+V2

V

t

° 1)].

3.၂۱ႳႣᆀ֥ފ֞؈ޘдρđ൫ࡹ৫၂۱ಒ৫ႳႣᆀ෮ᄝ໊ᇂ֥ັٚٳӱଆ྘b

,дρႳđ਷(x֥ފğ҂ٞഡႳႣᆀ൓ᇔӔሢࢳ y)൞ႳႣᆀ໊֥ᇂቕѓđv
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1
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dx

dt

= v
0

dy

dt

= v
1

x(0) = 0, y(0) = 0
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c
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c
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c
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c
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c
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c
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s
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ᄵM

c

M

s
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đ֤ࢳ

8
<

:
V

c

(t) = M

c

m

c

∏

(1° e°
∏

m

c

t)

V
s
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s

m

s

∏

(1° e°
∏

m
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ႮႿm

c
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đՖط౯༵֞b

༝ีࢫؽֻ

1.ᆷԛ༯ਙັٚٳӱ֥ࢨඔđѩ߭ճ൞ູڎཌྟັٚٳӱğ

(1) dy

dx

= 4x3

° y sinx; (2) d

y

dx

2 ° ( dy

dx

)2 + 2xy;

(3) x2

d

2
y

dx

2 ° 2x dy

dx

+ y = 2x sinx; (4) dy

dx

+ cos y + 4x = 0;

(5) y d

3
y

dx

3 ° ex

dy

dx

+ 3xy = 0; (6) d

3
y

dx

3 + 3 dy

dx

° 6y = 0.

ճğ

(1)၂ࢨཌྟĠ

٤ཌྟĠࢨؽ(2)

ཌྟĠࢨؽ(3)

(4)၂٤ࢨཌྟĠ

(5)೘٤ࢨཌྟĠ

(6)೘ࢨཌྟb

2.ဒᆣ༯ਙ۲ݦඔ൞ཌྷႋັٚٳӱ֥ࢳđѩᆷԛଧུ൞๙ࢳğ

(1) y = 1 + x2, dy

dx

= y2

° (x2 + 1)y + 2x;

(2) y = ° 1

x

, x2

dy

dx

° x2y2

° xy ° 1 = 0;

(3) y = C
1

e2x + C
2

e°2x, d

y

dx

2 ° 4y = 0(ఃᇏC
1

đC
2

൞಩၂ӈඔ);

(4) y = cxex, d

2
y

dx

2 ° 2 dy

dx

+ y = 0(ఃᇏc൞಩ၩӈඔ);

(5) y = ecx, ( dy

dx

)2 ° y d

2
y

dx

2 = 0(ఃᇏc൞಩ၩӈඔ);
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(6) y =

8
>>><

>>>:

°

(x°C1)
2

4

, °1 < x < C
1

;

0, C
1

< x < C
2

,

(x°C1)
2

4

, C
2

< x < +1,

dy

dx

=
p

|y|.

ճğࢳࡼսೆဒᆣࣼॖ֤ᆩ൞ٚٳັູڎӱ֥ࢳğ

(1)൞ࢳđ֌҂൞๙ࢳĠ

(2)൞ࢳđ֌҂൞๙ࢳĠ

(3)൞္ࢳ൞๙ࢳĠ

(4)൞ࢳđ֌҂൞๙ࢳĠ

(5)൞ࢳđ֌҂൞๙ࢳĠ

(6)൞္ࢳ൞๙ࢳb

3.౰ԛğ

(1)౷ཌቂy = Cx + x2෮ડቀ֥ັٚٳӱĠ

(2)౷ཌቂxy = C෮ડቀ֥ັٚٳӱĠ

(3)௜૫ഈ၂్ჵ෮ડቀ֥ັٚٳӱĠ

(4)౷ཌቂy = 9

2

C + C

x

x2෮ડቀ֥ັٚٳӱb

ӱٚٳğٚӱਆш၂ᆰؓx౰֝đᆰ֞ીႵӈඔູᆸđᄵ֤֞ັࢳ

(1)y00 = 2Ġ

(2)y + xy0 = 0Ġ

(3)y000 + (y0)2y000 = 3y0(y00)2Ġ

(4)y000 = 0b

ᅣ༝ีؽֻ

ֻ၂ࢫ༝ี

1.൫౰༯ਙັٚٳӱ֥๙ࠇࢳหࢳğ

(1) dy

dx

= y + sinx;

(2) d

2
y

dx

2 °
1

1°x

2 y = 1 + x, y(0) = 1;

(3) y = ex +
R

x

0

y(t) dt;

(4) dy

dx

= x

4
+y

3

xy

2 ;

(5) 2xydy ° (2y2

° x)dx = 0;

(6) (y lnx° 2)ydx = xdy;

(7) 3xy2

dy

dx

+ y3 + x3 = 0;

(8) dy

dx

= y

x+y

3 .
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ğࢳ

(1)ٚӱਆш๝ൈӰၛၹሰe°xđႮՎ֤֞ٚӱ֥๙ູࢳ

y = Cex

°

sinx + cos x

2

ఃᇏCູ಩ၩӈඔĠ

(2)ٚӱਆш๝ൈӰၛၹሰe
°

R 1
1°x

2 dx

đႮՎ֤֞ٚӱ֥๙ູࢳ

y =

r
1 + x

1° x
(C +

º

2
)

ఃᇏCູ಩ၩӈඔĠᄜႮԚ൓่֤ॖࡱC = 1° º

2

đᄵy =
q

1+x

1°x

Ġ

(3)ٚӱਆшܱႿx౰֤֝ğy0 = ex + y(x)đ౏y(0) = 1đٚӱਆш๝ൈӰၛၹሰe°xđႮՎ֤֞ٚӱ֥๙

ູࢳ

y = ex(C + x)

ఃᇏCູ಩ၩӈඔĠᄜႮԚ൓่֤ॖࡱC = 1đᄵy = ex(1 + x)Ġ

(4)ٚӱਆшӰၛ3y2đ਷z = y3đᄵჰٚӱູ߄

dz

dx
= 3x3 +

3z

x

ٚӱਆш๝ൈӰၛၹሰe°
R 3

x

dxđႮՎ֤֞ٚӱ֥๙ູࢳ

z = x3(C + 3x)

ఃᇏCູ಩ၩӈඔđᄵ๙ູࢳy3 = x3(C + 3x)Ġ

(5)਷z = y2đᄵჰٚӱູ߄
dz

dx
=

2z

x
° 1

ٚӱਆш๝ൈӰၛၹሰe°
R 2

x

dxđႮՎ֤֞ٚӱ֥๙ູࢳ

z = x2(C + x°1

ၹՎy2 = x2(C + x°1)đఃᇏCູ಩ၩӈඔĠ

(6)ཁಖy ¥ 0൞ჰٚӱ֥ࢳđ֒y 6= 0ൈđٚӱਆшӰၛ°y°2đ਷z = y°1 đჰٚӱູ߄

dz

dx
=

2z

x
°

lnx

x

ٚӱਆш๝ൈӰၛၹሰe°
R 2

x

dxđႮՎ֤֞ٚӱ֥๙ູࢳ

y°1 = x2(C +
1 + 2 lnx

4x2

)
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ఃᇏCູ಩ၩӈඔĠ

၂ğཁಖyمٚ(7) = 0҂൞ჰٚӱ֥ࢳđ֒y 6= 0ൈđy0 = ° 1

3x

y ° x

2

3y

2đٚӱਆшӰၛ3y2đ਷z = y3đٚ

ӱਆш๝ൈӰၛၹሰe
R 1

x

dxđႮՎ֤֞ٚӱ֥๙ູࢳ

y =
C

x
°

x3

4

ఃᇏCູ಩ၩӈඔĠ

ğႮჰٚӱॖ֤d(xyؽمٚ

3
)

dx

= °x3đᄜ০Ⴈٳ৖эਈ֤ॖم๙ࢳĠ

(8)ཁಖy ¥ 0൞ჰٚӱ֥ࢳđ֒y 6= 0ൈđჰٚӱॖູ߄ydx°xdy

y

2 ° ydy = 0đᄵٚӱ๙ູࢳ

x

y
°

y2

2
= C

ఃᇏCູ಩ၩӈඔb

2.ഡy = '(x)ડቀັٳ҂֩ൔ
dy

dx
+ a(x)y ∑ 0, (x ∏ 0).

౰ᆣğ

'(x) ∑ '(0)e°
R

x

0 a(t) dt, (x ∏ 0).

ᆣૼğ҂֩ൔਆш๝Ӱၛၹሰe
R

x

0 a(s) dsđᄜؓ҂֩ൔ֤֞ॖࣼٳࠒ෮ေંࢲb

3.ഡ৵࿃ݦඔf(x)ᄝ౵(1+,°1)ࡗഈႵࢸđᆣૼğٚӱ

dy

dx
° y = f(x)

ᄝ౵(1+,°1)ࡗഈႵ౏ࣇႵ၂۱Ⴕࢳࢸb൫౰ԛᆃ۱Ⴕࢳࢸđѩطࣉᆣૼğ֒f(x)ߎ൞၂۱ၛ!ູᇛ௹

֥ᇛ௹ݦඔൈđᆃ۱္ࢳ൞၂۱ၛ!ູᇛ௹֥ᇛ௹ݦඔb

ᆣૼğഡ|f(x)| ∑ MđٚӱਆшӰၛၹሰe°xđ֤֞๙ູࢳy = ex(C +
R

f(s)e°s ds)đఃᇏCູ಩ၩӈ

ඔbၹՎ|y| ∑ Cex + Mđॖٚ࡮ӱᄝ౵(1+,°1)ࡗഈႵႵ֒ࢳࢸ౏֒ࣇC = 0đՎൈᆃ۱ູࢳy =

ex

R
f(s)e°s dsb೏f(x + !) = f(x)đପહy(x + !) = e(x+!)

R
f(s + !)e°(s+!) ds = e(x+!)e°!

R
f(s +

!)e°s ds = y(x)b

4.ॉ੮ٚӱ
dy

dx
p(x)y + q(x),

ఃᇏp(x)ބq(x)׻൞ၛ!ູᇛ௹֥৵࿃ݦඔđ൫ᆣğ

(1)೏q(x) ¥ 0đᄵٚӱ(2.4.23)֥಩၂٤ਬࢳၛ!ູᇛ௹֒౏ݦ֒ࣇඔp(x)֥௜नᆴ

p̄ =
1
!

Z
!

0

p(x) dx = 0
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(2)೏q(x) 6= 0đᄵٚӱ(2.4.23)Ⴕື၂֥!ᇛ௹֒ࢳ౏ݦ֒ࣇඔp(x)֥௜नᆴp̄ 6= 0đ൫౰ԛՎࢳb

іղൔॖ֤֤ࢳğႮࢳ

y(x) = y(x + !)

, C = Ce!p̄ + e!p̄

Z
!

0

q(t)e°
R

t

0 p(s) ds dt

(1)֒q(t) = 0ൈđy(x) = y(x + !), p̄ = 0Ġ

(2)֒q(t) 6= 0ൈđy(x) = y(x + !), p̄ 6= 0đՎൈູࢳ

y = e
R

p(x) dx(C +
Z

q(x)e°
R

p(x) dxdx), ఃᇏC =
1

1° e!p̄

Z
!

0

q(t)e°
R

t

0 p(s) ds dt

༝ีࢫؽֻ

1.൫౰༯ਙັٚٳӱ֥๙ࠇࢳหࢳğ

(1) x dy

dx

° 4xy = x2

p

y;

(2) dy

dx

°

xy

2(x

2°1)

°

x

2y

= 0, y(0) = 1;

(3) dy

dx

= y2 + 1

4x

2 ;

(4) x2

dy

dx

° x2y2 = xy + 1;

(5) dy

dx

= 1° x + y2

° xy2;

(6) dy

dx

= ex+y+3;

(7) cos y sinx dy

dx

= sin y cos x;

(8) 2xy dy

dx

= 3y2

° x2;

(9) (x°
p

xy) dy

dx

= y;

(10) e
x

y

dy

dx

+ y(1 + e
x

y ) = 0;

(11) 2x sin y + y3ex + (x2 cos y + 3y2ex) dy

dx

= 0;

(12) y

2

2

° 2yex + (y ° ex) dy

dx

= 0;

(13) 1 + (1 + xy)exy + (1 + x2exy) dy

dx

= 0;

(14) y sec2 x + sec x tanx + (2y + tanx) dy

dx

dy

dx

= 0;

(15) ydx° (x2 + y2 + x)dy = 0;

(16) y(1 + xy)dx° xdy = 0.

ğࢳ

(1)ཁಖy ¥ 0൞ٚӱ֥ࢳđ֒y 6= 0ൈđٚӱਆшӰၛ 1

2

y°
1
2đ਷z = y

1
2đٚӱਆшᄜӰၛၹሰe°2xđ֤֞

ٚӱ֥๙ູࢳ

y = (Ce2x

°

x

4
°

1
8
)2
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ఃᇏCູ಩ၩӈඔĠ

(2)ٚӱਆшӰၛ2yđ਷z = y2đٚӱਆшᄜӰၛၹሰe
°

R
x

x

2°1
dx

đ֤֞ٚӱ֥๙ູࢳ

y =
p

1° x2(C °
p

1° x2)

ఃᇏCູ಩ၩӈඔđᄜ০ႨԚᆴ่ॖࡱಒקCđၹՎູࢳy = 2
p

1° x2

° (1° x2)Ġ

၂ğ਷zمٚ(3) = xyđᄵz0 = 4z

2
+4z+1

4x

đཁಖz = ° 1

2

൞ٚӱ֥ࢳđ֒z 6= ° 1

2

ൈđႨٳ৖эਈ֤ॖم

y =
1

Cx° x ln |x|
°

1
2x

ఃᇏCູ಩ၩӈඔđၹՎٚӱູ֥ࢳxy = ° 1

2

yࠇ = 1

Cx°x ln |x| °
1

2x

Ġ

ğ਷uؽمٚ = y + 1

2x

đᄵuડቀѵ୭০ٚӱu0 + u

x

° u2 = 0đ০Ⴈѵ୭০ٚӱ֥مࢳ๝ဢॖ֤֞ഈඍ๙

Ġࢳ

(4)਷xy = uᄵu0 = u

2
+2u+1

x

đ֒u2 + 2u + 1 = 0ൈࠧxy = °1൞ٚӱ֥ࢳđ֒xy 6= °1ൈđႨٳ৖эਈم

֤ln |x| + 1

xy+1

= CđၹՎٚӱູ֥ࢳxy = lnࠇ°1 |x| + 1

xy+1

= CđఃᇏCູ಩ၩӈඔĠ

(5)Ⴈٳ৖эਈ֤ٚॖمӱ֥๙ູࢳy = tan(x° 1

2

x2 + C)đఃᇏCູ಩ၩӈඔĠ

(6)Ⴈٳ৖эਈ֤ٚॖمӱ֥๙ູࢳe°y + ex+3 = CđఃᇏCູ಩ၩᆞӈඔĠ

(7)ཁಖsin y = 0ൈٚӱӮ৫đࠧy = kº (k 2 Z)൞ࢳđ֒sin y 6= 0ൈđႨٳ৖эਈ֤ٚॖمӱ֥๙ࢳ

ູsin2 y ° C sin2 x = 0đఃᇏCູ಩ၩӈඔĠ

(8)਷z = y2đᄵz0 = 3

x

z ° xđٚӱਆшᄜӰၛၹሰe°
R 3

x

dxđᄵٚӱ֥๙ູࢳ

y2 = |x|3(C + |x|°1)

ఃᇏCູ಩ၩӈඔĠ

(9)਷u = y

x

đᄵuડቀٚӱx2(1°
p

u)u0 = xu
p

uđ֒u = 0ൈđy = 0đ֒u 6= 0ൈđႮٳ৖эਈ֤ٚॖم

ӱ֥๙ູࢳ

y = Ce°2

p

x

y

ఃᇏCູ಩ၩᆞӈඔĠ

(10)਷u = x

y

đᄵჰٚӱູ߄y du

dy

= °u+e

u

1+e

u

đ০Ⴈٳ৖эਈ֤ٚॖمӱ֥๙ູࢳ

x + ye
x

y = C

ఃᇏCູ಩ၩӈඔĠ

(11)ჰٚӱॖູ߄

[(x2 cos y)dy + (2x sin y)dx] + [(y3ex)dx + (3y2ex)dy] = 0

7
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ᄵٚӱ֥๙ູࢳ

x2 sin y + y3ex = C

ఃᇏCູ಩ၩӈඔĠ

(12)ჰٚӱॖູ߄

[
y2

2
ex

° 2ye2x]dx + (exy ° e2x)dy = 0

ᄵٚӱ֥๙ູࢳ
y2

2
ex

° ye2x = C

ఃᇏCູ಩ၩӈඔĠ

(13)ჰٚӱॖູ߄

dy + dx + {x2exydy + [(1 + xy)exy]dx} = 0

ᄵٚӱ֥๙ູࢳ

y + x + xexy = C

ఃᇏCູ಩ၩӈඔĠ

(14)ჰٚӱॖູ߄

(y sec2 x)dx + tanxdy + (sec x tanx)dx + 2ydy = 0

ᄵٚӱ֥๙ູࢳ

y tanx + sec x + y2 = C

ఃᇏCູ಩ၩӈඔĠ

(15)ཁಖy = 0൞ჰٚӱ֥ࢳđ֒y 6= 0ൈđਆшԢၛxyđᄵٚӱູ߄d(ln x

y

) = ( y

x

+ x

y

)dyđ਷z = ln x

y

đ

০Ⴈٳ৖эਈ֤ٚ֞مӱ֥๙ູࢳ

arctan
x

y
° y = C

ఃᇏCູ಩ၩӈඔĠ

(16)ཁಖy = 0൞ٚӱ֥ࢳđ֒y 6= 0ൈđਆшӰၛ 1

y

2đᄵٚӱູ߄
1

y

dx° x

y

2 dy + xdx = 0đၹՎٚӱ֥๙

ູࢳ

x +
1
2
x2y = Cy

ఃᇏCູ಩ၩӈඔb

2.ॉ੮ັٚٳӱ
dy

dx
=

x + y + 1
x° y + 3
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ೂݔ҂թᄝӈඔ13ބđ໡ૌࣼିࢳᆃ۱ٚӱbູਔཨಀᆃਆ۱ӈඔđ໡ૌॖၛቓэߐx = X + h, y =

Y + kđ

(a)൫ಒקӈඔhބkđ൐ٚӱ
dy

dx
=

x + y + 1
x° y + 3

ିཿԛ༯ਙྙൔğ
dY

dX
=

X + Y

X ° Y

(b)൫౰ٚӱ
dy

dx
=

x + y + 1
x° y + 3

֥๙ࢳb

xࡼğ(1)ࢳ = X + h, y = Y + kջೆჰٚӱđູ֤֞ dY

dX

= X+Y

X°Y

đᆺླ

8
<

:
h + k + 1 = 0

h° k + 3 = 0

Ֆ֤֞طh = °2, k = 1Ġ

(2)ႮఊՑٚӱ֥֤ٚॖمࢳӱ֥๙ູࢳ

arctanu° ln
p

1 + u2 = ln |x| + C

ఃᇏCູ಩ၩӈඔ౏u = y°1

x+2

b

3.ॉ੮ັٚٳӱ
dy

dx
=

ax + by + m

cx + dy + n

ఃᇏađbđcđdđmބn׻൞ӈඔbᆣૼğೂݔad° bc 6= 0đᄵᆃ۱ٚӱሹॖၛູࡥ߄

dY

dX
=

aX + bY

cX + dY

ѩᄝad = bc֥ห൹౦ঃ༯đ൫౰ࢳഈ૫֥ٚӱb

ᆣૼğ֒ad°bc 6= 0ൈđᆰཌax+by+m = 0აᆰཌcx+dy+n = 0сႵׄࢌđഡູׄࢌ(nb°md

ad°bc

, an°mc

bc°ad

)đ

਷Y = y ° an°mc

bc°ad

, X = x° nb°md

ad°bc

đᄵ dY

dX

= aX+bY

cX+dY

Ġ

֒ad = bcൈđೂݔթᄝµ൐֤µ(ax+by+m) = (cx+dy+n)đᄵჰٚӱູ߄ dy

dx

= µđၹՎູࢳy+µx+Cđ

ఃᇏCູ಩ၩӈඔĠೂؓݔႿ಩ၩ֥µ, µ(ax + by + m) 6= (cx + dy + n)đՎൈa, b, c, dᇀഒႵ၂۱҂ູ

ਬđ҂ٞഡa 6= 0đ֒c = 0ᄵd = 0ჰٚӱູ߄ dy

dx

= ax+by+m

n

đՎൈٚӱູࢳ

8
<

:
°

a

b

xe°
b

n

x

°

an

b

2 e°
b

n

x

° ye°
b

n

x

°

m

b

e°
b

n

x = C b 6= 0

y = a

2n

x2 + m

n

x + C b = 0
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֒c 6= 0đ਷z = ax + by + an

c

đᄵٚӱູ߄ dz

dx

= (ab

c

+ a) + ab(m° an

c

)

cz

:= A + B

z

đՎൈٚӱࢳ

ູ z

A

°

B

A

2 ln |A(Az + B)| = x + Cb

4.൫ಒקӈඔa൐֤༯ਙٚӱ൞ఞ֥֒đѩ౰ࢳ෮֤ఞ֒ٚӱ

(a) x + ye2xy + axe2xy

dy

dx

= 0

(b) 1

x

2 + 1

y

2 + ax+1

y

3
dy

dx

= 0

֤ॖمğႮఞ֒ٚӱ֥஑љࢳ

(a)֒a = 1ൈٚӱ൞ఞ֒ٚӱđ౏๙ࢳ൞1

2

x2 + 1

2

e2xy + C = 0Ġ

(b)֒a = °2ൈٚӱ൞ఞ֒ٚӱđ౏๙ࢳ൞ x

y

2 °
1

x

°

1

2y

2 + C = 0b

5.ᆣૼğྙೂM(t) + N(y)dy

dt

= ൞ఞ֒ٚӱb׻৖эਈٚӱٳ0֥ॖ

ᆣૼğႮႿ@M(t)

@y

= 0 = @N(y)

@t

đ෮ၛંࢲӮ৫b

ၹሰbٳࠒBernoulliٚӱ֥ބљ౰ఊՑٚӱٳ.6

ğ(1)ఊՑٚӱğࢳ dy

dx

= f( y

x

)đ਷u = y

x

đᄵჰٚӱູ߄(f(u)°u)dx°xdu = 0đႮႿM = f(u)°u, N =

°xđၹՎ
@N

@x

° @M

@u

M

= °f

0
(u)

f(u)°u

෮ၛٳࠒၹሰູe
R °f

0(u)
f(u)°u

duĠ

(2)Bernoulliٚӱ
dy

dx
+ g(x)y + h(x)yÆ = 0 (Æ 6= 0, 1)

਷z = y°Æ+1 ᄵჰٚӱູ߄dz + [(1 ° Æ)g(x)z + (1 ° Æ)h(x)]dx = 0đႮႿM = [(1 ° Æ)g(x)z + (1 °

Æ)h(x)], N = 1đၹՎ
@N

@z

° @M

@x

M

= (1° Æ)g(x)෮ၛٳࠒၹሰູe(1°Æ)

R
g(x) dxb

7.൫֝ԛٚӱP (x, y)dx + Q(x, y)dy = љऎႵྙೂµ(xٳ0 + y)ބµ(xy)֥ٳࠒၹሰ֥ԉٳсေ่ࡱb

ӱٚٳொັ֒ࣇၹሰ֒౏ٳࠒğµ൞ࢳ 1

µ

(Q@µ

@x

° P @µ

@y

) = @P

@y

°

@Q

@x

թᄝĠࢳ֥

ၹՎ਷! = x + yđՎൈொັٚٳӱູ߄ӈັٚٳӱ(Q ° P ) dµ

d!

= (@P

@y

°

@Q

@x

)µđ೏@P

@!

°

@Q

@!

= 0đ

Վൈჰٚӱູఞ֒ٚӱđड़קթᄝྙೂµ(x + y)֥ٳࠒၹሰĠ೏@P

@!

°

@Q

@!

6= 0đေ൐(1)Ⴕ֒ࢳ౏ࣇ

֒ 1

Q°P

(@P

@y

°

@Q

@x

))൞၂۱ܱႿx + y֥৵࿃ݦඔĠ๝৘ॖ֤ऎႵྙೂµ(xy)ٳࠒၹሰ֥ԉေ่ࡱ൞ğ֒ჰ

ٚӱ൞ఞ֒ٚӱൈड़קթᄝĠ֒ჰٚӱ҂൞ఞ֒ٚӱൈđ 1

Qy°Px

(@P

@y

°

@Q

@x

)൞၂۱ܱႿxy֥৵࿃ݦඔb

ֻ೘ࢫ༝ี

1.౰ࢳ༯ਙٚӱđѩษંٚӱ֥అࢳğ

(1) x = yy0 + a(y0)2;

(2) 16x2 + 2y(y0)2 ° x(y0)3 = 0;

(3) y = 2xy0 + x2(y0)4;

(4) (y0)2 cos2 y + y0 sinx cos x cos y ° sin y cos2 x = 0;

(5) (xy0 ° y)(yy0 + x) = 2y0;

(6) 9(y0)2 + 4y2 = 1.
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ğ਷pࢳ = dy

dx

(1)ჰٚӱູ߄x = yp + ap2đਆшؓx౰֝ॖ֤(yp + 2ap2)dp + (p2

° 1)dy = 0đ֒p = ±1ൈđս߭ჰٚ

ӱॖ֤หູࢳy = ±x + ađ֒p2

6= 1ൈđٚӱਆшӰၛ 1

p

p

2°1

֤֞ఞ֒ٚӱđၹՎٚӱ֥๙ູࢳ

8
<

:
y
p

p2

° 1 + a[p
p

p2

° 1 + ln |p +
p

p2

° 1|] = C |p| > 1

y(°
p

1° p2) + a[arcsin p° p
p

1° p2] = C |p| < 1

ఃᇏCູ಩ၩӈඔđႮp-஑љॖمᆩٚӱ໭అࢳĠ

(2)ჰٚӱູ߄y = xp

2

° 8x

2

p

2đਆшؓx౰֝ѩކѩ๝োཛॖ֤(p

2

° 16 x

p

2 )(1 ° xpp0) = 0đၹՎٚӱ֥ࢳ

ູy = °3£ 2°
1
3 x

4
2C2yx2ࠇ3 = C3x4

° 16x2đఃᇏCູ಩ၩӈඔđႮC-஑љॖمᆩหࢳ൞అࢳĠ

(3)ჰٚӱູ߄y = 2xp + x2p4đਆшؓx౰֝ѩކѩ๝োཛॖ֤(p + 2xp0)(1 + 2xp3) = 0đၹՎٚӱ֥ࢳ

ູy = °3£ 2°
4
3 x

2
y)ࠇ3 ° C4)2 = 4C2

|x|đఃᇏCູ಩ၩӈඔđႮC-஑љॖمᆩหࢳ൞అࢳĠ

(4)਷u = sin y, v = sin xđᄵ(u0)2 + u0vv0 ° u(v0)2 = 0đ਷p = du

dv

, t = dp

dv

đᄵ(2p + v)t = 0đՖ֤ط

֞p = °v

2

tࠇ = 0đႮభᆀॖ֞ห4ࢳ sin y + sin2 x = 0đႮުᆀ֤֞๙ࢳsin y = C sinx + C2đఃᇏC൞

಩ၩӈඔđႮC-஑љॖمᆩหࢳ൞అࢳĠ

(5)ਆш๝Ӱၛ2yđ਷u = y2, p = u0đᄵ2u = xp ° 2p

x+

p

2
đਆшؓx౰֝ѩކѩ๝োཛॖ֤[(p + 2x)2 °

8](xp0 ° p) = 0đၹՎ(p + 2x)2 = xp0ࠇ8 = pđႮభᆀ֤֞หࢳp = °2x ± 2
p

2đႮުᆀ֤֞๙

pࢳ = C|x|đఃᇏC൞಩ၩӈඔđ֌֒p = °2x ± 2
p

2ൈđu < 0đაu = y2

∏ 0઱؛đၹՎٚӱᆺႵ๙

°|Cx|x±)ࢳ 2y2)(±C

2

|x| + x) = ±2C|x|đఃᇏC൞಩ၩӈඔĠ

(6)ਆш๝Ӱၛy2đ਷u = y2, p = u0đᄵ36p2 + (8u ° 1)2 = 1đ਷x = s, 6p = sin t, 8u ° 1 = cos tđႮ

Ⴟdu = pdxđॖ֤sin t(ds

6

+ dt

8

) = 0đՖطsin t = dsࠇ0

6

+ dt

8

0đႮభᆀ֤p = 0đႮުᆀ֤s + 3

4

t = Cđ

ᄵٚӱ֥หູࢳy = yࠇ0 = ±

1

2

đ๙ູࢳsin2( 4

3

x + C) + 64y4

° 16y2 = 0đఃᇏC൞಩ၩӈඔđႮC-஑љ

Ġࢳ൞అࢳᆩหॖم

2.ᄝxđy௜૫ഈಒק౷ཌy = y(x)đ൐֤෱ऎႵᆃဢ֥ྟᇉğᄝ౷ཌy = y(x)ഈ಩၂ׄ(x, y) ԩ్֥ཌა

ቕѓჰׄO֞ᆃׄ(x, y)֥৵ཌ޺ཌྷԼᆰb

ğႮีၩॖᆩࢳ dy

dx

y

x

= °1đٚࢳӱ֤x2 + y2 = CđఃᇏCູ಩ၩڵ٤ӈඔb

஘໾ཌቂy2֥ׄࢊԛၛxᇠູᇠ౏ၛჰູׄ߂.3 = 4c(x + c)đ౰ᆃ۱஘໾ཌቂ෮ડቀ֥ັٚٳӱđѩᆣ

ૼğ֒ఃᇏ֥ dy

dx

Ӯ°dxߐ

dy

ൈᆃ۱ັٚٳӱ൞҂э֥bࢳğਆш֥ؓࢳіղൔܱႿx౰֝ॖ֤C = 1

2

yy0đ

ᄜս֤߭ࢳіղൔॖ֤ັٚٳӱູy = 2xy0 + y(y0)2b

ᆣૼĠࡼ dy

dx

Ӯ°dxߐ

dy

= ° 1

y

0սೆٚӱࠧॖؿགྷٚӱ҂эb

4bೂݔ၂౷ཌቂᇏ֥ૄ၂౷ཌ۵׻ਸ਼၂౷ཌቂᇏ֥ૄ၂౷ཌᆞࢌ(ࠧ޺ཌྷԼᆰ)đᄵ໡ૌӫᆃਆቂ౷ཌ޺

ູᆞࢌđ၂ቂ౷ཌӫູ൞ਸ਼၂ቂ౷ཌ֥ᆞ݅ࢌཌb೏ၘࣜ۳ק၂౷ཌቂ֥ٚӱđ൫౰ԛਸ਼၂ቂ౷ཌ֥ٚ

ӱđѩሹࢲ၂༯ٚمb

11

�











ğ҂ٞഡਆቂ౷ཌູࢳ 8
<

:
F (x, y) = C

G(x, y) = C

ᄵ 8
<

:
F

x

dx + F
y

dy = 0

G
x

dx + G
y

dy = 0

ೂၘݔᆩF (x, y) = Cđ౰Gb֒F
x

= 0ൈđࠧF (x, y) = yđପહႮีၩᆩG = xĠ֒F
x

6= 0ൈđႮีၩ

֤
≥

dy

dx

¥

G

= °
≥

dx

dy

¥

F

= F

y

F

x

đՖطႨٳࠒၹሰ֤ࢳॖمGb

5.౰၂่౷ཌđ൐֤ఃഈૄ၂ׄԩ్֥ཌࡃᄝቕѓᇠ֥ࡗཌ؍Ӊ֩Ⴟӈඔab

,ğഡ౷ཌഈ၂ׄቕѓູ(xࢳ y)đ਷p = dy

dx

ᄵ్ཌᄝyᇠഈ֥ࢩएູ|y° px|đᄝxᇠഈ֥ࢩएູ|

y

p

° x|đၹ

Վ(y°px)+(y

p

°x) = a2bᆃ൞၂۱ॖϜyіൕԛট֥ӈັٚٳӱđ০Ⴈཌྷႋ֥֤ॖمࢳ(x± a

(1+p

2
)

3
2
)p0 =

0đᄵx ±

a

(1+p

2
)

3
2

= ᆀp0ࠇ0 = 0đႮభᆀ֤֞หࢳ

8
><

>:

y = xp ±

ap

p

1+p

2

x = ® a

(1+p

2
)

3
2

Ⴎުᆀ֤֞๙ࢳy = Cx + aCp
C

2
+1

đఃᇏCູ҂ູਬ֥಩ၩӈඔb

6.(i)೏ഡሔѽ๴ሰ໙ีᇏ֥a < b(Ֆطk < 1)đ൫౰yაx֥ݦඔܱ༢đѩษં๴ሰФܐѽሚభି஝؟ჹĤ

(ii)ഡa = bđ൫౰y(x)ѩษં࣍ࢤିܐ๴ሰ֞ޅӱ؇Ĥ

ğႮज़Ч২2.2.6ॖᆩđ֒aࢳ < bൈđk < 1đՎൈy = 1

2

[ x

k+1

(k+1)c

k

+ c

k

(k°1)x

k°1 ] ° ck

k

2°1

b֒x ! 0ൈđy !

cab

b

2°a

2Ġ

֒k = 1ൈđy = 1

2

[ x

2c

°c lnx]° 1

4

+ 1

2

c ln cđط(4S)2 = (at°y)2+x2 = x2[(y0)2+1] = x2[( 1

4c

°

c

2x

)2+1] =

( x

4c

°

c

2

)2 + x2đ਷F = ( x

4c

°

c

2

)2 + x2, F 0(x) = 0) x =
1
4

1
8c

2 +2

đ෮ၛቋ࣍ए৖ູ4S =
q

4c

4

1+16c

2b

7.၂ᇉׄᄝᇗ৯֥ቔႨ༯ခଖ౷ཌ׮߁đᄝཌྷ֥֩ൈ؍ଽ༯ࢆཌྷ֥֩ए৖đ൫౰ᆃ౷ཌb

,ğഡ౷ཌഈ֥ׄቕѓູ(x(t)ࢳ y(t))đႮีၩॖ֤
8
<

:

x

00
(t)

g

= ° dy

dx

y00(t) = 0

Ⴎֻؽൔॖ֤y0(t) = Cđսೆֻ၂ൔॖ֤x00(t) = °g C

dx

dt

đՖ֤֞ط౷ཌቕѓડቀ

8
<

:
x = 2

3

t
3
2
p

°2gC + C
1

y = Ct + C
1

ิۚ਀༝

1.๙ݖൡ֥֒эߐđ౰ࢳ༯ਙٚӱğ
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(1) (x2 + y2 + 3)y0 = 2x(2y ° x

2

y

);

(2) xy(y ° xy0) = x + yy0, y(0) =
p

2

2

;

(3) y0 = 2

2x

+ 1

2y

tan y

2

x

;

(4) y0 = 4x

3°2xy

3
+2x

3x

2
y

2°6y

5
+3y

;

(5) y2(xdx + ydy) + x(ydx° xdy) = 0,(ิൕğ ਷x = Ω cos µ, y = Ω sin µ).

ğࢳ

(1)ٚӱਆшӰၛyđ਷u = y2, v = x2đᄵჰٚӱູ߄du

dv

= 4u°2v

u+v+3

đ০Ⴈ༝ี2.3֥֤ٚॖمy2 =

x2 + y2|ࠇ1

° 2x2

° 3|3 = C(x2 + 2)4đఃᇏC൞಩ၩڵ٤ӈඔĠ

(2)਷u = y2đႮԚ൓่ॖࡱᆩu 6= 1đჰٚӱູ߄(x2 + 1)u0 = 2x(u° 1)đႮٳ৖эਈބمԚ൓่֤ॖࡱ

ٚӱູ֥ࢳy2

° 1 = ±

1

2

(x2 + 1)Ġ

(3)਷u = tan y

2

x

đჰٚӱູ߄u0 = (1 + u2)u

x

đᄵٚӱ֥๙ູࢳsin y

2

x

= C|x|đఃᇏC൞಩ၩӈඔĠ

(4)ჰٚӱॖ3)ູ߄x2y2dy +2xy3dx)+ (3y° 6y5)dy° (4x3 +2x)dx = 0đၹՎٚӱ֥๙ູࢳx2y3 + 3

2

y2

°

y6

° x4

° x2 = CđఃᇏC൞಩ၩӈඔĠ

(5)਷x = Ω cos µ, y = Ω sin µđᄵჰٚӱູ߄sin2 µdΩ = d sin µđၹՎٚӱູ֥ࢳy = (y+1)ࠇ0
p

x2 + y2 =

CyđఃᇏC൞಩ၩӈඔb

2.౰൐֤ັٚٳӱ

y2 sin t + yf(t)
dy

dt
= 0

൞ఞ֒ٚӱ֥၂్ݦඔf(t)đѩؓႿᆃུf(t)౰ࢳཌྷႋ֥ັٚٳӱb

y2ູ߄ğჰٚӱॖࢳ sin tdt + yf(t)dy = 0đႮఞ֒ٚӱ֥஑љܿᄵॖ֤f 0(t) = 2 sin tđࠧf(t) =

°2 cos t + CđఃᇏC൞಩ၩӈඔđཌྷႋ֥ັٚٳӱູ֥ࢳ(C

2

° cos t)y2 = C
1

đఃᇏC
1

൞಩ၩӈඔb

3.ၘᆩັٚٳӱ

f(t)
dy

dt
t2 + y = 0

ऎႵٳࠒၹሰµ(t) = tđ൫౰၂్ॖି֥ݦඔf(t)b

ğႮีၩॖᆩࢳ @

@t

(f(t)t3) = @

@y

(ty)đၹՎt3df + (3t2f ° t)dt = 0đ֤ࢳf = ( 1

2

t2 + C)t°3đఃᇏCູ಩ၩ

ӈඔb

ӱٚٳັ.4

et sec y ° tan y +
dy

dx
= 0

ऎႵྙೂe°at cos y֥ٳࠒၹሰđఃᇏa൞၂۱ӈඔb൫౰aѩ౰ࢳᆃ۱ັٚٳӱb

°ၬॖᆩקၹሰުٚӱэູఞ֒ٚӱđႮఞ֒ٚӱ֥ٳࠒğӰഈࢳ cos ye°at = °a cos ye°atđၹ

Վa = °1đՖٚطӱູ֥ࢳt + e°t sin y = CđఃᇏC൞಩ၩӈඔb
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5.ഡf
1

(z), f
2

(z)৵࿃ॖັđ¡(x, y) = (f
1

(xy)° f
2

(xy))xy 6= 0b౰ᆣğݦඔ 1

¡(x,y)

൞ٚӱ

f
1

(xy)ydx + f
2

(xy)xdy = 0

֥၂۱ٳࠒၹሰb

ᆣૼğ০Ⴈקၬၞ֤෮ေંࢲb

6.ഡM(x, y), N(x, y)൞mՑఊՑݦඔđఃᇏm 6= 1b౰ᆣğ೏ٚӱ

M(x, y)dx + N(x, y)dy = 0

൞ఞ֒ٚӱđᄵః๙ູࢳ

xM(x, y) + yN(x, y) = C(C൞ӈඔ)

ᆣૼğႮႿ

M(x, y)dx + N(x, y)dy = 0 (1)

൞ఞ֒ٚӱđᄵ

(1 + m)[M(x, y)dx + N(x, y)dy] = 0 (2)

္൞ఞ֒ٚӱđႮM, NູmՑఊՑݦඔᆩ
8
<

:
M(tx, ty) = tmM(x, y)

N(tx, ty) = tmN(x, y)

ؓਆшܱႿt౰֝ॖ֤ 8
<

:

@M

@(tx)

x + @M

@(ty)

y = mtm°1M

@N

@(tx)

x + @N

@(ty)

y = mtm°1N

਷t = 1đ֤ 8
<

:

@M

@(x)

x + @M

@(y)

y = mM

@N

@(x)

x + @N

@(y)

y = mN

ႻႮႿ@M

@y

= @N

@x

đᄵ
8
<

:

@M

@(x)

x + @N

@(y)

y = mM

@M

@(y)

x + @N

@(y)

y = mN
(3)

ഡ(2)֥๙ູࢳF (x, y) = Cđᄵ@F

@x

= (1 + m)M, @F

@y

= (1 + m)Nđ০Ⴈ(3)ॖ֤

8
<

:

@F

@x

= @(xM+yN)

@x

@F

@y

= @(xM+yN)

@y

14
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ࠧxM + yN = Cູ(2)֥๙ࢳđၹՎxM + yN = c

1+m

ູ(1)֥๙ࢳđఃᇏCູ಩ၩӈඔb

7.ഡr, s, m, n, Ω, æ, µ, ∫൞಩ၩӈඔđm∫ ° nµ 6= 0b൫౰ٚӱ

xrys(mydx + nxdy) + xΩyæ(µydx + ∫xdy) = 0

֥၂۱ྙೂxÆyØ֥ٳࠒၹሰ(ÆØ൞ӈඔ)đѩطࣉ౰ԛٚӱ֥๙ࢳb

ğႮีၩॖ֤ࢳ

(xÆ+ryØ+s+1m + xÆ+Ωyæ+Ø+1µ)dx + (xÆ+r+1ys+Øn + xÆ+Ω1yæØ∫)dy = 0

ၹູ൞ఞ֒ٚӱ౏m∫ 6= nµđ෮ၛ

8
<

:
m(s + Ø + 1) = n(Æ + r + 1)

µ(æ + Ø + 1) = ∫(æ + Ø + 1)

౰֤ॖࢳ 8
<

:
Æ = 1

nµ°m∫

[mµ(s° æ) + m∫(Ω + 1)° nµ(r + 1)]

Ø = 1

nµ°m∫

[m∫(s + 1)° nµ(æ + 1) + n∫(Ω° r)]

০Ⴈఞ֒ٚӱ֥֤ॖمࢳ๙ູࢳ(Cູ಩ၩӈඔ)ğ֒Æ + r + 1 6= 0౏Æ + Ω + 1 6= 0ൈ

m

Æ + r + 1
xÆ+r+1yØ+s+1 +

µ

Æ + Ω + 1
xÆ+Ω+1yæ+Ø+1 = C

֒Æ + r + 1 = 0౏Æ + Ω + 1 = 0ൈ

(1)֒s + Ø + 1 = 0

(1.1)֒æ + Ø + 1 = 0ൈ

m ln |x|yØ+s+1 + µ ln |x|yæ+Ø+1 + n ln|y| +∫ ln |y| = C

(1.2)֒µ = 0ൈ

m ln |x|yØ+s+1 + n ln|y| +
1

æ + Ø + 1
yæ+Ø+1∫ = C

(2)֒m = 0

(2.1)֒æ + Ø + 1 = 0ൈ

µ ln |x|yæ+Ø+1 +
1

Ø + s + 1
yØ+s+1 + ∫ ln |y| = C

(2.2)֒µ = 0ൈ
n

Ø + s + 1
yØ+s+1 +

∫

æ + Ø + 1
yæ+Ø+1 = C

15
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֒Æ + r + 1 = 0, Æ + Ω + 1 6= 0ൈđ

(1)֒Ø + s + 1 = 0

m ln |x| +
µ

Æ + Ω + 1
xÆ+Ω+1yæ+Ø+1 + n ln |y| = C

(2)֒m = 0
µ

Æ + Ω + 1
xÆ+Ω+1yæ+Ø+1 +

n

Ø + s + 1
yØ+s+1 = C

֒Æ + r + 1 6= 0, Æ + Ω + 1 = 0ൈđ

(1)֒æ + Ø + 1 = 0
m

Æ + r + 1
xÆ+r+1yØ+s+1 + µ ln |x| + ∫ ln |y| = C

(2)֒µ = 0
m

Æ + r + 1
xÆ+r+1yØ+s+1 +

∫

æ + Ø + 1
yæ+Ø+1 = C
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ֻ೘ᅣ

3.2

1. ౰ᆣ, ೏ϜEulerᅼཌቔೂ༯ྩᆞ:

'(x
0

) = y
0

'(x) = y
0

+ f(x
0

, y
0

)(x° x
0

), x
0

< x ∑ x
1

'(x) = '(x
k°1

) +
f(x

k°2

,'(x
k°2

)) + f(x
k°1

,'(x
k°1

))
2

(x° x
k°1

), x
k°1

< x ∑ x
k

, k = 2, 3, . . . , n

ᄵթᄝק৘ಯಖӮ৫b

ᆣᆣᆣૼૼૼğğğ໡ૌ༵ᆣૼᆃဢ֥ᅼཌᄝ౵ࡗy
0

∑ y ∑ y
0

+ Æഈ൞Cauchy໙ี֥࣍රࢳđࠧ'
n

(x)ડቀ

'
n

(x) = y
0

+
Z

x

x0

f(x,'
n

(x))dx + ±
n

(x)

ఃᇏ֥±
n

(x)൞֒n!1ൈ֥໭౫ཬਈb൙ൌഈđ

±
n

(x) =
Z

t1

x0

[f(x
0

, y
0

)° f(x,'
n

(x))]dx +
NX

i=2

Z
x

i

x

i°1

[
f(x

i°2

,'(x
i°2

)) + f(x
i°1

,'(x
i°1

))
2

° f(x,'
n

(x))]dx

+
Z

x

x

N

[
f(x

N°2

,'(x
N°2

)) + f(x
N°1

,'(x
N°1

))
2

° f(x,'
n

(x))]dx

Ⴎᅼཌ֥ܒᄯđ໡ૌᆩ֡đ҂֩ൔ

|x° x
i°1

| ∑

Æ

n
, |'

n

(x)° y
i°1

| ∑M |y ° y
i°1

| ∑

MÆ

n

ᄝ౵ࡗx
i°1

∑ x ∑ x
i

ഈӮ৫bၹՎđ০Ⴈf(x, y)ᄝRഈ֥၂ᇁ৵࿃ྟ֤ࠧđ಩۳" > 0đթᄝᆞᆜ

ඔK = K(")đ֒n > Kൈđᄝ౵ࡗx
i°1

∑ x ∑ x
i

ഈ၂ᇁֹ

|f(x
i°1

, y
i°1

)° f(x,'
n

(x))| ∑
"

Æ
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ᆃဢđ֒n > Kൈ

|±
n

(x)| ∑

Z
x1

x0

|f(x
0

, y
0

)° f(x,'
n

(x))|dx +
NX

i=2

Z
x

i

x

i°1

|

f(x
i°2

,'(x
i°2

)) + f(x
i°1

,'(x
i°1

))
2

° f(x,'
n

(x))|dx

+
Z

x

x

N

|

f(x
N°2

,'(x
N°2

)) + f(x
N°1

,'(x
N°1

))
2

° f(x,'
n

(x))|dx

∑ N

Z
x

i

x

i°1

"

Æ
+

"

n
∑ "

Ӯ৫b

༯ট֥ᆣૼაज़Чᇏ֥ࠫެ၂ဢbࢤ

2. ০ႨAscoliႄ৘ᆣૼ༯૫֥ંࢲğ

ഡ၂ݦඔ྽ਙᄝႵཋ౵ࡗIഈ൞၂ᇁႵ֩ބࢸ؇৵࿃֥đᄵᄝIഈ෱ᇀഒႵ၂۱၂ᇁ൬৻֥ሰ྽ਙb

ѩई২ඪૼđ֒I൞໭ཋ౵ࡗൈഈ૫֥ંࢲ҂၂קӮ৫b

ᆣૼğ҂ٞഡI = [a, b)bႮAscoliႄ৘่֥ࡱᆩđᆺྶᆣૼݦඔ྽ਙᇏ֥಩၂۱f(x) = '
n

(x)ॖ࿼ຉ

Ӯ[a, b]ഈ֥৵࿃ݦඔđࠧࠞཋ lim
x!b°

f(x)թᄝࠧॖb

಩౼၂ਙඔx
n

, n = 1, 2, . . . , ൐֤ؓ಩ၩnđႵa ∑ x
n

< bđ౏ lim
n!1

x
n

= b. Ⴎ֩؇৵࿃ྟᆩđ྽

ਙf(x
n

)൞Cauchy྽ਙ, ,թᄝAܣ ൐֤ lim
n!1

f(x
n

) = Ađᄜ۴ऌ֩؇৵࿃ྟၞ֤ lim
x!b°

f(x) = A.

ई২ğݦඔ྽ਙf
n

(x) = sin x

n

ᄝRഈ൬৻֞0đ֌҂൞၂ᇁ൬৻b

3. ൫࠹ෘԚᆴ໙ีy0 = x2 + y2, y(0) = 1֥భਆՑםսb

y
0

(x) = 1

y
1

(x) = 1 +
Z

x

0

(s2 + 12)ds = 1 + x +
x3

3

y
2

(x) = 1 +
Z

x

0

(s2 + (1 + s +
s3

3
)2)ds

= 1 + x + x2 +
2
3
x3 +

1
6
x4 +

2
15

x5 +
1
63

x7

4. ൫࠹ෘԚᆴ໙ีy0 = ex + y2, y(0) = 0֥భ೘Ցםսb

y
0

(x) = 0

y
1

(x) =
Z

x

0

esds = ex

° 1

y
2

(x) =
Z

x

0

(es + (es

° 1)2)ds

=
1
2

+ x° ex +
1
2
e2x

y
3

(x) =
Z

x

0

[es + (
1
2

+ s° es +
1
2
e2s)2]ds
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= °2°
11
48

+
1
4
x +

1
2
x2 +

x3

3
+ 2ex

+
1
2
e2x

°

1
3
e3x +

1
16

e4x

° 2tex +
1
2
xe2x.

5. ൫ᆣૼ༯ਙ۳֥קԚᆴ໙ีᄝᆷ֥ק౵ࡗഈթᄝࢳy(x)ğ

(1). y0 = y2 + cos x2, y(0) = 0; 0 ∑ x ∑ 1

2

.

(2). y0 = e°x

2
+ y2, y(0) = 0; 0 ∑ x ∑ 1

2

.

(3). y0 = e°x

2
+ y2, y(1) = 0; 0 ∑ x ∑

p
e

2

.

(4). y0 = e°x

2
+ y2, y(0) = 1; 0 ∑ x ∑

p
2

1+(1+

p
2)

2 .

(5). y0 = e°x + ln(1 + y2), y(0) = 0; 0 ∑ x ∑ 1.

ᆣૼğ

(1) Ⴎթᄝק৘ᆩđÆ = min(a, b

M

), M = max
(x,y)2R

|f(x, y)|b౼a = 1, b = 1đ֤ࠧM = 2,Æ = 1

2

đ

ᄝ0ܣ ∑ x ∑ 1

2

թᄝࢳy(x).

(2) ౼a = 1, b = 1đ֤ࠧ.

(3) ՎีႵ༂đၹູ1҂ᄝ౵0ࡗ ∑ x ∑
p

e

2

ᇏ.

(4) ౼a = 1, b = 1đ֤ࠧ.

(5)R = {(x, y)|0 ∑ x ∑ 1, |y| ∑ b},M = max
(x,y)2R

|f(x, y)| = 1+ln(1+b2)đܣÆ = min{1, b

1+ln(1+b

2
)

},౼b =

1đ֤ࠧ.

6. ൫ඪૼğPicardםս྽ਙᇏֻ֥၂ཛy
0

(x)ॖၛ౼ູקၬႿJ = [x
0

°Æ, x
0

+Æ], D = [y
0

°b, y
0

+b]ഈ

౏ડቀԚᆴ่ࡱy(x
0

) = y
0

֥಩၂৵࿃౏֝ඔႵݦ֥ࢸඔb

ᆣૼğഡk(x)ູડቀ่ݦ֥ࡱඔđܒᄯםս྽ਙğ

y
0

(x) = k(x), · · · , y
n

(x) = y
0

+
Z

x

x0

f(s, y
n°1

(s))ds(n = 1, 2, · · ·)

Ⴎඔ࿐݂ବمᆩğ{y
n

(x)}ູJഈ֥৵࿃ݦඔਙđ౏ູ၂ᇁႵࢸđ၂ᇁ൬৻֥CauchyਙbఃჅᆣૼ๝ज़Ч

োරb

7. ॉ੮Ԛᆴ໙ี

y0 = x2 + y2, y(0) = 0,

ѩ౏ഡR൞इྙთ0 ∑ x ∑ a,°b ∑ y ∑ b.

(a) ൫ᆣૼğؓႿ

0 ∑ x ∑ min(a,
b

a2 + b2

),

y0 = x2 + y2, y(0) = 0,
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y(x)թᄝbࢳ֥

(b) ᆣૼğ֒aקܥൈđ b

a

2
+b

2֥ቋնᆴ൞
1

2a

. (Վีჰ໓ູ b

a

2
+a

2đॖିႵ༂)

(c) ᆣૼğ֒a = 1p
2

ൈđÆ = min(a, 1

2a

)౼ቋնᆴb

(d) ğ֒0ંࢲ ∑ x ∑ 1p
2

ൈđ

y0 = x2 + y2, y(0) = 0,

y(x)թᄝbࢳ֥

ᆃ၂ี֥ଢ֥ݺའ҂ૼಒđၹູཌྷܱॖંࢲႮ௃࿰୶ק৘֤֞b

ᆣૼğ(a) ০Ⴈ௃࿰୶ק৘֤ࠧb

(b) ؓb౰֝
≥

b

a

2
+b

2

¥0
= a

2°b

2

(a

2
+b

2
)

2

ཁಖđb = aൈႵቋնᆴ 1

2a

.

(c) Ⴎa = 1

2a

ॖ֤a = 1p
2

ൈ౼ቋնᆴb

8. ൫ܒᄯԚᆴ໙ีy0 = 2x(y + 1), y(0) = 0֥иवםսđѩ౏ᆣૼ෰ૌ൬৻Ⴟࢳy(x) = ex

2
° 1b

ᆣૼ. Ⴈ݂ବمğ

y
0

= 0,

y
1

=
R

x

0

2xdx = x2,

y
2

=
R

x

0

2x(x2 + 1)dx = x

4

2

+ x2 = (x

2
)

2

2

+ x2,

ഡnࡌ = kൈ, y
k

=
P

k

j=1

(x

2
)

j

j!

,ᄵ

y
k+1

=
R

x

0

2x(
P

k

j=1

(x

2
)

j

j!

)dx =
P

k

j=1

(x

2
)

j+1

(j+1)!

Ⴕyܣ
n

=
P

n

j=1

(x

2
)

j

j!

đ਷n!1, ֤ࠧy(x) = ex

2
° 1.

9. ഡy(x)൞t
0

∑ x ∑ x
1

ഈ֥৵࿃ݦඔđ౏֒x
0

∑ x ∑ x
1

ൈ

|y(x)| ∑M + K

Z
x

x0

|y(ø)|dø,

ՎԩM, K׻൞ڵ٤ӈඔb൫Ⴈםսم(ࠧᇯ҄Яم࣍)ᆣૼğ֒x
0

∑ x ∑ x
1

ൈ,

|y(x)| ∑M exp(K(x° x
0

)).

ᆣૼğ০Ⴈၘᆩ่֤ॖࡱ

|y(x)| ∑ M + K

Z
x

x0

|y(ø)|dø

∑ M + K

Z
x

x0

(M + K

Z
ø

x0

|y(ª)|dª)dø

∑ M + KM(x° x
0

) + K2

Z
x

x0

Z
ø

x0

|y(ø)|dªdø
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· · · · · ·

Ⴎםսم໡ૌႵğ

|y(x)| ∑ M + KM(x° x
0

) + · · · +
Kn+1

(n + 1)!
(x° x

0

)n+1 + · · ·

= MeK(x°x0)

10. ᆣૼ:Picardםս྽ਙᇏֻkཛy = '
k

(x)აᆇࢳy = '(x)֥༂ҵ࠹ܙൔğ

|'(x)° '
k

(x)| ∑
MNk

(K + 1)!
|x° x

0

|

k+1,

ఃᇏN൞LipschitzӈඔđM൞|f(x, y)|ᄝR : |x° x
0

| ∑ a, |y ° y
0

| ∑ bഈ֥ഈࢸb

ᆣૼ. ؓnႨ݂ବم

|'(x)° '
0

(x)| ∑
Z

t

x0

Mds = M(x° x
0

)

ࠧn° 0ൈӮ৫bགྷࡌഡn = kൈંࢲӮ৫đᄵ

|'(x)° '
k+1

(x)| =
ØØØ
Z

x

x0

£
f(s,'(s))° f(s,'

n°1

(s))
§
ds

ØØØ

∑

Z
x

x0

ØØf(s,'(s))° f(s,'
k

(s))
ØØds

∑

Z
x

x0

N
ØØ'(s)° '

k

(s)
ØØds

∑

Z
x

x0

N
MNk

(K + 1)!
|x° x

0

|

k

=
MNk+1

(K + 2)!
|x° x

0

|

k+1.

11. ০ႨOsgood่ࡱษં༯ਙັٚٳӱડቀԚᆴ่ࡱy(0) = ၂ྟ໙ีğືࢳ0֥

(a)
dy

dx
= |y|Æ, ( ӈඔÆ > 0);

(b)
dy

dx
=

8
<

:
0, ֒y = 0,

y ln |y|, ֒y 6= 0.

ᆣૼğ(a)

(b)ၹູ

|y
1

ln |y
1

|°|y
2

ln |y
2

|| = |y
1

ln |y
1

|°y
1

ln |y
1

°y
2

|+y
1

ln |y
1

°y
2

|°y
2

ln |y
1

°y
2

|+y
2

ln |y
1

°y
2

|°y
1

ln |y
2

|| ∑ |y
1

|| ln
y
1

° y
2

y
1

|+|y
1

°y
2

|| ln |y
1

°y
2

|+|y
2

|| ln
y
1

° y
2

y
2

| ∑ 2|y
1

°y
2

|+|y
1

°y
2

|| ln |y
1

°y
2

|
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਷F (r) = 2r + ln rᄵॖ֤ᆣb

12.(a)ഡf(x), g(x), y(x)൞x
0

∑ x ∑ x
1

ഈ֥ڵ٤৵࿃ݦඔ.౰ᆣ೏

y(x) ∑ g(x) +
Z

x

x0

f(ø)y(ø) dø (x
0

∑ x ∑ x
1

)

ᄵ

y(x) ∑ g(x) +
Z

x

x0

f(ø)g(ø)e
R

x

ø

f(s)ds dø (x
0

∑ x ∑ x
1

)

(b)ᄝ(a)֥ࡌഡ༯,೏g(x)ߎ൞ֆט༯֥ࢆ,ᄵ

y(x) ∑ g(x)e
R

x

x0
f(ø) dø

ᆣૼ:(a)ഡu(x) =
R

x

x0
f(s)x(s) dsᄵႵ

u0(x) = f(x)y(x), u0(x)° fu = f(y ° u)

=) u0(x)° fu ∑ fg

=) u0(x) ∑ fg + fu

ਆшӰၛe°
R

x

x0
f(s) ds

u0(x)e°
R

x

x0
f(s) ds

∑ fge°
R

x

x0
f(s) ds + fue°

R
x

x0
f(s) ds

ܱႿxՖx
0

֞xٳࠒ

u(x)e°
R

x

x0
f(s) ds

∑

Z
x

x0

f(s)g(s)e°
R

s

x0
f(ª) dª ds

=) u(x) ∑
Z

x

x0

f(s)g(s)e°
R

s

x0
f(ª) dª ds

Ⴛၹູu(x) > y(x)° g(x)

=) y(x) ∑ g(x) +
Z

x

x0

f(s)g(s)e°
R

s

x0
f(ª) dª ds

(b)y(x) ∑ g(x) +
R

x

x0
f(s)g(s)e°

R
s

x0
f(ª) dª ds

∑ g(x) + g(x)
R

x

x0
f(s)e°

R
s

x0
f(ª) dª ds

= g(x)(1 +
R

x

x0
f(s)e°

R
s

x0
f(ª) dª ds)

= g(x)(1°
R

x

x0
(e

R
t

s

f(ª)dª)0
s

ds)

= g(x)e
R

x

s

f(ª)dª)0
s

ds
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3.3

1.(a)൫ಒקൡ֥֒x
0

֥ᆴ,൐֤ٚӱ

x
n+1

= x
n

°

1
4
(x2

n

° 2)

սxםၬ֥ᇯՑק
n

൬৻Ⴟ
p

2.

(b)࿊౼x
0

= 1.4.൫ᆣૼ:ູਔ౰
p

2֞11໊Ⴕིཬඔ,ေ౰30Ցםս.

ᆣૼ:(a)ഡf(x) = x° 1

4

(x2

° 2),ᄵf
0
(x) = 1° x

2

,೏ေ൐֤|f
0
(x)| ∑ ∏ < 0ླࣇ,1 < x

0

< 4.

(b)x
n+1

°

p

2 = (x
n

°

p

2)(1°
p

2+x

n

4

),Ֆط|x
n+1

°

p

2| ∑ 1

2

|x
n

°

p

2| ∑ 1

2

n+1 |x0

°

p

2| ∑ 1

2

n+1 £0.02,|x
30

°

p

2| ∑ 0.02£ 1

2

3
0

< 2£ 10°11.

2.൫ಒקൡ֥֒Æ֥ᆴ,൐֤Ⴎٚӱ

x
n+1

= x
n

° Æ(x2

n

° 3), x
0

= 1.7

սxםၬ֥ᇯՑק
n

൬৻Ⴟ
p

3.

ᆣૼ:ഡf(x) = x ° Æ(x2

° 3),ᄵf
0
(x) = 1 ° 2Æx,೏ေ൐֤|f

0
(x)| ∑ ∏ < 1,Ⴛx

n

ֆ־טᄹ൬৻

֞
p

3,ᄵ0 < Æ
p

3 < 1.Ⴕ0 < Æ < 1p
3

.

3.ඔº൞ٚӱ

tan
x

4
° tan°1

x

4
= 0

֥۴.൫০Ⴈ୤ؘم౰º֞ϖ໊Ⴕིཬඔ.

ᆣૼ:ഡg(x) = tan x

4

° tan°1

x

4

,ᄵg
0
(x) = 1

4 cos

2
(x/4) sin

2
(x/4)

,୤ؘםս྽ਙູx
n+1

= x
n

°

g(x

n

)

g

0
(x

n

)

=

x
n

° sin(x
n

),ՖطႵ࠹ܙ|x
n

° º| ∑ |x
n°1

° º| ∑ |x
0

° º|n

෮ၛ೏౼x
0

= 3.1415,ᄵᆺླ౼n = .սਆՑࠧॖ֤֞ϖ໊Ⴕིཬඔםࠧ,2

4.(a)൫ᆣૼ:ᄝ౵0ࡗ ∑ x ∑ 1ଽ,ٚӱx = cos xऎႵື၂֥۴x = ¥

(b)ഡx
n+1

= cos x
n

, n = 0, 1, 2, · · ·,౏0 < x
0

< 1,෮ၛ֤ԛંࢲ:֒n!1ൈ,x
n

! ¥.

ᆣૼ:(a)ഡf(x) = x ° cos x,ᄵf(x)ᄝ[0, 1]ഈ൞࿸۬־ᄹ֥,৵࿃֥;Ⴛၹູf(0) = °1 < 0, f(1) > 0,෮

ၛႮࢺᆴק৘թᄝື၂֥x = ¥,൐֤x = cos x.

(b)0 < x
0

< 1,෮ၛx
1

= cos x
0

2 (0, 1),Ⴎ݂ବॖمᆩ0 < x
n

< 1.෮ၛ|(cos x)0| = | sinx| < sin 1, x 2

(0, թᄝື၂֥¥൐֤xطࣉ,(1
n

! ¥౏¥ = cos ¥.
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3.4

1.ษં༯ਙັٚٳӱ֥ࢳթᄝ౵ࡗ:

(1)
dy

dx
=

1
x2 + y2

(2)
dy

dx
= y(y ° 1)

(3)
dy

dx
= y sin(xy)

(4)
dy

dx
= 1 + y2

ᆣૼ:ഡԚᆴູ(x
0

, y
0

),इྙ౵თR = {(x, y) : |x ° x
0

| ∑ a, |y ° y
0

| ∑ b},ఃᇏa, b > 0րק.M =

sup
(x,y)2R

|f(x, y)|,Æ = min{a, b

M

}.

(1);(x
0

, y
0

) 6= (0, x)קࡌ;(0
0

, y
0

)҂ᄝy = 0ቕѓᇠഈ;೏a ∑ |x
0

|,ᄵb < |y
0

|,M = 1

(|y0|°b)

2 ,Æ =1,ᄵՎൈࢳ

֥թᄝ౵קࡌ;(°1,1)ູࡗy
0

= 0,ᄵx
0

6= 0, a < |x
0

|, b > 0;ՖطÆ = min{a, b

(|x0|°a)

2 },ᄵՎൈ֥ࢳթᄝ

౵2)ູࡗx
0

, ,0)ࠇ(0 2x
0

).

(2);aॖ౼֤ൡਈն೏y
0

< 0;M = (y
0

° b)(y
0

° b° 1),Վൈ౼b =
p

y2

0

° y
0

,Æ = 1

2

p

y

2
0°y0+1°2y0

,ᄵՎൈࢳ

֥թᄝ౵ູࡗ(x
0

°

1

2

p

y

2
0°y0+1°2y0

, x
0

+ 1

2

p

y

2
0°y0+1°2y0

);

(3)aॖ౼֤ൡਈն,Æ = min{a, b

(|y0|+b

},౼bቀܔն,ᄵॖ౼Æ = 1,ᄵՎൈ֥ࢳթᄝ౵ູࡗ(x
0

° 1, x
0

+ 1).

(4);aॖ౼֤ൡਈն,೏y
0

< 0;M = 1 + (y
0

° b)2,Æ = b

b

2°2y0b+y

2
0+1

,Ֆط౼b =
p

1 + y2

0

;Æ =
p

1+y

2
0+y0

2

;ᄵ

Վൈ֥ࢳթᄝ౵ູࡗ(x
0

°

p

1+y

2
0+y0

2

, x
0

+
p

1+y

2
0+y0

2

) ೏y
0

∏ 0;M = 1 + (y
0

+ b)2,Æ = b

b

2
+2y0b+y

2
0+1

,Ֆ

b౼ط =
p

1 + y2

0

;Æ =
p

1+y

2
0°y0

2

;ᄵՎൈ֥ࢳթᄝ౵ູࡗ(x
0

°

p

1+y

2
0°y0

2

, x
0

+
p

1+y

2
0°y0

2

)

2.ഡᄝ౵თ{(x, y) : x
0

∑ x <1,°1 < y < +1}ഈ৵࿃ݦඔ|f(x, y)| ∑ K.൫ᆣૼ:ؓႿ၂్x ∏ x
0

,Ԛ

ᆴ໙ี

y0 = f(x, y), y(x
0

) = y
0

.y(x)թᄝࢳ֥

ᆣૼ:໡ૌႨّᆣم,ഡy = ¡(x)֥ႷЎބ౵ູࡗ[x
0

, b], b <1,ᄵ

¡(x) = y
0

+
Z

x

x0

f(s,¡(s)) ds, x
0

∑ x < b

|¡(x)| ∑ |y
0

| + K(x° x
0

) ∑ |y
0

| + K(b° x
0

)

ᄝ౵ࡗ[x
0

, b)ഈႵࢸ,ࠧlim sup
x!b° |¡(x)|թᄝ,ᄵ(x,¡(x))֞@G֥ए৖౴Ⴟ0.ᆃაࡌഡ઱؛.
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3.౷ཌx2 + y2 = 1൞ັٚٳӱxdx + ydy = 0֥၂่ٳࠒ౷ཌđ෱ᄝ౵თG = {(x, y) : x2 + y2 > 0}֥

ଽ҆đ֌ીႵ࿼ഥ֞G֥шࢸ,ᆃ၂ׄ൞ڎაഈඍ֥࿼ഥק৘ཌྷ઱؛?൫ඪૼ৘Ⴎ.

ᆣૼ:҂઱؛.

ӱxdxٚٳັ + ydy = 0҂֩ࡎႿ dy

dx

= °x

y

৘൞ᆌؓק࿼ഥط. dy

dx

= f(x, y)ো྘֥ັٚٳӱ֥.

4.൫ᆣૼğٚӱ dy

dx

= y2(1 ° y)3eyၛ(x
0

, y
0

)ູԚᆴ֥Ⴗྛ֥ࢳቋնթᄝ౵ູࡗ[x
0

,+1)đఃᇏx
0

∏ 0

đy
0

಩ၩ۳קbčีଢቔਔูߐĎ

ᆣૼğၞᆩݦඔf(y) = y2(1 ° y)3eyࠣః֝ඔᄝᆜ۱(x, y)௜૫ഈ৵࿃đՖطCauchy໙ี֥ࢳ൞ື၂

֥b

ཁಖđy ¥ 0, y ¥ 1൞ٚӱ֥ਆ۱หࢳb

೏ׄ(x
0

, y
0

)ᄝy = 0༯ٚbࢳ౷ཌོ֥ੱնႿਬđᄵࢳ౷ཌֆ־טᄹđ֌Ⴛ҂ିᄀݖy = 0đՖطႵ

x]ູࡗቋնթᄝ౵ࢳ৘ॖᆩđႷྛקđႮ࿼ᅚࢸ
0

,+1)bః෱౦ྙॖোරٳ༅b

5.ഡԚᆴ໙ี

(E) :
dy

dx
= (y2

° 2y ° 3)e(x+y)

2
, y(x

0

) = y
0

aູࡗቋնթᄝ౵֥ࢳ֥ < x < b,ఃᇏ(x
0

, y
0

)ູ௜૫ഈ֥಩၂ׄ,ᄵa = bބ°1 =1ᇀഒႵ၂۱Ӯ৫.

ᆣૼ:ݦඔf(x, y) = (y2

° 2y ° 3)e(x+y)

2
ᄝಆ௜૫ഈ৵࿃,f 0

y

= 2(y ° 1)e(x+y)

2
+ 2(x + y)(y2

° 2y °

3)e(x+y)

2
ᄝಆ௜૫ഈ৵࿃. ՖطԚᆴ໙ี֥ٳࠒ౷ཌ൞ື၂֥.ཁಖy = yބ°1 = 3൞ਆ۱ࢳ,ᄵః෰ٳࠒ

౷ཌ҂߶ა෱ૌཌྷࢌ.

(1)೏(x
0

, y
0

)ᄝy = °1༯ٚ.

౷ཌོੱࢳ dy

dx

> 0,ᆃඪૼy = y(x)൞ֆ־טᄹ֥,֌Ⴛ҂ିᄀݖy = °1,ᄵႮק৘3.5.1,b =1.

(2)೏(x
0

, y
0

)ᄝy = °1აy = 3ᆭࠇࡗy = yࠇ°1 = 3ഈ.

Ⴎק৘3.5.1,ॖᆩa = °1, b =1.

(3)೏(x
0

, y
0

)ᄝy = 3ഈٚ.

๝(1)ॖᆩ,a = °1.

ӱٚٳIഈ৵࿃đᆣૼཌྟັࡗb(x)ᄝ౵ބഡa(x)ࡌ.6

dy

dx
= a(x)y + b(x), (x 2 I)

֥ૄ၂۱ࢳy = y(x)֥(ቋն)թᄝ౵ູࡗIb

ᆣૼ:ഡ౵ࡗ(a
1

, b
1

)ડቀx
0

2 (a
1

, b
1

) Ω [Æ, Ø] Ω I,ᄵݦඔf(x, y) = a(x)y + b(x)ᄝ౵თ{(x, y)|a
1

< x <

b
1

,°1 < y < 1}ഈડቀ০௴༐ሥ่ࡱ.Ⴎק৘3.2.4ᆩഈඍԚᆴ໙ีᄝ(a
1

, b
1

)ଽթᄝື၂.ᄜႮ(a
1

, b
1

)֥
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಩ၩྟᆩഈඍԚᆴ໙ีᄝIഈթᄝ౏ື၂.

3.5

1.ഡݦඔf(x, y)ᄝ౵თG = {a < x < b, |y| < +1}ഈ৵࿃đ'
1

(x),'
2

(x) ൞ٚӱ dy

dx

= f(x, y)ࣜݖGᇏ๝၂

ׄ(x
0

, y
0

)֥ਆ۱ࢳđఃᇏ'
1

(x) ∑ '
2

(x)b

൫ᆣğ౵თGᇏࢺႿ'
1

(x),'
2

(x)ٳ֥҆ࡗФٚӱࣜݖ(x
0

, y
0

෮ԉડbࢳ֥(

ᆣૼğഡਆ܋܄֥ࢳթᄝ౵ູࡗ|x° x
0

| ∑ hđູࡥֆ༯૫ᆣૼ໡ૌࣇॉ੮֥ࢳႷྛթᄝ౵ࡗb

ّᆞمğ೏҂ಖđթᄝ(x
1

, y
1

)ડቀx
0

< x
1

< x
0

+ h,'
1

(x
1

) < y
0

< '
2

(x
1

)֌҂թᄝ๝ൈ

x)ݖ
0

, y
0

)đ(x
1

, y
1

x)ׄݖ৘đקթᄝ֥ࢳbႮࢳ֥(
1

, y
1

)թᄝࢳu(x)đႻႮ֥ࢳ࿼ᅚק৘u(x)с

ა'
1

(x),'
2

(x)ᇏ֥၂۱ཌྷࢌđ҂ٞഡა'
2

(x)ࢌႿׄ(ª, '
2

(ª))đᄵᄝׄࢌԩਆ౷ཌཌྷ్bᄝ[x
0

, ª]ഈ

౼'
2

(x)đ[ª, x
1

] ഈ౼u(x)đᄵՎ౷ཌູٚӱ֥ࢳ౷ཌđ౏๝ൈݖ(x
0

, y
0

)đ(x
1

, y
1

)ਆׄbՎაࡌഡ઱

,ඔf(xݦb2.ഡඔᆴ؛ y)ᄝᆜ۱(x, y)௜૫ഈ৵࿃,౰ᆣؓႿ಩ޅx
0

,ᆺေ|y
0

|ൡ֒ཬ,ٚӱ

dy

dx
= (y2

° e2x)f(x, y)

ડቀԚᆴ่ࡱy(x
0

) = y
0

сॖ࿼ຉ֞xࢳ֥
0

∑ x <1.

ᆣૼ:ؓ಩ၩ֥x
0

,౼y
0

2 [°ex

0

, ex

0

].

Ⴈّᆣم.೏Ⴗྛ֥ࢳቋնթᄝ౵ູࡗ[x
0

, x
1

), x
1

< 1.ᄵॖᆩ֒x ! x
1

°, |y(x)| ! 1.ؓy = y(x)აy =

±exཌྷ֥ׄࢌनྛࣉೂ༯࿼ຉ༯ಀ:೏Վൈf(x, y(x)) 6= 0,ᄵခሢ౷ཌy(x) = ±ex࿼ຉ,ᆰᇀf(x, y(x)) =

0.ᆃဢ໡ૌࣼܒᄯԛ၂۱ၛy = ±exູഈ༯ࢳ֥ࢳ,ᆃაࡌഡ઱؛.

3.ഡy = y(x)൞ٚӱy0 = h(x)g(y)ડቀԚ൓่ࡱy(0) = y
0

đఃᇏh(x)ᄝ0ࢳ֥ ∑ x ∑ aഈ৵

࿃,g(y)ᄝ°1 < y <1ഈ৵࿃౏h(x) > 0, g(y) > 0.਷

H(x) =
Z

x

0

h(ø)dø

ഡؓႿ಩ޅª,ٳࠒ

G(ª) =
Z 1

ª

dø

g(ø)

.թᄝޚ ౰ᆣğ(1)ೂݔG(y
0

) > H(a),ᄵy(x)ᄝ0 ∑ x ∑ aഈႵקၬ;

(2)ೂݔG(y
0

) ∑ H(a),ᄵy(x)ᄝ0 ∑ x < H°1(G(y
0

))ഈႵקၬ.čีଢ഍ቔྩᆞĎ

ᆣૼ:ٚࡼӱٳ৖эਈѩਆшٳࠒđ֤ğ

G(y
0

)°G(y(x)) = H(x)
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Ⴎ่ॖࡱᆩđH(x)ޚᆞ౏ֆטഈശđG(ª)ޚᆞ౏ֆט༯ࢆb

(1).ೂݔG(y
0

) > H(a)đᄵႵG(y(a)) > 0đࠧG(y(x))ᄝ0 ∑ x ∑ aഈႵקၬđ෮ၛy(x)ᄝ0 ∑ x ∑ aഈ

Ⴕקၬb

(2).ೂݔG(y
0

) ∑ H(a)đᄵႵG(y(a)) ∑ 0đႻG(ª)ޚᆞđ෮ၛy(a)҂թᄝđᄵy = y(x)сᄝ0 ∑ x ∑

b < aഈႵקၬ,x = b ડቀG(y
0

) = H(b)đܣb = H°1(G(y(0)))đ෮ၛy = y(x)ᄝ0 ∑ x < H°1(G(y
0

))ഈ

Ⴕקၬ.

3.6

1.ഡf(x, y)ᄝ౵თRഈ৵࿃đັٚٳӱ dy

dx

= f(x, y)ࣜݖRଽ಩ޅ၂֥ׄٳࠒ౷ཌ׻൞čթᄝĎື၂֥đ

൫ᆣັٚٳӱ֥ؓࢳԚᆴ൞৵࿃၇ঠ֥b

ᆣૼğႨّᆣקࡌ.مy = √(x)൞ၛ(x
0

, y
0

) 2 RູԚᆴ֥၂۱ࢳ, թᄝЇݣԚ൓ൈख़x
0

֥о౵

,a]ࡗ b],թᄝ≤
0

> 0,ؓ಩ၩ֥n,թᄝ(ª
n

, y
n

(ª
n

)),൐֤|(ª
n

, y
n

(ª
n

)) ° (x
0

, y
0

)| ∑ 1

n

,౏ၛ(ª
n

, y
n

(ª
n

))ູԚᆴ

౷ཌyࢳ֥ = ¡(x; ª
n

, y
n

(ª
n

))сಖ߶Ֆy = √(x) ± ≤
0

шࢸԬԛ.ᄵૄ۱Ⴗྛࠇࢳቐྛࢳ౷ཌ֥൮۱Ԭԛׄ

сಖႵಒࢸ,ᄵᄝၛಒ֥ׄࢸᆞ༯(ࠇഈ)ٚЇݣᄝ√(x) ° ≤
0

< y < √(x) + ≤
0

ଽ֥҆಩၂ູׄԚᆴ֥ࢳ౷

ཌ,Ⴎ࿼ຉק৘сಖ߶ࣜݖ(x
0

, y
0

),ᆃაື၂ྟ઱؛.

2.ഡ۳ٚקӱ
dx

dt
= sin(tx)

൫౰ ∑
@x

@t
0

(t, t
0

, x
0

)
∏

t0=0,x0=0

∑
@x

@x
0

(t, t
0

, x
0

)
∏

t0=0,x0=0

৘bč੻Ďק༅ྟࢳႿҕඔ֥ܱࢳğज़Ч২ีb3.ྻඍѩᆣૼࢳ

4.ഡՂਈݦඔy = y(x, ¥)(¥ູൌҕඔ)൞ັٚٳӱ

dy

dx
= sin(xy)

ડቀԚᆴ่ࡱy(0) = bᆣૼğ҂֩ൔࢳ֥¥

@y

@¥
(x, ¥) > 0

ؓ၂్x׻¥ބӮ৫b

ᆣૼğႮႿ

y(x, ¥) = y(0) +
Z

x

0

sin(sy) ds = ¥ +
Z

x

0

sin(sy) ds

ᄵ
@y

@¥
(x, ¥) = 1 +

Z
x

0

s cos(sy)
@y

@¥
ds
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਷z(x, ¥) = @y

@¥

(x, ¥)đᄵഈൔູ߄

z(x, ¥) = 1 +
Z

x

0

s cos(sy)z ds

ᄵ
@z

@x
(x, ¥) = x cos(xy)z, z(0) = 1

ၹՎz(x, ¥) = exp
°R

x

0

s cos(sy) ds
¢

> 0đ

ࠧؓ၂్x׻¥ބႵ
@y

@¥
(x, ¥) > 0

3.7

1.2.č੻Ď3.ؓnࢨཌྟັٚٳӱቆ֥Ԛᆴ໙ีđ൫ྻඍѩᆣૼ֥ࢳթᄝືބ၂ྟק৘b

ྻඍğթᄝື၂ྟק৘ğཌྟັٚٳӱቆ

dX

dt
= A(t)X + B(t)

ᄝ౵ࡗa ∑ t ∑ bഈႵ౏ࣇႵ၂۱ડቀԚᆴ่ࡱ

X(t
0

) = X

0

Xࢳ֥ = X(t)đఃᇏt
0

2 [a, b],X
0

2 R

n,X(t) = (x
1

(t), · · · , x
n

(t))T , t 2 [a, b]൞nົཟਈݦඔđၛ

ࠣA(t),B(t)ٳљ൞۳֥קn£ nൌइᆔބnົൌཟਈݦඔđ౏ܱႿt൞৵࿃֥b

ᆣૼğקၬnົཟਈX(t)֥ଆູ||X(t)|| =
nP

i=1

|x
i

(t)|đA֥ଆູ||A(t)|| =
nP

i,j=1

|a
ij

(t)|bཌྟັٚٳӱቆ֥

Ԛ൓໙ี֩ࡎႿٚٳࠒӱ

X(t) = X

0

+
Z

t

t0

(A(s)X(s) + B(s)) ds

ႨᇯՑЯم࣍౰ࢳᆃ۱ٚٳࠒӱđࠧ

X

n

(t) = X

0

+
Z

t

t0

(A(s)X
n°1

(s) + B(s)) ds n = 1, 2, · · ·

ၹՎđ೏X

n°1

(t)൞৵࿃֥đᄵX

n

(t)္൞৵࿃֥đՖ֤֞ط၂Я࣍ཟਈݦඔਙ{X

n°1

(t)}đ਷A =

sup
t2[a,b]

A(t)đᄵ

||X

n

(t)°X

n°1

(t)|| ∑
Z

t

t0

||A(s)|| ||X
n°1

(s)°X

n°2

(s)|| ds

Ⴎ݂ବ֤ࠧم

||X

n

(t)°X

n°1

(t)|| ∑
(A(b° a))n

n!
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֒n!1ൈđX

n

(t)οଆ൬৻ႿX(t)đѩ౏X(t)ܱႿt 2 [a, b]၂ᇁ৵࿃đ౏X(t)൞ཌྟັٚٳӱቆ֥ࢳb

༯ᆣື၂ྟđഡX(t),Y(t)׻൞Ԛ൓໙ี֥ࢳđᄵ

X(t)°Y(t) =
Z

t

t0

[A(s)(X(s)°Y(s))] ds

ႮႿX(t)൞৵࿃֥đႮ݂ବ֤ॖم

||X(t)°Y(t)|| ∑ sup
t2[t0,t]

||X(t)°Y(t)||
[A(t° t

0

)]n

n!

਷n!1đ໡ૌॖ֤X(t) = Y(t)b

4.ӧඍѩབྷ༥ᆣૼັٚٳӱቆ֥Cauchyק৘b

Cauchyק৘ğॉ੮ັٚٳӱቆ֥Ԛᆴ໙ี

dy
k

dx
= f

k

(x, y
1

, · · · , y
n

), y
k

(x
0

) = yk

0

(k = 1, 2, · · · , n)

ඔfݦ؊ഡႷࡌ
k

, (k = 1, 2, · · · , n)ᄝ౵თ

|x° x
0

| ∑ Æ, |y
k

° yk

0

| ∑ Ø

ଽॖၛᅚӮ൬৻֥ૢࠩඔđᄵԚᆴ໙ีᄝx
0

֥ਵთ|x ° x
0

| < Ωଽթᄝ၂ቆື၂֥ࢳ༅ࢳy
k

= y
k

(x)đః

ᇏΩ =b

ᆣૼğ

5.ഡԚᆴ໙ี

(E) : y00 + p(x)y0 + q(x)y = 0, y(x
0

) = y
0

, y0(x
0

) = y0
0

ఃᇏp(x)ބq(x)ᄝ౵ࡗ|x° x
0

| < aଽॖၛᅚӮ(x° x
0

)֥൬৻֥ૢࠩඔđᄵ(E)֥ࢳy = y(x)ᄝ|x° x
0

| <

aଽթᄝ౏ື၂đط౏ॖᅚӮ(x° x
0

)֥൬৻֥ૢࠩඔb

ᆣૼğٚࡼӱູٚ߄ӱቆbোбCauchyթᄝק৘ॖ֤ᆣૼb6.൫ඍۚࢨᆞܿྙٚӱቆ֥࿼ᅚק৘đ

ѩ۴ऌ෱ᆣૼğ

ഡḠ൞(x, y)௜૫֥ଖႵࢸоთđطඔᆴݦඔf(x, y, y0)ᄝ

(x, y) 2 Ḡ, |y0| <1

ഈ৵࿃đೂٚ֒ݔӱ
d2y

dx2

= f

µ
x, y,

dy

dx

∂
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౷ཌyٳࠒ֥ = '(x)ߎ๔਽ᄝḠଽ҆ൈđ
ØØØ dy

dx

ØØØޚཬႿଖӈඔMđᄵٳࠒ౷ཌy = '(x) ᄝཟቐႷ࿼ᅚൈсॖ

ղ֞Ḡ֥шࢸb

ᆣૼğჰٚӱॖູٚ߄ӱቆ: 8
<

:
y
1

= dy

dx

y
2

= f(x, y, y
1

)

ၹູGູႵࢸоთđ౏ dy

dx

Ⴕࢸđf(x, y, y
1

)৵࿃bᄵႮ֥ࢳ࿼ᅚק৘ॖᆩđٳࠒ౷ཌቐႷ࿼ᅚॖ֞ղG֥

шࢸb

ิิิۚۚۚ਀਀਀༝༝༝

1. ഡඔᆴݦඔa(x)ᄝ0 < x < x
1

ഈ৵࿃đ౏

Z
x

0

a(ø)dø(0 < x < x
1

)

൬৻đ౰ᆣٚӱ

dy

dx
= a(x)y

ડቀ่ࡱlim
x!0+ = ᆺႵ၂۱bࢳ0֥

ᆣૼğ਷F (x) = y(x)e°
R

x

0 a(ø)dø

ᄵF 0(t) = a(x)y(x)e°
R

x

0 a(ø)dø

° a(x)y(x)e°
R

x

0 a(ø)dø = 0

ᄝ0ܣ < x < x
1

ഈ, F (x) = C(ӈඔ)

y(x) = Ce°
R

x

0 a(ø)dø

ႮႿlim
x!0+ = 0, ॖ֤C = 0, .0ࢳӱᆺႵື၂ٚܣ

2.ഡw(x)൞౵ࡗx
0

∑ x ∑ x
0

+ Æഈ֥ݦڵ٤ඔđѩ౏

w(x) ∑ L

Z
x

x0

w(s)ds.

ၹູw(x)൞৵࿃֥đ෮ၛ໡ૌିܔᅳ֞ᆃဢ֥ӈඔAđ൐֤֒x
0

∑ x ∑ x
0

+ Æൈđ0 ∑ w(x) ∑ A.

(a) ൫ᆣૼğw(x) ∑ LA(x° x
0

).

(b) ০ႨؓႿw(x)֥ᆃ۱ܙᆴđ౰֤

w(x) ∑
AL2(x° x

0

)2

2
.
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(c) Ⴈඔ࿐݂ବمᆣૼğؓႿૄ၂۱ᆜඔnđ

w(x) ∑
1
n!

ALn(x° x
0

)n.

(d) ğ֒xંࢲ
0

∑ x ∑ x
0

+ Æൈ, w(x) = 0.

ᆣૼ. (a)Ⴎၘᆩ่ࡱᆩ

w(x) ∑ L

Z
x

x0

w(s)ds

∑ L

Z
x

x0

Ads

= LA(x° x
0

).

(b) ۴ऌ(a)֥ંࢲᆩ

w(x) ∑ L

Z
x

x0

w(s)ds

∑ L

Z
x

x0

LA(x° x
0

)ds

=
AL2(x° x

0

)2

2
.

(c)ࡌഡؓᆜඔk, Ⴕ

w(x) ∑
1
k!

ALk(x° x
0

)k.

ᄵ

w(x) ∑ L

Z
x

x0

w(s)ds

∑ L

Z
x

x0

ALk(x° x
0

)k

k!
ds

=
ALk+1(x° x

0

)k+1

(k + 1)!
.

ၹՎđؓႿૄ၂۱ᆜඔnđႵ

w(x) ∑
1
n!

ALn(x° x
0

)n.

(d)ႮႿ֒n!1ൈđ

1
n!

ALn(x° x
0

)n

!1.

x֒ܣ
0

∑ x ∑ x
0

+ Æൈ, w(x) = 0. 3. ӱٚٳࠒؓ

y(x) = y
0

+
Z

x

x0

f(x, y(x))dx,
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ᄝ౵ࡗI = [x
0

, x
0

+ h]ഈ(ఃᇏᆞඔh֥ၩၬ๝ק৘3)ܒᄯ྽ਙy
n

(x)ೂ༯ğ

಩۳ᆞᆜඔnđ਷x
k

= x
0

+ kdđఃᇏd
n

= h

n

, k = 0, 1, . . . , nbᄵׄٳ

x
0

, x
1

, x
2

, · · · , x
n

(= x
0

+ h)

Ϝ౵ࡗIٳӮn֩ٺb໡ૌՖ[x
0

, x
1

]֞[x
1

, x
2

]đᄜՖ[x
1

, x
2

]֞[x
2

, x
3

], · · ·đቋުՖ

[x
n°2

, x
n°1

]֞[x
n°1

, x
0

+ h]־๷ֹקၬ༯૫֥ݦඔ

y
n

(x) =

8
<

:
y
0

, x 2 [x
0

, x
1

];

y
0

+
R

x°d

n

x0
f(x, y

n

(x))dx, x 2 [x
1

, x
0

+ h].

໡ૌӫ྽ਙ

y
1

(x), y
2

(x), · · · , y
n

(x), · · · , (x 2 I)

ູTonelli྽ਙb

൫০ႨAscoliႄ৘ՖTonelli྽ਙটᆣૼ௃࿰୶ק৘b

ᆣૼ. ႮTonelli྽ਙ֥ܒᄯᆩđᆃቂݦඔ൓ᇔ໊Ⴟइྙ౵თ

R = {(x, y) : |x° x
0

| ∑ a, |y ° y
0

| ∑ b}

ଽbႮႿf(x, y)ᄝRഈ৵࿃đഡ

M = sup
(x,y)2R

|f(x, y)|.

໡ૌ༵ᆣૼTonelli྽ਙᄝ౵ࡗI = [x
0

, x
0

+ h]ഈ൞Ԛᆴ໙ี(E)֥࣍රࢳđࠧડቀ

y
n

(x) = y
0

+
Z

x

x0

f(x, y
n

(x))dx + ±
n

(x),

ఃᇏ±
n

(x)൞֒n!1ൈ֥໭౫ཬਈb൙ൌഈđႮy
n

(x)֥קၬॖᆩ

±
n

(x) =
Z

x

x°d

n

f(x, y
n

(x))dx,

ၹՎđ֒n!1ൈ,

ØØ±
n

(x)
ØØ
∑Md

n

! 0.

ေ০ႨAscoliႄ৘đߎсྶඪૼ{y
n

(x)}ᄝ౵ࡗഈ[x
0

, x
0

+h]൞၂ᇁႵࢸ౏֩؇৵࿃֥ݦඔ྽ਙbႮႿᆃቂ

ඔ൓ᇔ໊Ⴟइྙ౵თRଽđၹՎ֒xݦ 2 [x
0

, x
0

+ h]ൈđ
ØØy

n

(x)° y
0

ØØ
∑ bࠧ{y

n

(x)}ᄝ౵ࡗഈ[x
0

, x
0

+ h]ഈ

၂ᇁႵࢸb
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ਸ਼၂ٚ૫

ØØy
n

(s)° y
n

(t)
ØØ =

ØØ
Z

s°d

n

t°d

n

f(x, y
n

(x))dx
ØØ

∑M
ØØs° t

ØØ

္ࣼ൞ඪđݦඔ྽ਙ{y
n

(x)}ᄝ౵ࡗ[x
0

, x
0

+ h]ഈ൞֩؇৵࿃֥b

۴ऌAscoliႄ৘đթᄝ၂۱ሰ྽ਙy
n

i

(x)ᄝ౵ࡗ[x
0

, x
0

+ h]ഈ၂ᇁ൬৻đھ࠺ሰ྽ਙ֥ࠞཋູy(x),

ᄵy(x)ᄝ౵ࡗ[x
0

, x
0

+ h]ഈ৵࿃bᇿၩ֞

y
n

i

(x) = y
0

+
Z

x

x0

f(x, y
n

i

(x))dx + ±
n

(x),

Ⴎy
n

i

(x)֥၂ᇁ൬৻ྟၛࠣf(x, y)֥৵࿃ྟđᄝഈൔᇏ਷i!1֤

y(x) = y
0

+
Z

x

x0

f(x, y(x))dx + ±
n

(x),

ᆃඪૼy(x)൞ٚٳࠒӱ

y(x) = y
0

+
Z

x

x0

f(x, y(x))dx + ±
n

(x), x
0

∑ x ∑ x
0

+ h.

ᄝ౵ࡗ[x
0

, x
0

+ h]ഈ֥၂۱৵࿃ࢳb

4. ਷ݦඔ

Æ(x) =
Z

x

0

exp(°
1
x2

)dx, (0 ∑ x ∑ 1)

ఃᇏܿקÆ(0) = 0bᄜᄝ่ྙ౵თ

G : 0 ∑ x ∑ 1,°1 < y < +1

ഈקၬ၂۱৵࿃֥ݦඔf§(x, y)đ൐֤෱ડቀ่ࡱğ

f§(x, y) =

8
>>><

>>>:

x, 0 ∑ x ∑ 1, y > Æ(x);

x cos º

x

, 0 ∑ x ∑ 1, y = 0;

°x, 0 ∑ x ∑ 1, y < °Æ(x)

ಖުॉ੮Ԛᆴ໙ี

(E§) :
dy

dx
= f§(x, y), y(0) = 0.

໡ૌϜ౵0ࡗ ∑ x ∑ ၛ֤֞၂่୸ঘᅼཌyॖمᇏ֥ٚ؍2.1ࢫđᄜٟЧٺӮn֩ٳ1 = '§
n

(x), (0 ∑ x ∑

1)b൫ᆣૼğ
8
<

:
'§

n

(x) ∏ Æ(x), 2

n

∑ x ∑ 1; ೂݔnູ୽ඔ;

'§
n

(x) ∑ °Æ(x), 2

n

∑ x ∑ 1; ೂݔnູఅඔ.
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ၹՎđᆃ୸ঘ྽ਙy = '§
n

(x)֒n 7! 1ൈ൞҂൬৻֥, Ֆط(E§)֥ࢳ൞҂ື၂֥b

ᆣૼğ0]ࡼ, 1]౵ࡗn֩ٳđᄵԚᆴ໙ี(E§)֥୸ঘᅼཌіൕູ

'
n

(x)§ =
nX

i=1

f§(x
i°1

, y
i°1

)(x
i

° x
i°1

) + f§(x
n

, y
n

)(x° x
n

)

x 2 [0, 1

n

]ൈđy
1

(x) = 0;

x 2 [ 1

n

, 2

n

]ൈđy
2

(x) = 1

n

cos º(x° 1

n

)

(1)nູ୽ඔൈđؓx 2 [k°1

n

, k

n

](k ∏ 3)Ⴎ݂ବॖᆩğy
k

> Æ(x)bᄵ'
n

(x)§ ∏ Æ(x)b

(2)োර(1)ॖ֤ཌྷႋંࢲb

5.ഡԚᆴ໙ี

(E) :
dy

dx
= (x2

° y2)f(x, y), y(x
0

) = y
0

ఃᇏݦඔf(x, y)ᄝಆ௜૫৵࿃౏ડቀyf(x, y) > 0,֒y 6= 0ൈ.ᄵؓ಩֥ޅ(x
0

, y
0

),֒x
0

< 0, |y
0

|ൡ֒ཬ

ൈ,(E) ᄝ°1׻ࢳ֥ < x <1ഈթᄝ.

ᆣૼ:௃࿰୶ק৘Ќᆣ֥अ҆թᄝྟ.

Ⴈّᆣم.ഡႷྛࢳቋնթᄝ౵ࡗ[x
0

, X), x
0

< X < 1;Ⴎק৘3.5.1,֒x
n

! X ° 0, |y(x
n

)| ! 1;ᄵթ

ᄝx
1

2 [x
0

, X),൐֤x2

1

° y(x
1

)2 < 0౏|y(x)| > a > 0, x 2 [x
1

, X),ᄵ೏y(x
1

) > 0,y = y(x), x 2 [x
1

, X)ֆ

ᆃა֒x,ࢆ־ט
n

! X ° 0, |y(x
n

)| ! 1઱؛;೏y(x
1

) < 0,y = y(x), x 2 [x
1

, X)ֆ־טശ,ᆃა

֒x
n

! X ° 0, |y(x
n

)| ! 1઱؛.ՖطႷྛ֥ࢳቋնթᄝ౵ູࡗ[x
0

,1);๝৘,ቐྛ֥ࢳቋնթᄝ౵

,°1)ູࡗ x
0

].

6.ഡ৵࿃ݦඔf(x, y)ؓy൞֥ࡨ־,ᄵԚᆴ໙ี

dy

dx
= f(x, y), y(x

0

) = y
0

֥Ⴗҧࢳ൞ື၂֥.(ቐҧࢳ൞ືڎ၂?ିई၂۱ّ২ગ?)čีଢྩᆞĎ

ᆣૼ:௃࿰୶ק৘Ќᆣਔ֥ࢳթᄝྟ.

ഡႵਆ۱ࢳy(x)ބy
1

(x),y(x
0

) = y(x
1

),౏թᄝx
1

> x
0

,൐y(x
1

) > y
1

(x
1

).

਷ª = sup x
0

∑ x < x
1

: y(x) = y
1

(x), r(x) = y(x)° y
1

(x),ᄵr(x) ∏ 0, x 2 [ª, x
1

], r(x
1

) > 0.

Ⴎٳࠒᇏᆴק৘֤թᄝx
2

2 (ª, x
1

),ડቀr0(x
2

) = r(x1)

x1°ª

> 0.

ਸ਼၂ٚ૫,ؓႿ಩ၩx 2 (ª, x
1

)

r0(x) =
dy

dx
=

dy
1

dx
= f(x, y)° f(x, y

1

) ∑ 0 (r = y ° y
1

∏ 0)
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ᆃაթᄝx
2

ડቀr0(x
2

) > 0઱؛.

ቐҧࢳໃсື၂.২ೂ dy

dx

= x2(¬
x<0

x2

° y), y(0) = 0.

7.

8.ᆣૼz = @'

@∏

(x,∏)ડቀཌྟັٚٳӱ

dz

dx
= A(x,∏)z + B(x,∏)

ࡱԚᆴ่ބ

z(x
0

,∏) = 0

ఃᇏ

A(x,∏) =
@f

@y

(x,'(x,∏),∏), B(x,∏) =
@f

@∏
(x,'(x,∏),∏).

(ᇿၩğ֒yٳ∏ބљູnົਙཟਈބmົਙཟਈൈđA(x,∏),B(x,∏)ބz(x,∏)ٳљູn £ nइᆔđn £mइ

ᆔބn£mइᆔb)

ᆣૼğഡԚᆴ໙ี
dy

dx
= f(x,y,∏), y(x

0

) = y

0

yູࢳ֥ = '(x,∏)đᄵ

'(x,∏) = y

0

+
Z

x

x0

f(x,y,∏) dx

Ֆط

@'

@∏
=

Z
x

x0

(
@f

@y

@'

@∏
+

@f

@∏
) dx

=
Z

x

x0

µ
A(x,∏)

@'

@∏
+ B(x,∏)

∂
dx

਷z = @'

@∏

đཁಖ
@z

@x
= A(x,∏)z + B(x,∏)

ѩ౏z(x
0

,∏) = 0b

9.൫ई২ඪૼđೂٚٳັݔӱ҂ડቀື֥ࢳ၂ྟ่ࡱđᄵ෱֥ٳࠒ౷ཌቂᄝअ҆ٓຶଽ္҂ି൪ቔ௜ྛ

ᆰཌቂb

২ğ dy

dx

= y
3
2 ,y

3
2҂ડቀOsgood่ࡱđy = (x

3

+ c)2, y ¥ ҂ିुӮ࣍ڸ౷ཌᄝჰׄٳࠒđ֌ࢳ൞ٚӱ֥׻0

௜ྛᆰཌቂb

10.ഡG൞(x
1

, x
2

)௜૫ഈ֥ଖ౵თđطf
1

(x
1

, x
2

), f
2

(x
1

, x
2

)ؓx
1

, x
2

৵࿃౏ડቀLipschitz่ࡱđ౰ᆣ(x0

1

, x0

2

)൞

ٚӱቆ
dx

1

dt
= f

1

(x
1

, x
2

),
dx

2

dt
= f

2

(x
1

, x
2

)
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֥అׄ(ࠧf
1

(x0

1

, x0

2

) = f
2

(x0

1

, x0

2

) = 0)֥ԉေ่ࡱᄝႿ(x0

1

, x0

2

)֥಩ၩਵთଽ׻ႵൈࡗӉູ಩ၩն֥݅֡

ഈႵ°؍൐֤ᄝ݅֡,°؍

|

dx
1

dt
| + |

dx
2

dt
| ∏M, (x

1

(t), x
2

(t)) 2 °

đᆃ৚Ϝtुቔൈࡗđࢳx
1

(t), x
2

(t)ुቔ(x
1

, x
2

)௜૫ഈ໊ׄ׮ᇂ֥ቕѓđ෮໌݅֡ࣼ൞Վׄ׮

ᄝ(x
1

, x
2

)௜૫ഈ֥݅ࠖbčีଢႵ໙ีĎ

11.ᆣૼٚӱ

x
d2y

dx2

+
dy

dx
= sin y

֥಩၂Ў׻ࢳބᄝ0 < x <1ഈࠇᆀ°1 < x < 0ഈႵקၬb

ᆣૼ:ჰٚӱሇ߄Ӯັٚٳӱቆູ
dY

dx
= f(x,Y)

ఃᇏY(x) = (y
1

, y
2

)T , f(x,Y) = (y
2

, sin y1°y2
x

)Tbཁಖf(x,Y)ᄝ(0,1) £R

,°1)ࠇ2 0) £R

2ഈ৵࿃đѩ

౏

|f(x,Y)| ∑ |Y| +
1 + |Y|

|x|

໡ૌ(0,1)ؓࣇ£R

2ഈႷཟࢳቔԛᆣૼbഡႷЎބ౵ູࡗ[x
0

,Ø), 0 < x
0

< Ø <1đᄵ

Y(x) = Y

0

+
Z

x

x0

f(s,Y) ds x
0

∑ x < Ø

Ֆط

|Y(x)| ∑ |Y

0

| +
Z

x

x0

(|Y| +
1 + |Y|

x
0

) ds ∑ |Y

0

| +
Ø ° x

0

x
0

+
1 + x

0

x
0

Z
x

x0

|Y(s)| ds

ႮGronwall҂֩ൔđ֤ğlim
x°!Ø° |Y(x)| 6=1đᆃაЎބ౵ק֥ࡗၬ઱؛đၹՎØ =1bؓႿః෰౦ྙ

ᆣૼb֤֞ॖ׻

ֻඹᅣ༝ี

ֻ၂ࢫ༝ี

1.ഡa
ij

(t)(i, j = 1, 2, 3)ᄝ౵(1+,°1)ࡗഈ৵࿃bၘᆩཌྟັٚٳӱቆ

8
>>><

>>>:

dx1
dt

= a
11

(t)x
1

+ a
12

(t)x
2

+ a
13

(t)x
3

,

dx2
dt

= a
21

(t)x
1

+ a
22

(t)x
2

+ a
23

(t)x
3

,

dx3
dt

= a
31

(t)x
1

+ a
32

(t)x
2

+ a
33

(t)x
3

+ t

֥ؓႋఊՑཌྟັٚٳӱቆ֥ࠎЧࢳቆູ

(1,°1,°1)T , et(1, 1 + t, t)T , et(0, 1, 1)T
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൫౰ཌྟັٚٳӱቆ֥๙ࠣࢳડቀԚᆴ่ࡱx
1

(0) = x
2

(0) = x
3

(0) = 0֥หࢳb

X(t)ູࢳӱቆ֥๙ٚٳğఊՑັࢳ = ©(t)Cđط©(t) =

0

BBB@

1 et 0

°1 et(1 + t) et

°1 tet et

1

CCCA

ᄵX(t) = (C
1

+ C
2

et, °C
1

+ C
2

(1 + t)et + C
3

et, °C
1

+ C
2

tet + C
3

et)T

X§(t)ࢳหط = ©(t)
R

t

t0
©°1(s)B(s) dsđఃᇏ©°1(t) =

0

BBB@

1 °1 1

0 e°t

°e°t

e°t

°

1+t

e

t

2+t

e

t

1

CCCA
B(t) =

0

BBB@

0

0

t

1

CCCA

ၹՎC =

0

BBB@

t

2

2

+ t + 1

°

t

2

2

° 2t° 3

°

t

2

2

° 3t° 4

1

CCCA
෮ၛ๙ູࢳX̃(t) = ©(t)C + X§(t)

֒X̃(0) = 0ൈđX̃(t) =

0

BBB@

°et + t

2

2

+ t + 1

(3° t)et

°

t

2

2

° 2t° 3

(4° t)et

°

t

2

2

° 3t° 4

1

CCCA
b

2.ഡX = P (t)e∏t൞ӈ༢ඔఊՑཌྟٚӱቆ

dx
i

dt
=

nX

j=1

a
ij

x
j

(i = 1, ·, n)

ඔPݦđఃᇏ∏൞ӈඔđཟਈࢳ֥ (t)֥ૄ၂۱ٳਈ׻൞Ցඔ҂ӑݖk֥؟ཛൔb౰ᆣཟਈݦඔቆ

e∏tP (t), e∏t

dP (t)
dt

, · · · , e∏t

dkP (t)
dtk

൞ఊՑཌྟٚӱቆ֥ཌྟ໭ܱࢳb

ᆣૼğഡA = (a
ij

), (i, j = 1, · · · , n)ႮႿd

j

P (t)

dt

j

= (A° ∏E)jP (t)đᄵ

d(e∏t

d

j

P (t)

dt

j

)
dt

= e∏t(∏E + A° ∏E)(A° ∏E)jP (t) = A(e∏t

djP (t)
dtj

)

ၹՎཟਈݦඔቆ

e∏tP (t), e∏t

dP (t)
dt

, · · · , e∏t

dkP (t)
dtk

൞ఊՑཌྟٚӱቆ֥ࢳđ༯ᆣఃཌྟ໭ܱđ

ഡC
1

e∏tP (t) + C
2

e∏t

dP (t)

dt

+ · · · + C
k+1

e∏t

d

k

P (t)

dt

k

= 0đႮႿe∏t > 0đ

෮ၛC
1

P (t) + C
2

dP (t)

dt

+ · · · + C
k+1

d

k

P (t)

dt

k

= 0b೏҂ཌྟཌྷܱ҂ٞഡC
j

6= 0đପહࣼႵP j°1(t) =

°

1

C

j

°
C

1

P (t) + C
2

P 0(t) + · · · + C
k+1

P k(t)
¢
đႮႿP (t)֥ૄ۱ٳਈ൞҂ӑݖkՑ֥؟ཛൔđପહP j°1(t)֥

kݖਈ൞Ցඔ҂ӑٳ۱ૄ ° (j ° ༢ඔॖ֤Cࢠཛൔđб؟֥(1
1

= C
2

= · · · = C
j°1

= 0đ֌Ⴗ؊Ցඔᇀ
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k؟ ° jՑđၹՎ઱؛đՖط෰ૌ൞ཌྟ໭ܱ֥b

3.ഡn£ nइᆔݦඔA
1

(t)ބA
2

(t)ᄝ౵ࡗa < t < bഈ৵࿃b೏ఊՑཌྟٚӱቆ

dX

dt
= A

1

(t)Xა
dX

dt
= A

2

(t)X

Ⴕཌྷ๝֥ࠎЧࢳቆđ൫ᆣğA
1

(t) ¥ A
2

(t)b

ᆣૼğഡࠎЧࢳቆູX
1

(t), · · · , X
n

(t)đପહਆ۱ٚӱ֥๙ॖ׻ࢳၛіൕູX(t) = C
1

X
1

(t) + · · · +

C
n

X
n

(t)đᄵ

0 ¥ X(t)°X(t)) 0 =
dX

dt
°

dX

dt
= (A

1

(t)°A
2

(t))X

ႮႿX(t) 6= 0đ෮ၛA
1

(t) ¥ A
2

(t)b

4.ഡn£ nइᆔA(t)ᄝa < t < bഈ৵࿃đX
1

(t), · · · , X
n

(t)൞ఊՑཌྟٚӱቆ

dX

dt
= A(t)X

ቆb਷©(t)ࢳЧࠎ֥ = (X
1

(t), · · · , X
n

(t))bႻഡnົཟਈݦඔR(t,X)ᄝ౵თ{(t,X) : a < t < b, ||X|| <

1}ഈ৵࿃đ൫ᆣૼCauchy໙ี 8
<

:

dX

dt

= A(t)X + R(t,X)

X(t
0

) = X
0

აٚٳࠒӱ

X(t) = ©(t)©°1(t
0

)X
0

+
Z

t

t0

©(t)©°1(ø)R(ø, X(ø)) dø

đࠧ೏Xࡎ֩ = X(t)൞ཌྟٚӱቆ֥ࢳđᄵX = X(t)൞ٚٳࠒӱ֥ࢳĠّᆭđ೏X = X(t)൞ٚٳࠒӱ

֥৵࿃ࢳđᄵX = X(t)൞ཌྟٚӱቆ֥ࢳb

ᆣૼğԉޓྟٳཁಖđϜٚٳࠒӱսೆဒᆣࠧॖđ๝ൈؿགྷ္ડቀԚ൓่ࡱĠ

༯૫ᆣૼсေྟğႮႿ

d(©°1(t)X(t))
dt

=
d©°1(t)

dt
X(t) + ©°1(t)[A(t)X(t) + R(t,X)]

ط
d(©(t)©°1(t))

dt
= A(t)©(t)©°1(t) + ©(t)

d©°1(t)
dt

= 0

ᄵ
d(©°1(t)X(t))

dt
= ©°1(t)R(t,X)) X(t) = ©(t)©°1(t

0

)X
0

+
Z

t

t0

©(t)©°1(ø)R(ø, X(ø)) dø

ၹՎᆣૼਔсေྟb

5.ᆣૼݦඔቆ

'
1

(x) =

8
<

:
x2, x ∏ 0

0, x < 0
'

2

(x) =

8
<

:
0, x ∏ 0

x2, x < 0
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ᄝ౵(1+,°1)ࡗഈཌྟ໭ܱđ֌෱ૌ֥঵ථྛࠎਙൔ֩ޚႿਬb൫໙ᆃაЧ֥ࢫႄ৘4.1.1൞ڎ઱؛Ĥ

ೂݔ҂઱؛෱ඪૼਔ൉હĤ

ᆣૼğ਷C
1

'
1

(x) + C
2

'
2

(x) = 0đཁಖC
1

= C
2

= 0đၹՎ෱ૌ൞ཌྟ໭ܱ֥đ౏෱ૌ֥঵ථྛࠎਙൔ

'đඪૼ؛ႄ৘4.1.1҂઱֥ࢫႿਬđ֌ᆃაЧ֩ޚ
1

ა'
2

҂ିડቀ๝၂۱2ࢨఊՑཌྟັٚٳӱb

6.౰ԛٚӱቆ

t
dx

1

dt
= 2x

1

° x
2

, t
dx

2

dt
= 2x

1

° x
2

֥၂్ࢳđѩᆣૼ෱֥಩ޅਆ۱ཌྟ໭ܱ֥ࢳWronskyྛਙൔ֩ႿCtđఃᇏCູ٤ਬӈඔbᆃ

۱Wronskyྛਙൔᄝׄt = 0֩Ⴟਬ֌҂൞֩ޚႿਬđ൫ࢳ൤ႄ৘4.1.1ູޅᄝՎ҂Ӯ৫Ĥ

ğ֒tࢳ 6= 0ൈđdX

dt

=

0

@
2

t

°

1

t

2

t

°

1

t

1

Ađᄵࢳࠎइᆔູ©(t) =

0

@
1

2

t

1 t

1

Abഡ™(t) = ©(t)Ađః

ᇏ|A| 6= 0đᄵ಩ޅਆ۱ཌྟ໭ܱ֥ࢳWronskyྛਙൔູ

|™(t)| =

ØØØØØØ

1

2

a
11

+ ta
21

1

2

a
12

+ ta
22

a
11

+ ta
21

a
12

+ ta
22

ØØØØØØ
= (

1
2
a
12

a
21

°

1
2
a
11

a
22

)t := Ct

֒t = 0ൈđཁಖWronskyྛਙൔ֩Ⴟਬbႄ৘҂Ӯ৫൞ၹູ֒t = 0ൈđ2x
1

° x
2

= 0đՎൈx
1

, x
2

൞ཌྟ

ཌྷܱ֥b

7.ഡx = x
1

(t), x = x
2

(t)ٳљ൞ٚӱ
d2x

dt2
+ x = 0

֥ડቀԚᆴ่ࡱ

x
1

(0) = 0 x0
1

(0) = 1

x
2

(0) = 1 x0
2

(0) = 0

b൫҂ऎุ౰ԛxࢳ֥
1

(t), x
2

(t)طᆰࢤᆣૼğ(a)dx1(t)

dt

= x
2

(t), dx2(t)

dt

= °x
1

(t)Ġ

(b)x2

1

(t) + x2

2

(t) ¥ 1Ġ

(c)x
2

(t)ႵਬׄĠ

(d)೏ၛÆіൕx
2

ᄝᆞ϶ᇠֻ֥၂۱ਬׄđᄵx
1

(t), x
2

(t)׻൞ၛ4Æູᇛ௹֥ᇛ௹ݦඔb

ᆣૼğ(a)਷x
3

(t) = x0
1

(t)đᄵd

2
x3

dt

2 = d

3
x1

dt

3 = °x
3

౏x
3

(0) = 1, x0
3

(0) = 0đႮ֥ࢳթᄝື၂ྟᆩx
3

(t) =

x
2

(t)đၹՎႵdx1
dt

= x
2

(t)đᄜܱႿx౰֝ॖ֤dx2
dt

= °x
1

Ġ

(b)

8
<

:

dx1
dt

= x
2

dx2
dt

= °x
1

)

8
<

:
x

1

dx1
dt

= x
1

x
2

x
2

dx2
dt

= °x
1

x
2

)

d

1
2 (x

2
1+x

2
2)

dt

= 0) x2

1

+x2

2

= C ႻႮႿX
1

(0) = 0 x
2

(0) = 1đ

ၹՎC = 1đᄵx2

1

+ x2

2

= 1Ġ

(c)ೂݔx
2

(t)ીႵਬׄđႮႿx
1

(t), x
2

(t)׻൞৵࿃֥đ౏x
2

(0) = 1đ෮ၛx
2

(t) > 0bႻႮႿdx1(t)

dt

=

x
2

(t) > 0đ෮ၛx
1

(t)൞ֆטᄹ֥bೂ֒ݔt ! ±1ൈx
2

(t)҂౴ཟਬđପહx
1

(t)ड़ק߶ᄝଖ၂ൈख़ն
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Ⴟ1đᆃაx2

1

+ x2

2

= 1઱؛bၹՎ֒t ! ±1ൈx
2

(t) ! 0đପહx
1

(t) ! 1b֌dx2(t)

dt

= °x
1

(t)đ֒tԉٳ

նൈx
1

(t) > 1

2

đ෮ၛ|

dx2(t)

dt

| > 1

2

đx
2

(t)ड़ק߶ᄝଖ၂ൈख़ཬႿ0đᆃაx
2

(t)ીႵਬׄ઱؛Ġ

(d)ཁಖx
1

(t)ބx
2

(t)൞ᆜุթᄝ֥đႮႿÆ൞x
2

ᄝᆞ϶ᇠֻ၂۱ਬׄ౏x
2

(0) = 1đᄵ

x
2

(Æ) = 0 x0
2

(Æ) = °1 x
1

(Æ) = 1 x0
1

(Æ) = 0

਷x
3

(t) = x
1

(t + Æ)đᄵ d

x

3
dt

2 + x
3

= 0౏x
3

(0) = x
1

(Æ) = 1 x0
3

(0) = x0
1

(Æ) = 0bႮື֥ࢳ၂ྟॖ

ᆩx
1

(t + Æ) = x
2

(t)đၹՎ

dx
1

(t + Æ)
dt

= x
2

(t + Æ) =
dx

2

(t)
dt

= °x
1

(t)) x
1

(t) = °x
2

(t + Æ)) x
1

(t° Æ) = °x
2

(t)

෮ၛx
1

(t) = x
1

(t + 4Æ)đਆшܱႿt౰֝ॖ֤֞x
2

(t) = x
2

(t + Æ)b

8.ഡൌ༢ඔཌྟٚӱቆ(4.10.39)Ⴕೂ༯֥၂ུࠎЧࢳቆğ

X
1

(t), X̄
1

(t), · · · , X
r

(t), X̄
r

(t), X
2r+1

(t), · · · , X
n

(t)

ఃᇏX̄(t)іൕX(t)֥܋ᣢگཟਈđX
2r+1

(t), · · · , X
n

(t)൞ൌᆴ֥b൫ᆣૼğؓཌྟٚӱቆ֥಩ޅൌᆴ

Xࢳ = X(t)đթᄝگӈඔC
1

, · · · , C
r

ࠣൌӈඔC
2r+1

, · · · , C
n

൐֤

X(t) = C
1

X
1

(t) + C̄
1

X̄
1

(t) + · · · + C
r

X
r

(t) + C̄
r

X̄
r

(t)

+C
2r+1

X
2r+1

(t) + · · · + C
n

X
n

(t); (4.10.37)

ّᆭđؓႿ಩گޅӈඔC
1

, · · · , C
r

ࠣൌӈඔC
2r+1

, · · · , C
n

đႮ(4.10.37)ൔ۳ԛ֥ݦඔ׻൞(4.10.39)֥ࢳb

ᆣૼğၞᆣႮ(4.10.37)ൔ۳ԛ֥ݦඔ׻൞(4.10.39)֥ࢳđսೆٚӱဒᆣࠧॖb

ഡY
i

= X

i

+

¯

X

i

2

, W
i

= X

i

° ¯

X

i

2i

(i = 1, · · · , r)(§)đၞᆣY
i

W
i

္൞ٚӱቆ֥ࢳđ༯૫ᆣૼ

Y
1

, · · · , Y
r

,W
1

, · · · ,W
r

, X
2r+1

, · · · , X
n

ཌྟ໭ܱb

ഡa
1

Y
1

+ · · · + a
r

Y
r

+ b
1

W
1

+ · · · + b
r

W
r

+ c
2r+1

X
2r+1

+ · · · + c
n

X
n

= 0đࡼ(*)սೆॖ֤

(
a
1

2
+

b
1

2i
)X

1

+ (
a
1

2
°

b
1

2i
)X̄

1

+ · · · + (
a

r

2
+

b
r

2i
)X

r

+ (
a

r

2
°

b
r

2i
)X̄

r

+ c
2r+1

X
2r+1

+ · · · + c
n

X
n

= 0

ႮႿX
1

(t), X̄
1

(t), · · · , X
r

(t), X̄
r

(t), X
2r+1

(t), · · · , X
n

(t)൞ࠎЧࢳቆđၹՎ෱ૌཌྟ໭ܱđՖطa
1

= · · · =

a
r

= b
1

= · · · = b
r

= c
2r+1

= · · · = c
n

= 0đ෮ၛY
1

, · · · , Y
r

,W
1

, · · · ,W
r

, X
2r+1

, · · · , X
n

ཌྟ໭ܱđ

ࠧY
1

, · · · , Y
r

,W
1

, · · · ,W
r

, X
2r+1

, · · · , X
n

္൞ࠎЧࢳቆđ

ପહ಩ޅൌᆴॖ׻ࢳႮY
1

, · · · , Y
r

,W
1

, · · · ,W
r

, X
2r+1

, · · · , X
n

іൕԛটđᄜϜ(*)սೆࠧॖ֤֞໡ૌ෮ေ
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ᆣૼ֥ંࢲb

9.ഡ٤ఊՑཌྟັٚٳӱቆ
dX

dt
= A(t)X + f(t)

ᇏ֥f(t) 6= 0đᆣૼ٤ఊՑཌྟັٚٳӱቆႵ౏ᇀ؟Ⴕn + 1۱ཌྟ໭ܱࢳb

ᆣૼğഡX
1

(t), · · · , X
n+2

(t)൞٤ఊՑ֥ࢳđ਷Y
i

= X
i

X
n+2

đᄵY
i

൞ఊՑٚӱ֥ࢳđᄵY
1

, · · · , Y
n+1

ཌ

ྟཌྷܱbࡌഡX
1

(t), · · · , X
n+2

(t)ཌྟ໭ܱđପહY
1

(t), · · · , Y
n+1

(t) ္൞ཌྟ໭ܱ֥đ઱؛!!༯૫ᆣ

Ⴕn + 1۱ཌྟ໭ܱࢳğ

ഡX
1

, · · · , X
n

൞ఊՑࠎЧࢳቆđX§൞หࢳđᄵ਷Y
i

= X
i

+ X§൞٤ఊՑٚӱ֥ࢳb೏C
1

Y
1

+ · · · +

C
n+1

X§ = 0đପહ

C
1

X
1

+ · · · + C
n

X
n

+ (C
1

+ · · · + C
n+1

)X§ = 0

ೂݔC
1

+ · · · + C
n+1

= 0đႮX
1

, · · · , X
n

ॖၛ֤֞C
i

¥ 0Ġ

ೂݔC
1

+ · · · + C
n+1

6= 0đᄵX§ = 1

C1+···+C

n+1
(C

1

X
1

+ · · · + C
n

X
n

)đପહX§൞ఊՑٚӱ֥ࢳđၹ

Վf(t) = 0đ֌f(t) 6= 0đ෮ၛC
1

+ · · · + C
n+1

= 0b

༝ีࢫ೘ބؽֻ

1.౰༯ਙٚӱ֥๙ࢳğ

(1)d

7
x

dt

° 8d

5
x

dt

5 + 16d

3
x

dt

3 = 0Ġ

(2)d

4
x

dt

4 + 4x = 0Ġ

(3)d

4
x

dt

4 ° 4d

3
x

dt

3 + 8d

2
x

dt

2 ° 8dx

dt

+ 3x = 0Ġ

(4)dx

dt

= x + y ° z, dy

dt

= y + z ° x, dz

dt

= z + x° yĠ

(5)dx

dt

= °3x + 48y ° 28z, dy

dt

= °4x + 40y ° 22z, dz

dt

= °6x + 57y ° 31zĠ

(6)d

2
x

dt

2 ° x + 4y = 0, d

2
y

dt

2 + x° y = 0Ġ

(7)dx

dt

= 3x° y + 3z, dy

dt

= 2x + z, dz

dt

= x° y + 2zĠ

(8)dx

dt

= 3x + 5y, dy

dt

= °5x + 3yĠ

(9)dx

dt

= °5x° 10y ° 20z, dy

dt

= 5x + 5y + 10z, dz

dt

= 2x + 4y + 9zĠ

(10)d

3
x

dt

3 ° 5d

2
x

dt

2 + 8dx

dt

° 4x = e3tĠ

(11)y00 ° 5y0 + 6y = (12x° 7)e°xĠ

(12)y(4) + 2y00 + y = sin x, y(0) = 1, y0(0) = °2, y00(0) = 3, y000(0) = 0Ġ

(13)y00 ° 2y0 + 2y = 4ex cos xĠ

(14)

8
<

:

dx

dt

= 1° 2

t

x, dy

dt

= x + y ° 1 + 2

t

x, (t > 0)

x(1) = 1

3

, y(1) = ° 1

3

Ġ
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(15)

8
<

:

dx

dt

= 2t

1+t

2 x, dy

dt

= ° 1

t

y + x + t, (t > 0)

x(1) = 0, y(1) = 4

3

b

ğ(1)หᆘٚӱູ∏7ࢳ

° 8∏5 + 16∏3 = 0

หᆘ۴ູ0, 0, 0, 2, 2,°2,°2

,ቆູ1ࢳЧࠎ t, t2, e2t, te2t, e°2t, te°2t

෮ၛ๙ູࢳc
1

+ c
2

t + c
3

t2 + c
4

e2t + c
5

te2t + c
6

e°2t + c
7

te°2t

(2)หᆘٚӱູ∏4 + 4 = 0

หᆘ۴ູ±(1 + i),±(1° i)

ቆູetࢳЧࠎ cos t, e°t cos t, et sin t, e°t sin t

෮ၛ๙ູࢳc
1

et cos t + c
2

e°t cos t + c
3

et sin t + c
4

e°t sin t

(3)หᆘٚӱູ∏4

° 4∏3 + 8∏2

° 8∏ + 3 = 0

หᆘ۴ູ1, 1, 1 ±

p

2i

,ቆູetࢳЧࠎ tet, et cos
p

2t, et sin
p

2t

෮ၛ๙ູࢳc
1

et + c
2

tet + c
3

et cos
p

2t + c
4

et sin
p

2t

(4)หᆘٚӱ֥หᆘ۴ູ1, 1 ±

p

3i

ؓႋ֥หᆘཟਈູğ

(1, 1, 1)T , (1,

p

3i° 1
2

,
°

p

3i° 1
2

)T , (1,
°1°

p

3i

2
,

p

3i° 1
2

)T

ᄵ๙ູࢳc
1

et(1, 1, 1)T +c
2

et(cos
p

3t, °1

2

cos
p

3t°
p

3

2

sin
p

3t,° 1

2

cos
p

3t+
p

3

2

sin
p

3t)T +c
3

et(° sin
p

3t,°
p

3

2

cos
p

3t+

1

2

sin
p

3t,
p

3

2

cos
p

3t + 1

2

sin
p

3t)T

(5)หᆘٚӱ֥หᆘ۴ູ1, 2, 3

ؓႋ֥หᆘཟਈູğ

(3, 2, 3)T , (4, 1, 1)T , (2, 2, 3)T

ᄵ๙ູࢳc
1

et(3, 2, 3)T + c
2

e2t(4, 1, 1)T + c
3

e3t(2, 2, 3)T

(6)หᆘٚӱ֥หᆘ۴ູ±i,±
p

3

ؓႋ֥หᆘཟਈູğ

(1,
p

3,°
1
2
,°

p

3
2

)T , (1,°
p

3,°
1
2
,

p

3
2

)T , (1, i,
1
2
,
i

2
)T , (1,°i,

1
2
,
°i

2
)T

ᄵ๙ູࢳc
1

e
p

3t(1,° 1

2

)T + c
2

e°
p

3t(1,° 1

2

)T + c
3

(cos t, 1

2

cos t)T + c
4

(sin t, 1

2

sin t)T

(7)หᆘٚӱ֥หᆘ۴ູ0, 2, 3

ؓႋ֥หᆘཟਈູğ

(°1, 3, 2)T , (°1, 1, 0)T , (4, 3, 1)T

42

�



ᄵ๙ູࢳc
1

(°1, 3, 2)T + c
2

e2t(°1, 1, 0)T + c
3

e3t(4, 3, 1)T

(8)หᆘٚӱ֥หᆘ۴ູ3 ± 5i

ؓႋ֥หᆘཟਈູğ

(1, i)T , (1,°i)T

ᄵ๙ູࢳc
1

e3t(cos 5t,° sin 5t)T + c
2

e3t(cos 5t,° sin 5t)T

(9)หᆘٚӱ֥หᆘ۴ູ5, 2 ± i

ؓႋ֥หᆘཟਈູğ

(2, 0,°1)T , (20 + 10i, 15° 5i,°14° 2i)T , (20° 10i, 15 + 5i,°14 + 2i)T

ᄵ๙ູࢳc
1

e5t(2, 0,°1)T + c
2

e(2+i)t(20 + 10i, 15° 5i,°14° 2i)T + c
3

e(2°i)t(20° 10i, 15 + 5i,°14 + 2i)T

(10)ఊՑٚӱ֥หᆘٚӱູ∏3

° 5∏2 + 8∏° 4 = 0

หᆘ۴ູ1, 2, 2

,ቆູetࢳЧࠎ e2t, te2t

෮ၛఊՑٚӱ֥๙ູࢳc
1

et + c
2

e2t + c
3

te2t

ഡหູࢳAe3tđսೆٚӱॖ֤A = 1

2

ၹՎ๙ູࢳc
1

et + c
2

e2t + c
3

te2t + 1

2

e3t

(11)ఊՑٚӱ֥หᆘٚӱູ∏2

° 5∏ + 6 = 0

หᆘ۴ູ2, 3

,ቆູe2xࢳЧࠎ e3x

෮ၛఊՑٚӱ֥๙ູࢳc
1

e2x + c
2

e3x

ഡหູࢳAxe°xđսೆٚӱॖ֤A = 1

ၹՎ๙ູࢳc
1

e2x + c
2

e3x + xe°x

(12)ఊՑٚӱ֥หᆘٚӱູ∏4 + 2∏2 + 1 = 0

หᆘ۴ູi, i,°i,°i

ቆູcosࢳЧࠎ x, x cos x, sinx, x sinx

෮ၛఊՑٚӱ֥๙ູࢳc
1

cos x + c
2

x cos x + c
3

sinx + c
4

x sinx

ഡหູࢳx2(A cos x + B sinx)đսೆٚӱॖ֤A = ° 1

8

, B = 0

ၹՎ๙ູࢳc
1

cos x + c
2

x cos x + c
3

sinx + c
4

x sinx° x

2

8

cos x

ᄜႮԚ൓่ࡱđᄵcos x + x cos x° 3 sin x + 13

8

x sinx° x

2

8

cos x

(13)ఊՑٚӱ֥หᆘٚӱູ∏2

° 2∏ + 2 = 0

หᆘ۴ູ1 ± i
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ቆູexࢳЧࠎ cos x, ex sinx

෮ၛఊՑٚӱ֥๙ູࢳc
1

ex cos x + c
2

ex sinx

ഡหູࢳxex(A cos x + B sinx)đսೆٚӱॖ֤A = 0, B = 2

ၹՎ๙ູࢳc
1

ex cos x + c
2

ex sinx + 2xex sinx

(14)Ⴎֻ၂۱ٚӱॖ֤ࢳx = t

3

đࡼఃսೆֻ۱ٚؽӱđॖ֤y = ° t

3

(15)Ⴎֻ၂۱ٚӱॖ֤ࢳx = 0đࡼఃսೆֻ۱ٚؽӱđॖ֤ࢳy = t

2

3

+ 1

t

b

2.ഡ'(t)൞ٚӱx00 + k2x = f(t)֥ࢳđఃᇏk൞ӈඔđݦඔf(t)ᄝ౵1+,0]ࡗ)ഈ৵࿃b൫ᆣૼğ

(a)֒k 6= 0ൈđٚӱ֥๙ॖࢳіൕູ

'(t) = c
1

cos kt +
c
2

k
sin kt +

1
k

Z
t

0

sin k(t° s) · f(s) ds;

(b)֒k = 0ൈđٚӱ֥๙ॖࢳіൕູ

x = c
1

+ c
2

t +
Z

t

0

(t° s)f(s) ds

ఃᇏc
1

, c
2

൞಩ၩӈඔb

ᆣૼğ(a)֒k 6= 0ൈđၞᆣ'
0

(t) = 1

k

R
t

0

sin k(t° s) · f(s) dsູٚӱx00 + k2x = f(t)֥၂۱หࢳđطఊՑٚ

ӱx00 + k2x = 0֥๙ູࢳ

x = C
1

cos kt +
C

2

k
sin kt

ູࢳӱ֥๙ٚܣ

'(t) = C
1

cos kt +
C

2

k
sin kt +

1
k

Z
t

0

sin k(t° s) · f(s) ds

(b)֒k = 0ൈđၞᆩ'
0

(t) =
R

t

0

(t ° s)f(s) dsູٚӱx00(t) = f(t)֥၂۱หࢳđطఊՑٚӱx00 = 0֥๙ࢳ

ູx = C
1

+ C
2

tđ

ູࢳӱ֥๙ٚܣ

'(t) = C
1

+ C
2

t +
Z

t

0

(t° s)f(s) ds

ఃᇏC
1

, C
2

2 Rb

+ӱx000ٚק3.۳ 5x00+ ax0 = f(t)đఃᇏf(t)ᄝ(0,+1)ഈ৵࿃đഡ'
1

(t),'
2

(t)൞ഈඍٚӱ֥಩ၩਆ۱ࢳđ

౏ࠞཋ lim
t!+1

['
1

(t)° '
2

(t)]թᄝđ൫౰ҕඔa֥ᄍྸٓຶb

ğ਷yࢳ = '
1

(t) ° '
2

(t)đᄵy൞ఊՑٚӱ֥ࢳđหᆘٚӱູ∏3 + 5∏2 + a∏ = 0đ֤ࢳႵ∏
1

= 0,∏
2

=
°5+

p
25°4a

2

,∏
3

= °5°
p

25°4a

2

b

೏25° 4a < 0đ๙ູࢳy = C
1

+ C
2

e°
5
2 t cos sqrt4a°25

2

t + C
3

e°
5
2 t sin sqrt4a°25

2

tđ lim
t!+1

yթᄝĠ

೏25° 4a = 0đ๙ູࢳy = C
1

+ C
2

e°
5
2 t + C

3

te°
5
2 tđ lim

t!+1
yթᄝĠ
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೏25° 4a > 0đ๙ູࢳy = C
1

+ C
2

e∏2t + C
3

e∏3tđေ൐ lim
t!+1

yթᄝ֒౏֒ࣇ∏
2

,∏
3

< 0đՎൈa > 0b

ሸഈ෮ඍđa > 0b

4.ഡa, b൞ӈඔđf(t)൞౵(1+,°1)ࡗഈ֥৵࿃ݦඔbഡ!(t; ø)൞Ԛᆴ໙ี

x00 + ax0 + bx = 0, x(0) = 0, x0(0) = f(ø)

đఃᇏø൞၂۱ҕඔb൫ᆣૼğࢳ֥

x(t) =
Z

t

0

!(t° ø ; ø) dø

൞Ԛᆴ໙ี

x00 + ax0 + bx = f(x), x(0) = 0, x0(0) = 0

bࢳ֥

ğսೆဒᆣࠧॖbࢳ

5.౰ߞ֐ࢳᆒሰᄝ໭ቅୄ༯఼֥௧ᆒٚ׮ӱ

m
d2x

dt2
+ kx = p cos !t

ఃᇏm, k, p׻!ބ൞ᆞ֥ӈඔbؓຓࡆ௔ੱ! 6=
q

k

m

!ބ =
q

k

m

ਆᇕ҂๝֥౦ঃđٳљඪૼః֥ࢳ໾৘ၩ

ၬđᆃ৚
q

k

m

іൕߞ֐ᆒሰ֥ܥႵ௔ੱb

ູ߄ğٚӱॖࢳ
d2x

dt2
+

k

m
x =

p

m
cos !t

֒! 6=
q

k

m

ൈ๙ູࢳ

x(t) = C
1

cos

r
k

m
t + C

2

sin

r
k

m
t +

p

m( k

m

° !2)
cos !t

(ຓࡆཛ๝༢๤֥ሱಖ௔ੱ܋٤ᆒൈđ༢๤ᆒږႵཋ)

֒! =
q

k

m

ൈđ๙ູࢳ

x(t) = C
1

cos

r
k

m
t + C

2

sin

r
k

m
t +

p

2
p

km
t sin

r
k

m
t

(ຓࡆཛ๝༢๤֥ሱಖ௔ੱԩႿ܋ᆒሑ෿ൈđႄఏ༢๤ᆒږ໭ཋᄹն)

6.ᆣૼğӈ༢ඔఊՑཌྟັٚٳӱቆ֥಩֒ࢳޅx ! 1ൈ׻౴Ⴟਬđ֒౏֒ࣇ෱֥༢ඔइᆔA֥෮Ⴕห

ᆘ۴׻ऎႵ֥ڵൌ҆b

ᆣૼğӈ༢ඔఊՑཌྟٚӱቆ֥಩֒ࢳޅx !1ൈ׻౴Ⴟਬđ֒౏ٚ֒ࣇӱቆ֥ࠎЧࢳቆ֒x !1ൈ׻
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౴Ⴟਬb

໡ૌॖၛܒᄯٚӱቆ֥၂۱ࠎЧࢳቆೂ༯ğ

Y 1

1

(x), · · · , Y n1
1

(x); · · · ;Y 1

k

(x), · · · , Y n

k

k

(x)

Y l

j

(x) = e∏

j

x[
n

j

°1X

i=0

xi

i!
(A° ∏E)i]vl

j

ൌ҆b֥ڵ౴Ⴟਬđหᆘ۴сྶऎႵ׻ေམ֒x!1ൈ࡮ॖ

ֻ໴ࢫ༝ี

1.ഡᄝ౵(1+,°1)ࡗഈq(x) ∑ 0đᆣૼఊՑཌྟັٚٳӱy00 + p(x)y0 + q(x)y = 0֥಩ޅ၂۱٤௜ُࢳቋ

ᆺႵ၂۱ਬׄb؟

2.ᆣૼఊՑཌྟັٚٳӱy00 + p(x)y0 + q(x)y = 0֥಩ޅਆ۱ཌྟ໭ܱ֥֥ࢳਬׄ൞ཌྷࢌ޺հ֥b

ᆣૼğഡy
1

, y
2

൞ਆ۱ཌྟ໭ܱࢳđ০Ⴈэߐy(x) = v(x)u(x)ၛࠣv > 0đॖၛु֞u
1

, u
2

൞ٚӱd

2
u

dt

2 +

Q(t)u = 0֥ཌྟ໭ܱࢳđႮज़Ч๷ં4.5.2ॖ֤෮ေંࢲb

3.ഡັٚٳӱ
d2x

dt2
+ P (t)x = 0

ఃᇏP (t)൞t֥৵࿃֥2ºᇛ௹ݦඔđط౏ડቀ

n2 < P (t) < (n + 1)2

ఃᇏn൞၂۱֥ڵ٤ᆜඔb൫ᆣૼഈඍٚӱ֥಩٤ޅਬ׻ࢳ҂൞2ºᇛ௹֥b

ᆣૼğഡx(t)൞ٚӱ֥ࢳđbᄵႵ

x00 + P (t)x = 0

Ⴎ่ॖࡱᆩđթᄝଖ۱" > 0൐֤༯૫҂֩ൔӮ৫ğ

(n + ")2 < P (t) < (n + 1)2, (°1 < x <1).

০Ⴈx = cos((n + ")t)൞x00 + (n + ")2x = ∏௹৘ॖᆩđx(t)֥ᇛקࢠđၛࠣീ๭ଚбࢳ0֥ 2º

n+"

> 2ºbၹ

ՎંࢲӮ৫b

༝ีࢫੂֻ

1.౰ࢳ༯ਙшᆴ໙ีğ

(1)y00 + y = x; y(0) = 2, y(º

2

) = 1Ġ

(2)y00 ° 3y0 + 2y = ex, y(0) = 0, y(1) = 0Ġ
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(3)x2y00 ° 3xy0 + 3y = 0, y0(1) + y(1) = °2, 2y0(2)° y(2) = 0b

ğ(1)ఊՑٚӱ֥หᆘٚӱູ∏2ࢳ + 1 = 0

หᆘ۴ູ±i

ቆູcosࢳЧࠎ x, sinx

ఊՑٚӱ֥๙ູࢳc
1

cos x + c
2

sinx

ഡหູࢳAxđսೆٚӱ֥A = 1

ၹՎ๙ູࢳc
1

cos x + c
2

sinx + x

ᄜ০Ⴈшᆴ่֤ࡱy(x) = 2 cos x + (1° 2

º

) sin x + x

(2)ఊՑٚӱ֥หᆘٚӱູ∏2

° 3∏ + 2 = 0

หᆘ۴ູ1, 2

,ቆູexࢳЧࠎ e2x

ఊՑٚӱ֥๙ູࢳc
1

ex + c
2

e2x

ഡหູࢳAxexđսೆٚӱ֥A = °1

ၹՎ๙ູࢳc
1

ex + c
2

e2x° xex

ᄜ০Ⴈшᆴ่֤ࡱy(x) = 1

1°e

ex + 1

e°1

e2x° xex

(3)ႮEulerٚӱ֥֤֞مࢳ๙ູࢳc
1

x + c
2

x3

ᄜႮшᆴ่֤ࡱy(x) = °xb

2.ᆣૼшᆴ໙ี 8
<

:
y00 + 16y = 0, (0 ∑ x ∑ º)

y0(0)° 4y(0) = A, y0(º)° 4y(º) = B

֒A = BൈႵ໭ཋ۱ࢳĠ֒A 6= Bൈ໭ࢳb

ᆣૼğy00 + 16y = 0֥๙ູࢳ

y = C
1

cos 4t + C
2

sin 4t C
1

, C
2

2 R

ପહ 8
<

:
y0(0)° 4y(0) = 4(C

2

° C
1

) = A

y0(º)° 4y(º) = 4(C
2

° C
1

) = B

೏A 6= BđᄵC
1

, C
2

໭ࢳđၹՎшᆴ໙ี໭ࢳĠ

೏A = BđᄵC
2

° C
1

= A

4

đC
1

, C
2

Ⴕ໭ཋ۱ࢳđପહшᆴ໙ีႵ໭ཋ۱ࢳb

3.֒A,B౼ޅᆴൈđшᆴ໙ี 8
<

:
y00 + 16y = 32x, (0 ∑ x ∑ º)

y(0) = A, y(º) = B
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Ⴕື၂ࢳĠ໭ཋ۱ࠇࢳ໭ࢳĤ

ğy00ࢳ + 16y = 0֥๙ູࢳ

y = C
1

sin 4x + C
2

cos 4x

ᄵW [y
1

, y
2

] =

2

4 y
1

, y
2

y0
1

, y0
2

3

5 = °4

Ⴎज़Чק৘4.42ॖᆩy00 + 16y = 32x֥၂۱หູࢳ

y§ = 2x

ପહy00 + 16y = 32x֥๙ູࢳ

y = 2x + C
1

sin 4x + C
2

cos 4x C
1

, C
2

2 R

ᄜᇿၩ֞шᆴ่֤ॖࡱ 8
<

:
y(0) = C

2

= A

y(º) = 2º + C
2

= B

ၹՎٚӱ໭ື၂ࢳĠ

֒2º + A = BൈđٚӱႵ໭ཋ۱ࢳĠ

֒2º + A 6= Bൈđٚӱ໭ࢳb

ֻ௾ࢫ༝ี

Fߐඔf(t)֥ঘ൦эݦෘ༯ਙ࠹.1 (s)ğ

(1)f(t) = t4eºt, (2)f(t) = t
3
2 e°4t,

(3)f(t) = e°2t sin 3ºt, (4)f(t) = e°
t

2 cos 2(t° 1

8

º)

ğ(1)Fࢳ (s) = 24

(s°º)

5đs > º

(2)F (s) = 3

p
º

4(s+4)

5
2
đs > °4

(3)F (s) = 3º

(s+2)

2
+9º

2đs > °2

(4)F (s) = 2

p
2s+5

p
2

(2s+1)

2
+16

đs > ° 1

2

ඔFݦෘ༯ਙ࠹.2 (s)֥ঘ൦୉эߐğ

(1)F (s) = 3

2s°4

, (2)F (s) = s°1

(s+1)

2

(3)F (s) = s+2

s

2
+4s+5

, (4)F (s) = 1

s

2°4

(5)F (s) = s

3

(s°4)

4 , (6)F (s) = 5°2s

s

2
+7s+10

(7)F (s) = s

(s

2
+k

2
)

2 , (8)F (s) = s

3

s

4
+4a

4

ğ(1)f(t)ࢳ = 3

2

e2t

(2)f(t) = (1° 2t)e°t
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(3)f(t) = e°2t cos t

(4)f(t) = 1

2

sh(2t)

(5)f(t) = e4t(1 + 12t + 24t2 + 32

3

t3)

(6)f(t) = °2e°
7
2 tch(3

2

t) + 8e°
7
2 tsh( 3

2

t)

(7)f(t) = t

2k

sin(kt)

(8)f(t) = 1

2

eat cos(at) + 1

2

e°at cos(at)

3.Ⴈঘ൦эمٚߐ౰ࢳ༯ਙԚᆴ໙ีğ

(1)y00 + 4y0 + 4y = t2; y(0) = y0(0) = 0;

(2)x00 + 6x0 + 34x = 30 sin 2t; x(0) = x0(0) = 0

(3)x00 + !2

0

x = F
0

sin!t, x(0) = x0(0) = 0, !
0

6= 0;

(4)y(4) + 2y00 + y = 4tet, y(0) = y0(0) = y00(0) = y(3)(0) = 0.

L{f(t)}࠺đѩߐğ(1)ᄝٚӱਆҧ౼ঘ൦эࢳ = Y (s)đ֤֞

s2Y + 4sY + 4Y =
2
s3

.

෮ၛY = 2

s

3
(s

2
+4s+4)

đy(t) = ° t

4

e°2t

°

3

8

e°2t + t

2

4

°

t

2

+ 3

8

(2)ᄝٚӱਆҧ౼ঘ൦эߐđѩ࠺L{x(t)} = X(s)đ֤֞

s2X + 6sX + 34X =
60

s2 + 4
.

෮ၛX = 60

(s

2
+4)(s

2
+6s+34)

đx(t) = 60

174

(e°3t cos(5t)° 2

5

e°3t sin(5t)° cos(2t) + 5

2

sin(2t))

(3)ᄝٚӱਆҧ౼ঘ൦эߐđѩ࠺L{x(t)} = X(s)đ֤֞

s2X + !2

0

X = F
0

!

s2 + !2

.

෮ၛ֒! = !
0

֥ൈީđX = F
0

!0
(s

2
+!

2
0)

2đx(t) = F0 sin(!0t)

2!

2
0

°

F0t cos(!0t)

2!0
b

֒! 6= !
0

֥ൈީđX = F
0

( 1

s

2
+!

2 °
1

s

2
+!

2
0
) !

!

2
0°!

2đx(t) = F0(!0 sin(!t)°! sin(!0t))

!0(!
2
0°!

2
)

b

(4)ᄝٚӱਆҧ౼ঘ൦эߐđѩ࠺L{f(t)} = Y (s)đ֤֞

s4Y + 2s2Y + Y =
4
s2

.

෮ၛY = 4

s

2
(s

4
+2s

2
+1)

đy(t) = 2t cos t° 6 sin t + 4tb

4.Ⴕ၂ᇕԯѷࡨᆑఖ০Ⴈ֥൞ᯒކᆒ׮ჰ৘bᄝඣ૫ഈ֥ԯุॖၛቔູ၂۱ቅୄᆒሰđఃᇉਈູMđ

༢ඔູkbԯุ໊֥؇࣑ᄝԯุഈ֥ᆒሰđᇉਈູmđڸᆑఖᄵ൞ࡨ༢ඔູKđቅୄ༢ඔູRđ؇࣑

၍X(t)ࡨބᆑఖ໊֥၍x(t)ડቀᄎٚ׮ӱ
8
<

:
MX 00(t) = F (t)°KX(t)°RX 0(t)° k(X ° x)

mx00(t) = °k(x°X),
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ఃᇏF (t)൞ԯุ෮൳֥֞ຓ৯bࡌഡᄝt = 0ൈख़ԯุࡨބᆑఖ࣡ᆸ҂׮đᆃൈԯุ൳֞ຓ৯F (t) =

M

4

±(t)֥ሏࠌđ൫ษંԯุ໊֥၍э߄đѩϜ෮֤ݔࢲა҂ልСࡨᆑఖ֥ԯѷቔбࢠb

ֻϖࢫ༝ี

1.౰ٚٳັࢳӱ

(1)x2y00 + 5xy0 + 13y = 0, (x > 0)Ġ

(2)(2x + 1)2y00 ° 4(2x + 1)y0 + 8y = 0Ġ

(3)d

2
x

dt

2 + x = 1

1+cos

2
t

Ġ

(4)t2(t + 1)d

2
x

dt

2 ° t(2 + 4t + t2)dx

dt

+ (2 + 4t + t2)x = °t4 ° 2t3Ġ

(5)td

2
x

dt

2 ° (2t + 1)dx

dt

+ (t + 1)x = (t2 + t° 1)e2tĠ

(6)(1° t2)d

3
x

dt

3 ° td

2
x

dt

2 + dx

dt

= 0b

ğࢳ

(1)਷x = etđᄵy
tt

+4y
t

+13y = 0đ֤หᆘٚӱ∏2 +4∏+13 = 0đ∏ = °2±3iđႿ൞y = e°2t(c
1

cos 3t+

c
2

sin 3t)đ෮ၛ

y =
c
1

cos(3 ln x) + c
2

sin(3 lnx)
x2

.

(2)਷2x+1 = t,ᄵt2y
tt

°2ty
t

+2y = 0đᄜ਷t = euđᄵหᆘٚӱູ∏(∏°1)°2∏+2 = 0đ֤ࢳ∏ = 1, 2b

Ⴟ൞

y = c
1

eu + c
2

e2u = c
1

t + c
2

t2 = c
1

(2x + 1) + c
2

(2x + 1)2.

(3)ఊՑٚӱ֥หᆘٚӱູ∏2 + 1 = 0đႿ൞ఊՑٚӱႵ๙ࢳx(t) = c
1

cos t + c
2

sin tđಖުႮӈඔэၳ܄

ൔႵ

x(t) = c
1

cos t + c
2

sin t +
Z

t

t0

sin(t° s)
1 + cos2 s

ds.

(4)໡ૌ൮༵౰ٚھӱ֥หࢳđ҉ҩྙ֥ࢳൔູx = at2 + bt + cđսೆٚӱ֤֞a = 1, c = 0bႿ൞Ⴕห

xࢳ = t2 + btbႮՎ໡ૌᆩ֡x = t൞ཌྷႋఊՑٚӱ֥ࢳb໡ૌᄜႨمࢨࢆট౰ఊՑٚӱ֥๙ࢳđࠧഡࢳ

ູx = tu(t)đսೆٚӱ֤t3[(t+1)u
tt

° (t+2)u
t

] = 0đ਷v = u
t

đᄵ֤ࢳv = C(t+1)etđႿ൞u = Ctetđ

෮ၛቋᇔ໡ૌ֤֞ٚӱ֥๙ູࢳ

x = t2 + C
1

t + C
2

t2et.

(5)໡ૌ൮༵౰ٚھӱ֥หࢳđ҉ҩྙ֥ࢳൔູx = (at + b)e2tđսೆٚӱ֤֞a = 1đb = 0đႮՎᆩ֡ห
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xູࢳ
0

= te2tbᄜ౰ఊՑٚӱ֥ਆ۱ཌྟ໭ܱࢳđᇿၩ֞ఊՑٚӱູ

t
dx2

dt2
° (2t + 1)

dx

dt
+ (t + 1)x = t(

dx2

dt2
°

dx

dt
)° (t + 1)(

dx

dt
° x) = 0,

Ⴟ൞ಸၞ֤֞หࢳx
1

= CetđಖުႨمࢨࢆđഡx = C(t)etđսೆٚӱđ֤ࢳx
2

= t2etbႿ൞ቋᇔٚӱ

ູࢳ֥

x = (C
1

+ C
2

t2)et + te2t.

(6)਷y = dx

dt

đᄵٚھӱູ(1 ° t2)dy

2

dt

2 ° tdy

dt

+ y = 0đႨૢࠩඔم౰ࢳđഡູࢳy =
P

n∏0

a
n

tnđսೆٚ

ӱđᄵႵa
n

= n°3

n

a
n°2

bႿ൞໡ૌႵ๙ࢳy = c
1

t + c
2

(1° 1

2

t2 °
P

k ∏ 2 (2k°3)!!

(2k)!!

t2k)bႮՎ֤֞ჰটٚӱ

֥๙ູࢳ

x = c
0

+ c
1

t2 + c
2

(t°
1
6
t3 °

X
k ∏ 2

(2k ° 3)!!
(2k)!!

t2k+1

2k + 1
).

2.౰ԛ༯ਙັٚٳӱᄝx = x
0

ԩᅚष֥ਆ۱ཌྟ໭ܱ֥ૢࠩඔࢳđѩཿԛཌྷႋ֥־๷܄ൔğ

(1)y00 ° xy0 ° y = 0, x
0

= 0; (2)y00 ° xy0 ° y = 0, x
0

= 1;

(3)(1° x)y00 + y = 0, x
0

= 0; (4) d

3
y

dx

3 + xy = 0, x
0

= 0;

(5)x d

2
y

dx

2 + 4 dy

dx

+ xy = 0, x
0

= 0; (6)y00 + (sinx)y = 0, x
0

= 0.

ğࢳ

(1)਷y =
P

n∏0

a
n

xnđսೆٚӱ֤
P

n

(a
n+2

(n + 2)(n + 1) ° a
n

n ° a
n

)xn = 0đႿ൞֤֞־๷܄

ൔa
n

= a

n°2
n

b෮ၛೂٳݔљ౼(a
0

, a
1

) = (1, 0) a)ބ
0

, a
1

) = (0, 1)đ໡ૌॖၛ֤֞ਆ۱ཌྟ໭ܱ֥ࢳ

y
1

=
X

k∏0

x2k

(2k)!!
,

y
2

=
X

k∏0

x2k+1

(2k + 1)!!
.

(2)਷y =
P

n∏0

a
n

(x°1)nđٚࡼӱཿູy00° (x°1)y0° y0° y = 0đսೆٚӱ֤
P

n

(a
n+2

(n+2)(n+1)°

a
n

n°a
n+1

(n+1)°a
n

)(x°1)n = 0đႿ൞֤֞־๷܄ൔa
n

= a

n°1+a

n°2
n

b෮ၛೂٳݔљ౼(a
0

, a
1

) = (1, 0)

a)ބ
0

, a
1

) = (0, 1)đ໡ૌॖၛ֤֞ਆ۱ཌྟ໭ܱ֥ࢳb

(3)਷y =
P

n∏0

a
n

xnđսೆٚӱ֤
P

n

(a
n+2

(n + 2)(n + 1) ° a
n+1

(n + 1)n + a
n

)xn = 0đႿ൞֤֞־๷

ൔa܄
n

= a

n°1(n°1)(n°2)°a

n°2
n(n°1)

b෮ၛೂٳݔљ౼(a
0

, a
1

) = (1, 0) a)ބ
0

, a
1

) = (0, 1)đ໡ૌॖၛ֤֞ਆ۱

ཌྟ໭ܱ֥ࢳb

(4)਷y =
P

n∏0

a
n

xnđսೆٚӱ֤6a
3

+
P

n∏1

[a
n+3

(n + 3)(n + 2)(n + 1) + a
n°1

]xn = 0đႿ൞֤֞
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ൔa܄๷־
3

= 0, a
n

= °a
n+4

(n + 4)(n + 3)(n + 2) (n ∏ 0)b෮ၛೂٳݔљ౼(a
0

, a
1

, a
2

) = (1, 0, 0)

a)ބ
0

, a
1

, a
2

) = (0, 1, 0)đ໡ૌॖၛ֤֞ਆ۱ཌྟ໭ܱ֥ࢳb

(5)਷y =
P

n∏0

a
n

xnđսೆٚӱ֤4a
1

+
P

n∏1

[a
n°1

+ (n + 4)(n + 1)a
n+1

]xn = 0đႿ൞֤֞־๷܄

ൔa
1

= 0, a
n+2

= ° a

n

(n+5)(n+2)

(n ∏ 0)b෮ၛೂٳݔљ౼a
0

= 1 aބ
0

= 2đ໡ૌॖၛ֤֞ਆ۱ཌྟ໭ܱ֥

bࢳ

3.ؓႿ༯ਙԚᆴ໙ี౰ԛy00(x
0

), y(3)(x
0

y(4)(xބ(
0

)đՖطཿԛཌྷႋԚᆴ໙ี֥ࢳᄝx
0

֥ׄ෼ীࠩඔ֥

భ5ཛğ

(1)y00 + xy0 + y = 0; y(0) = 1, y0(0) = 0;

(2)y00 + (sinx)y0 + (cos x)y = 0; y(0) = 0, y0(0) = 1.

Ⴎٚӱđ໡ૌᆩ֡(1):ࢳ

y(k+2) = °xy(k+1)

° (k + 1)y(k),

Ⴟ൞ႮԚᆴđ໡ૌ֤֞y00(0) = °1, y(3)(0) = 0 y(4)(0)ބ = 3đႮՎ

y = 1°
x2

2
+

x4

8
+ · · · ,

(2)ႮٚӱބԚᆴđ໡ૌႵy00(0) = 0đؓٚӱ౰၂֝ࢨඔđ֤֞y(3)(0) = °2 y(4)(0)ބ = 0đႮՎ

y = x°
x3

3
+ · · · .

4.౰ࢳHermiteٚӱğ

y00 + 2xy0 + ∏y = 0, (°1 < x <1)

ఃᇏ∏൞ӈඔb

ğ਷yࢳ =
P

n∏0

a
n

xnđսೆٚӱ֤
P
n

(a
n+2

(n + 2)(n + 1) ° 2a
n

n + ∏a
n

)xn = 0đႿ൞֤֞־๷܄

ൔa
n

= (2n°∏)a

n°2
n(n°1)

bႿ൞ॖၛ֤֞Ⴎਆ۱ҕඔa
0

aބ
1

थࢳ֥קіղൔb

5.Ⴈܼၬૢࠩඔ౰ࢳ༯ਙັٚٳӱğ

(1)2xy00 + y0 + xy = 0; (2)x2y00 + xy0 + (x2

°

1

9

)y = 0;

(3)2x2y00 ° xy0 + (1 + x)y = 0; (4)xy00 + y = 0.

ğ(1)਷yࢳ =
P

n∏0

a
n

xn+Ωđa
0

= 1đط౏ೂݔn < 0, a
n

= 0đսೆٚӱ֤
P

n

(2a
n

(n + Ω)(n + Ω° 1)°

a
n

(n + Ω) + a
n°2

)xn+Ω°1 = 0đႿ൞֤֞־๷܄ൔa
n

(n + Ω)(2n + 2Ω° 1) + a
n°2

= 0b֒n = 0ൈđႮھ

ൔᆩ֡Ω܄ = 0, 1/2bႿ൞ቋᇔ֤֞ਆ۱ཌྟ໭ܱࢳ

y
1

= x1/2(1 +
X

n∏1

(°1)nx2n

(2n)!!5 · 9 · · · (4n + 1)
),
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y
2

= 1 +
X

n∏1

(°1)nx2n

(2n)!!3 · 7 · · · (4n1)
.

(2)਷y =
P

n∏0

a
n

xn+Ωđa
0

= 1đط౏ೂݔn < 0, a
n

= 0đսೆٚӱ֤
P

n

(a
n

(n+Ω)(n+Ω°1)+a
n

(n+

Ω) + a
n°2

°

1

9

a
n

)xn+Ω = 0đႿ൞֤֞־๷܄ൔa
n

[(n + Ω)2 ° 1

9

] + a
n°2

= 0b֒n = 0ൈđႮ܄ھൔᆩ

֡Ω = ±1/3bႿ൞ቋᇔ֤֞ਆ۱ཌྟ໭ܱࢳđၧࠧ±1/3֥ࢨBesselݦඔb

(3)਷y =
P

n∏0

a
n

xn+Ωđa
0

= 1đط౏ೂݔn < 0, a
n

= 0đսೆٚӱ֤
P

n

(2a
n

(n + Ω)(n + Ω ° 1) °

a
n

(n+Ω)+a
n°1

+a
n

)xn+Ω = 0đႿ൞֤֞־๷܄ൔa
n

[2(n+Ω)2°3(n+Ω)+1]+a
n°1

= 0b֒n = 0ൈđ

Ⴎ܄ھൔᆩ֡Ω = 1, 1/2bႿ൞֤֞ਆ۱ཌྟ໭ܱࢳ

y
1

= x1/2(1 +
X

n∏1

(°1)nxn

(2n° 1)!!n!
),

y
2

= x(1 +
X

n∏1

(°1)nxn

(2n + 1)!!n!
).

(4)਷y =
P

n∏0

a
n

xn+Ωđa
0

= 1đط౏ೂݔn < 0, a
n

= 0đսೆٚӱ֤
P

n

(a
n

(n + Ω)(n + Ω ° 1) +

a
n°1

)xn+Ω°1 = 0đႿ൞֤֞־๷܄ൔa
n

(n + Ω)(n + Ω ° 1) + a
n°1

= 0đ౼n = 0ൈđႮ܄ھൔᆩ

֡Ω = 1, 0b֒Ω = 1ൈđ

y = x(1 +
X

n∏1

(°1)nxn

(n + 1)!n!
).

֒Ω = 0ൈđႮႿ־๷܄ൔ҂ିՖa
0

थקa
1

đીႵཌྷႋ֥ܼၬૢࠩඔࢳb

6.϶ᆜඔ֥ࢨНೖٚغӱູx2y00 + xy0 + (x2

° (n° 1

2

)2)y = 0đ෱֥ਆ۱ཌྟ໭ܱࢳӫູ϶ᆜඔ֥ࢨНೖ

ඔJݦغ 1
2+n

(x), J
n° 1

2
(x)(n = 0, 1, 2, · · ·)bᆣૼğ

J 1
2
(x) =

r
2

ºx
sinx,

J° 1
2
(x) =

r
2

ºx
cos x,

J
n+

1
2
(x) =

(°1)n

p

º
(2x)n+

1
2

dn

(dx2)n

sinx

x
,

J°n° 1
2
(x) =

1
p

º
(2x)n+

1
2

dn

(dx2)n

cos x

x
,

ᆣૼğ൮༵ᆣૼ

(§)

8
<

:

d

dx

[x°nJ
n

(x)] = °x°nJ
n+1

(x);

d

dx

[xnJ
n

(x)] = xnJ
n°1

(x).
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ၹູ

J
n

(x) =
1X

k=0

(°1)k

°(n + k + 1)°(k + 1)
(
x

2
)2k+n,

෮ၛ

d

dx
[x°nJ

n

(x)] =
d

dx
[
1X

k=0

(°1)k

°(n + k + 1)°(k + 1)
(
1
2
)2k+nx2k]

=
1X

k=1

(°1)k

°(n + k + 1)°(k + 1)
(
1
2
)2k+n2kx2k°1

=
1X

k=1

(°1)k

°(n + k + 1)°(k)
(
1
2
)2(k°1)+n+1x2k°1

= °

1X

k=0

(°1)k

°(n + k + 2)°(k + 1)
(
1
2
)2k+n+1x2k+1 = °x°nJ

n+1

(x).

๝৘đ

d

dx
[xnJ

n

(x)] =
d

dx
[
1X

k=0

(°1)k

°(n + k + 1)°(k + 1)
(
1
2
)2k+nx2(k+n)]

=
1X

k=0

(°1)k

°(n + k + 1)°(k + 1)
(
1
2
)2k+n2(k + n)x2(k+n)°1

=
1X

k=0

(°1)k

°(n + k)°(k + 1)
(
1
2
)2(k°1)+n+1x2(k+n)°1

= xn

1X

k=0

(°1)k

°(n° 1 + k + 1)°(k + 1)
(
1
2
)2k+n°1x2k+n°1 = xnJ

n°1

(x).

ఃՑđಸၞဒᆣݦඔy =
q

2

ºx

sinxડቀBesselٚӱx2y00 + xy0 + (x2

° 1/4)y = 0đఃՑy֥ܼၬૢࠩඔ൮

ཛູ
q

2x

º

= 1

°(1/2+1)°(1)

(x

2

)1/2đ෮ၛJ 1
2
(x) =

q
2

ºx

sinxbఃჅᄵॖႮ(*)֥־๷܄ൔ݂ބବ֤֞مb২

ೂđႮ(*)đႵ

J
n+

1
2
(x) = °xn° 1

2
d

dx
x

1
2°nJ

n° 1
2
(x)

= °xn° 1
2

d

dx
x

1
2°n(°1)xn° 3

2
d

dx
x

3
2°nJ

n° 3
2
(x)

= (°1)2xn+

1
2 (x°1

d

dx
)2x

3
2°nJ

n° 3
2
(x)

= (°1)nxn+

1
2 (x°1

d

dx
)nx°

1
2 J 1

2
(x)

=
(°1)n

p

º
(2x)n+

1
2

dn

(dx2)n

sinx

x
.

7.ഡӑࠫٚޅӱ

x(1° x)y00 + [∞ ° (1 + Æ + Ø)x]y0 ° ÆØy = 0
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ఃᇏÆ, Ø, ∞൞ӈඔb

(1)ᆣૼx = 0൞၂۱ᆞᄵఅׄđཌྷႋ֥ᆷѓ۴ູΩ
1

= Ωބ0
2

= 1° ∞Ġ

(2)ᆣૼx = 1္൞၂۱ᆞᄵఅׄđཌྷႋ֥ᆷѓ۴ູΩ
1

= Ωބ0
2

= ∞ ° Æ° ØĠ

(3)ഡ1° ∞҂൞ᆞᆜඔđᄵӑࠫٚޅӱᄝx = 0֥ਵთଽႵ၂۱ૢࠩඔູࢳ

y
1

= 1 +
ÆØ

∞ · 1!
x +

Æ(Æ + 1)Ø(Ø + 1)
∞(∞ + 1) · 2!

x2 + · · ·

(ӫູӑࠫࠩޅඔ)đ൫໙෱֥൬৻϶ࣥ൞൉હĤ

(4)ഡ1° ∞҂൞ᆜඔđᄵֻࢳ۱ؽ൞

y
2

= x1°∞ [1 +
(Æ° ∞ + 1)(Ø ° ∞ + 1)

(2° ∞) · 1!
x

+
(Æ° ∞ + 1)(Æ° ∞ + 2)(Ø ° ∞ + 1)(Ø ° ∞ + 2)

(2° ∞)(3° ∞) · 2!
x2 + · · ·]

ᆣૼğ(1) ᄝٚӱਆшӰഈx/(1° x)đႿ൞ुԛx = 0൞၂۱ᆞᄵఅׄbႮႿp(0) = ∞, q(0) = 0đႿ൞ᆷ

ѓٚӱູ∏(∏° 1) + ∞∏ = 0đ෮ၛཌྷႋ֥ᆷѓ۴ູΩ
1

= Ωބ0
2

= 1° ∞;

(2)ᄝٚӱਆшӰഈ(1° x)/xđႿ൞ुԛx = 1္൞၂۱ᆞᄵఅׄbႮႿp(0) = 1 + ∏ + Ø ° ∞, q(0) = 0đ

Ⴟ൞ᆷѓٚӱູ∏(∏° 1) + (1 + ∏ + Ø ° ∞)∏ = 0đ෮ၛཌྷႋ֥ᆷѓ۴ູΩ
1

= Ωބ0
2

= ∞ ° Æ° Ø;

ӱཿູٚࡼ(3)

xy00 ° x2y00 + ∞y0 ° (1 + Æ + Ø)xy0 ° ÆØy = 0,

਷y =
P

n∏0

a
n

xnđa
0

= 1đط౏ೂݔn < 0, a
n

= 0đսೆٚӱ֤
P

n

(a
n+1

(n + 1)n ° a
n

n(n ° 1) +

∞a
n+1

(n+1)°(1+Æ+Ø)a
n

n°ÆØa
n

)xn = 0đႿ൞֤֞־๷܄ൔa
n+1

(n+∞)(n+1) = a
n

(n+Æ)(n+Ø)b

ႮՎಸၞुԛ൬৻϶ູࣥ1b

(4)਷y =
P

n∏0

a
n

xn+1°∞đa
0

= 1đط౏ೂݔn < 0, a
n

= 0đսೆٚӱ֤
P

n

(a
n+1

(n + 2 ° ∞)(n + 1 °

∞)° a
n

(n + 1° ∞)(n° ∞) + ∞a
n+1

(n + 2° ∞)° (1 + Æ + Ø)a
n

(n + 1° ∞)° ÆØa
n

)xn+1°∞ = 0đႿ൞֤֞

ൔa܄๷־
n+1

(n + 2° ∞)(n + 1) = a
n

(n + 1° ∞ + Æ)(n + 1° ∞ + Ø)b

༝ีࢫֻࣴ

1.൫Ϝ၂Ϯ֥S-Lшᆴ໙ี(4.9.1)߄(4.9.2)ބӮห൹ྙൔ֥S-Lшᆴ໙ี(4.9.6)(4.9.7)ބb

ğҕुज़Чᇿ4.9.1bࢳ

2.౰ࢳшᆴ໙ีğ

y00 + ∏y = 0, y(a) = 0, y0(b) = 0,

ఃᇏaބb൞ӈඔ(a < b)đط∏൞ҕඔb

ğหᆘٚӱູr2ࢳ + ∏ = 0b

(1)֒∏ = 0ൈđr = 0đٚӱູ߄y00 = 0, y(0) = 0, y0(b) = 0đՎൈٚӱᆺႵਬࢳĠ
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(2)֒∏ < 0ൈđr
1

=
p

°∏, r
2

= °
p

°∏đՎൈٚӱ๙ູࢳy = C
1

e
p
°∏t + C

2

e°
p
°∏tđᄜսೆшᆴ่ࡱđ

ॖ֤C
1

= C
2

= 0đࠧ֒∏ ∑ 0ൈđٚӱᆺႵਬࢳĠ

(3)֒∏ > 0ൈđr
1

= i
p

∏, r ° 2 = °i
p

∏đٚӱ๙ູࢳy = C
1

cos
p

∏t + C
2

sin
p

∏tđսೆшᆴ่֤ॖࡱ
8
<

:
C

1

cos[
p

∏(a° b)] = 0

C
2

cos[
p

∏(a° b)] = 0

֒౏֒ࣇ
p

∏(a ° b) = º

2

+ kºđࠧ∏ =
h

(2k+1)º

2(b°a)

i
2

, (k = 0, 1, · · ·)ൈđթᄝ٤ਬࢳđՎൈC
1

, C
2

ॖ౼಩ၩ

ӈඔđࠧٚӱႵ໭౫ࢳ۱؟đ֒∏ 6=
h

(2k+1)º

2(b°a)

i
2

, (k = 0, 1, · · ·)ൈđٚӱᆺႵਬࢳb

3.౰ࢳᇛ௹ྟшᆴ໙ีğ 8
<

:
y00 + ∏y = 0,

y(0) = y(1), y0(0) = y0(1),

ѩбࢠ෱აS-Lшᆴ໙ี֥ၳ๝b

∏ğࢳ
n

= (2nº)2, y
n

= c
n

cos(2nºt) + d
n

sin(2nºt), n = 0, 1, 2, . . .

4.ษં٤ఊՑٚӱ֥S-Lшᆴ໙ีğ
8
<

:
y00 + [∏ + q(x)]y = f(x),

y(0) cos Æ° y0 sinÆ = 0, y(1) cos Ø ° y0 sinØ = 0.

൫ᆣૼğ֒∏҂൞ཌྷႋఊՑٚӱ֥S-Lшᆴ໙ี֥หᆘᆴൈđ෱ႵѩᆺႵ၂۱ࢳĠ֒ط∏֩Ⴟଖ۱หᆘ

ᆴ∏
m

ൈđ෰Ⴕ֥ࢳԉေ่ູࡱ Z
1

0

f(x)'
m

(x) dx = 0

ఃᇏ'
m

(x)ູཌྷႋႿหᆘᆴ∏
m

֥หᆘݦඔb

ᆣૼğ০Ⴈّᆣمb֒∏҂൞ཌྷႋఊՑٚӱ֥S-Lшᆴ໙ี֥หᆘᆴൈđࡌഡ෱ႵႵਆ۱ࢳy
1

yބ
2

đ

ᄵy
1

° y
2

ડቀ༯૫֥ఊՑٚӱ
8
<

:
y00 + [∏ + q(x)]y = 0,

y(0) cos Æ° y0(0) sin Æ = 0, y(1) cos Ø ° y0(1) sin Ø = 0.

ၹູ∏҂൞ՎఊՑٚӱ֥S-Lшᆴ໙ี֥หᆘᆴđ෮ၛႵy
1

° y
2

¥ 0bᆃაࡌഡ઱؛b

∏Ⴟଖ۱หᆘᆴ֩∏֒ط
m

ൈđ਷ູࢳyđᄵႵ༯૫֩ൔӮ৫ğ
Z

1

0

f¡
m

dx =
Z

1

0

(y00 + (∏ + q)y)¡
m

dx

= y0(1)¡
m

(1)° y0(0)¡
m

(0)° y(1)¡0
m

(1) + y(0)¡0
m

(0).

ၹູ

y(0) cos Æ° y0(0) sin Æ = 0, ¡
m

(0) cos Æ° ¡0
m

(0) sin Æ = 0,
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෮ၛႵ

y(0)¡0
m

(0) = y0(0)¡
m

(0).

๝৘đॖ֤

y(1)¡0
m

(1) = y0(1)¡
m

(1).

ሸഈ෮ඍđႵ Z
1

0

f(x)¡
m

(x)dx = 0.

ิิิۚۚۚ਀਀਀༝༝༝

1.ॉ੮٤ఊՑཌྟٚӱቆ
dX

dt
= A(t)X + f(t)

ఃᇏA(t)ބf(t)൞ၛ!ູᇛ௹֥৵࿃ᇛ௹ݦඔbഡ

X = X
1

(t), · · · , X = X
n

(t)

൞ؓႋ֥ఊՑཌྟٚӱቆ
dX

dt
= A(t)X

ğࡱљડቀೂ༯֥Ԛᆴ่ٳቆđ෱ૌࢳЧࠎ֥

X
1

(0) = (1, 0, · · · , 0)T , X
2

(0) = (0, 1, · · · , 0)T , · · · , X
n

(0) = (0, 0, · · · , 1)T

౰ᆣĠ

(1)ഡX = '(t)൞٤ఊՑཌྟٚӱቆ֥ࢳđᄵX = '(t)൞ၛ!ູᇛ௹֥ᇛ௹֥ࢳԉေ่ࡱ൞'(0) =

'(!).

(2)ؓႿ಩ޅ৵࿃ᇛ௹ݦඔf(t)đ٤ఊՑཌྟٚӱቆႵື၂֥ᇛ௹֥ࢳԉေ่ࡱ൞इᆔX(!) =

(X
1

(!), · · · , X
n

(!))ીႵ҂֩Ⴟ1֥หᆘ۴đ֩ࡎႿఊՑཌྟٚӱቆીႵ҂֩ޚႿਬ֥ᇛ௹ࢳb

ᆣૼğ(1)٤ఊՑཌྟٚӱቆ֥ࢳіղൔູğ

'(t) = ©(t)©°1(0)'(0) + ©(t)
Z

t

0

©(s)°1f(s)ds

ఃᇏ©(t)ູఊՑཌྟٚӱቆ֥ࢳࠎइᆔbႮA(t), f(t)֥ᇛ௹ྟॖ֤ંࢲb

(2)٤ఊՑཌྟٚӱቆ֥ື၂ྟ֩ࡎႿఃؓႋ֥ఊՑཌྟٚӱቆ֥ື၂ྟđࡎ֩ܣႿ©(0) = ©(w)đࠧ

bંࢲႿีଢᇏ֥ࡎ֩

2.ᆣૼັٚٳӱ

x” + 2x = ∏ sin 2ºt + 5x3
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֒∏൞ཬҕඔൈᇀഒႵ၂۱1ᇛ௹ࢳb

ᆣૼğ਷x = ∏uđᄵჰٚӱູ߄

u00 + 2u = sin(2ºt) + 5∏2u3.

ၹູ∏൞ཬҕඔđ෮ၛંࢲӮ৫b

3. ഡັٚٳӱቆ
dx

dt
= f(t, x), (x 2 Rn)

ఃᇏf(t, x) ؓ(t, x) 2 Rn+1൞৵࿃֥đؓxડቀअ҆৙൦่ࡱđط౏ؓt ൦Tᇛ௹֥b൫ᆣૼğᆃັٚٳ

ӱ֥ࢳx = x(t)൞Tᇛ௹֥đ֒౏֒ࣇ෱ડቀшᆴ่ࡱ

x(0) = x(T ).

ᆣૼğ೏ࢳx = x(t)൞Tᇛ௹֥đཁಖ෱ડቀшᆴ่ࡱ

x(0) = x(T ).

೏ࢳx = x(t)ડቀшᆴ่ࡱ

x(0) = x(T ).

ପહx(t + T )ડቀ
dx(t + T )

dt
= f(t + T, x(t + X)) = f(t, x(t + X)), (x 2 Rn),

x(t + T )|
t=0

= x(0).

۴ऌٚӱ֥ື၂ྟק৘đॖ֤x(t) = x(t + T ).

4. ഡັٚٳӱ

ẍ + g(x) = p(t),

ఃᇏp(t)൞t֥৵࿃֥2ºᇛ௹֥ݦඔđg(x)൞x֥৵࿃ॖັݦඔđ౏ડቀ่ࡱ

n2 < g0(x) < (n + 1)2, (°1 < x <1)

ఃᇏn൞ଖ۱ᆞᆜඔb൫ᆣૼᆃັٚٳӱ֥2ºᇛ௹ࢳ(ೂݔթᄝ֥߅)൞ື၂֥b

ᆣૼğčّᆣمĎࡌഡթᄝਆ۱҂๝֥2ºᇛ௹ࢳx
1

xބ
2

bᄵႵ

(x
1

° x
2

)00 +
g(x

1

)° g(x
2

)
x

1

° x
2

(x
1

° x
2

) = 0
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Ⴎ่ॖࡱᆩđթᄝଖ۱" > 0൐֤༯૫҂֩ൔӮ৫ğ

(n + ")2 <
g(x

1

)° g(x
2

)
x

1

° x
2

< (n + 1)2, (°1 < x <1).

০Ⴈx = cos((n+ ")t)൞x00+(n+ ")2x = ৘ॖᆩđxקࢠđၛࠣീ๭ଚбࢳ0֥
1

°x
2

֥ᇛ௹∑ 2º

n+"

< 2ºb

ᆃაࡌഡ઱؛b

5.౰ࢳ

8
>>><

>>>:

°x0 + y0 + z0 ° x + 2z = e°t

x0 ° y0 + z0 + x = 2e°t

x0 + y0 ° z + x + 2y = 3e°t

ğࢳ 8
>>><

>>>:

x = 1

2

C
1

t2e°t

° C
2

te°t + C
3

e°t + 5

2

te°t

° t2e°t + 1

4

t3e°t

y = °C
1

te°t + C
2

e°t + 2te°t

°

3

4

t2e°t

z = C
1

e°t + 3

2

te°t

ၞᆩ௜1°)ׄޙ, 0)໗ק֌҂࣍ࡶ໗קb

6.ᆣૼшᆴ໙ี

8
<

:
x2y”° 3xy0 + 3y = lnx, (1 ∑ x ∑ 2)

y(1) = A, y(2) = B

ؓ෮Ⴕ֥A,B׻Ⴕື၂ࢳb

ᆣૼğٚӱູ୸ঘٚӱđ౰֤ॖࢳіղൔđဒᆣॖ֤ંࢲb

7.਷ݦඔ

G(x, t) = (1° 2xt + t2)°
1
2 ,

ᄵG(x, t)ܱႿtᅚष֥ૢࠩඔູ

G(x, t) =
1X

n=0

P
n

(x)tn,

ఃᇏP
n

(x)൞ীಞ֣؟ཛൔ(ݦඔG(x, t)ӫູীಞ֣؟ཛൔ֥ଛݦඔ)b

ᆣૼğᇿၩ֞G(x, t)ડቀٚӱ

(1° x2)G
xx

° 2xG
x

+ t2G
tt

+ 2tG
t

= 0,

ഡG(x, t)ܱႿtᅚष֥ૢࠩඔູ

G(x, t) =
1X

n=0

a
n

(x)tn,
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ᄵႮG(x, t)ડቀ֥ٚӱᆩ֡a
n

ડቀীಞ֣ٚӱ

(1° x2)a
xx

° 2xa
x

+ n(n + 1)a = 0.

གྷᄝ໡ૌམေඪૼa
n

= P
n

đ໡ૌླࣇඪૼః൮ཛཌྷ๝ࠧॖb২ೂđ֒nູ୽ඔൈđ໡ૌ౼x = 0đႿ൞

G(0, t) = (1 + t2)°1/2 =
1X

k=0

(°1)k

(2k ° 1)!!
(2k)!!

t2k =
1X

n=0

a
n

(0)tn,

ᆃඪૼ֒nູ୽ඔൈđa
n

(0) = P
n

(0)đႿ൞a
n

= P
n

b

8.০Ⴈഈีᇏ֥G(x, t)෮ડቀ֥֩ޚൔ

(1° 2xt + t2)
@G

@t
= (x° t)G

ᆣૼ־๷܄ൔ

(n + 1)P
n+1

(x)° (2n + 1)xP
n

(x) + nP
n°1

(x) = 0, (n ∏ 1)

ᆣૼğ০ႨഈีᇏG(x, t)ܱႿt֥ᅚൔđႋႨ֞֩ޚھൔđಖުбࢠtn֥༢ඔࠧॖb

9.০Ⴈਾົ܄غൔ(ੂֻ࡮ᅣ§1) ౰ԛীಞ֣ٚӱ֥ਸ਼၂۱აP
n

(x)ཌྟ໭ܱ֥ࢳQ
n

(x)đѩᆣૼ

֒x! 1° 0ൈ|Q
n

(x)|! +1.

ູࢳğਸ਼၂۱ཌྟ໭ܱࢳ

Q
n

(x) = P
n

(x)
Z

x

x0

dx

(1° x2)[P
n

(x)]2
.

ႮႿP
n

(x)ູ؟ཛൔđѩ౏P
n

(1) = 1đ෮ၛ֒౼0 < x
0

< 1ԉ1࣍ࢤٳൈđؓႿx 2 [x
0

, 1]đ໡ૌ

ႵP
n

(x) ' 1đႿ൞֒x! 1° 0ൈđ໡ૌႵ

|Q
n

(x)| = P
n

(x)
Z

x

x0

dx

(1° x2)[P
n

(x)]2
∏ c

Z
x

x0

dx

1° x
∏ cln

1° x
0

1° x
!1.

ֻ໴ᅣ

5.1

1.čაิۚ਀༝ֻ၂ีᇗگĎ

2.൫ษં၂ࢨఊՑཌྟັٚٳӱdx

dt

= a(t)xਬࢳ໗ࣉࡶࠇק໗֥קԉေ่ࡱb

іղൔູğ֥ࢳğٚӱࢳ

x = x(0)e
R

t

t0
a(ø)dø

Ⴎקၬđਬࢳ໗֥קԉေ่ູࡱ
R1

t0
a(ø)dø <1

ਬࣉࡶࢳ໗֥קԉေ่ູࡱ
R1

t0
a(ø)dø1

3.ഡA ൞၂۱2£ 2֥ӈइᆔđ࠺p = °trA, q = detAѩഡp2 + q2

6= 0.
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൫ᆣ༯ਙࢨؽӈ༢ඔఊՑཌྟັٚٳӱቆ

dX

dt
= A(t)X

ડቀğࢳ֥

(1)֒p > 0, q > 0ൈđਬࢳ൞ࣉࡶ໗֥קb

(2)֒p > 0, q = pࠇ0 = 0, q > 0ൈđਬࢳ൞໗֥קđ֌҂൞ࣉࡶ໗֥קb

(3)ᄝః෰౦ྙ༯đਬࢳ൞҂໗֥קb

ᆣૼğ

ഡ∏
1

, ∏
2

ູA֥ਆหᆘ۴đᄵğ

∏
1

+ ∏
2

= °p, ∏
1

∏
2

= q

(1)

p > 0, q > 0

ᄵ∏
1

, ∏
2

ູਆڵൌ۴

bק໗ࣉࡶࢳ৘5.1.1ᆩđਬקᣢྴ۴đႮ܋֥ڵ၂ؓൌູ҆ࠇ

(2)

p > 0, q = 0

ᄵ∏
1

, ∏
2

bק໗ࣉࡶđ֌٤ק໗ࢳ৘5.1.1ᆩđਬקљູ၂ᆞ۴၂ਬ۴đႮٳ

p = 0, q > 0

ᄵ∏
1

,∏
2

ູਆ܋ᣢՂྴ۴đႮק৘5.1.1ᆩđਬࢳ໗קđ֌ࣉࡶ٤໗קb

(3)๝(1)(2)ٳ༅đᄝః෰౦ྙ༯đหᆘ۴ᇀഒႵ၂۱ൌູ҆ᆞđႮק৘5.1.1ᆩđਬࢳ҂໗קb

4.ษંٚົؽӱ

x0 = y ° xf(x, y), y0 = °x° yf(x, y)

ਬ֥ࢳ໗ྟקđఃᇏݦඔf(x, y)ᄝ(0, ൞৵࿃ॖັ֥b࣍ڸׄ(0

,ğf(xࢳ y)ᄝ(0, ,৵࿃ॖັđᄵf(x࣍ڸׄ(0 y)ᄝ(0, 0)֥ׄ၂ཬਣთଽॖ၂࣍ࢨරᅚषູğ

f(x, y) = f(0, 0) + f
x

(0, 0)x + f
y

(0, 0)y + o(
p

x2 + y2)

ᄵჰٚົؽӱ֥၂ࢨཌྟ࣍රٚӱູ

x0 = y ° f(0, 0)x y0 = °x° f(0, 0)y
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ᄵႮഈีٳ༅ॖᆩđ

f(0, 0) > 0ൈđਬࣉࡶࢳ໗קb

f(0, 0)0ൈđਬࢳ໗קđ֌ࣉࡶ٤໗קb

f(0, 0) > 0ൈđਬࢳ҂໗קb

5.ഡݦඔg(x)৵࿃đ౏֒x 6= 0 ൈxg(x) > 0.

൫ᆣٚӱx” + g(x) = 0֥ਬࢳ൞໗֥קđ֌҂൞ࣉࡶ໗֥קb

ᆣૼğ໗ྟקᆣૼđູٚ߄ӱቆđѩ౼V = 1

2

y2 +
R

x

0

f(s)ds

ၬᆣૼbק০Ⴈྟק໗࣍ࡶ٤

6.ษં༯ਙٚӱਬ֥ࢳ໗ྟקğ

(1)x0 = °y ° xy2, y0 = x° x4y

(2)x0 = °y3

° x5, y0 = x3

° y5

(3)x0 = °x + 2x(x + y)2, y0 = °y3 + 2y3(x + y)2

(4)x0 = 2x2y + y3, y0 = °xy2 + 2x5

ğࢳ

(1)

V (x, y) =
1
2
(x2 + y2) > 0

dV (x, y)
dt

= °(x2y2 + x4y2) < 0

ਬࣉࡶࢳ໗קb

(2)

V (x, y) = (x4 + y4) > 0

dV (x, y)
dt

= °4(x8 + y8) < 0

ਬࣉࡶࢳ໗קb

(4)

N = {(x, y) : x > 0, y > 0}

V (x, y) = x2y4
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dV (x, y)
dt

= 2x2y7 + 8x7y3

NଽႵV (x, y) > 0, dV (x,y)

dt

> 0,шࢸഈႵV (x, y) = 0,

bק҂໗ࢳਬܣ

7.ษંa౼ޅᆴൈđٚӱቆ 8
<

:

dx1
dt

= °x
2

+ x3

1

dx2
dt

= x
1

+ ax
2

+ x3

2

֥ਬࢳ൞໗קđࣉࡶ໗ࠇק҂໗֥קb

∏ӱ֥༢ඔइᆔ֥ਆ۴ູٚ߄ğഡჰٚӱቆ֥ཌྟࢳ
1

, ∏
2

đᄵႵğ

∏
1

+ ∏
2

= a, ∏
1

∏
2

= 1

(1)a > 0,๝ֻ3ีٳ༅đਬࢳ҂໗קb

(2)a = 0,਷V (x
1

, x
2

) = (x2

1

+ x2

2

) > 0ᄵ
dV (x,y)

dt

= 2(x4

1

+ x4

2

) > bק҂໗ࢳਬܣ,0

(3)a < 0,๝ֻ3ีٳ༅đਬࣉࡶࢳ໗קb

8.࿹࣮ٚٳັࢨؽӱx0 = y, y0 = °1 + x2֥ਆ۱௜֥ׄޙ໗ྟקb

,1)ູׄޙğၞᆩٚӱቆ֥ਆ۱௜ࢳ 0), (°1, 0)b

(1)ؓႿ௜1)ׄޙ, 0)b

਷x
1

= x° 1, y
1

= yᄵཌྷॢࡗ(x, y)ᇏ֥௜1)ׄޙ, 0)ؓႋႿཌྷॢࡗཌྷॢࡗ(x
1

, y
1

)ᇏ֥௜0)ׄޙ, 0)b౏

Ⴕğ 8
<

:

dx1
dt

= y
1

dy1
dt

= x
1

(x
1

+ 2)

਷N = {(x
1

, y
1

) : x
1

> 0, y
1

> 0}, V (x
1

, y
1

) = x
1

y
1

ᄵႵğ

dV (x
1

, y
1

)
dt

= 3x
1

y
1

+ x2

1

y
1

ᄝNഈႵğV (x
1

, y
1

) > 0, dV (x1,y1)

dt

> 0

ᄝ@NഈႵğV (x
1

, y
1

) = 0

Ⴎ஑קק৘ᆩğ௜1)ׄޙ, 0)҂໗קb

(2)ؓႿ௜1°)ׄޙ, 0)b

਷x
2

= x + 1, y
2

= yᄵཌྷॢࡗ(x, y)ᇏ֥௜1°)ׄޙ, 0)ؓႋႿཌྷॢࡗཌྷॢࡗ(x
2

, y
2

)ᇏ֥௜0)ׄޙ, 0)b

౏Ⴕğ 8
<

:

dx2
dt

= y
2

dy2
dt

= x
2

(x
2

° 2)
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ၞᆩ௜1°)ׄޙ, 0)໗ק֌҂࣍ࡶ໗קb

5.2

1.ؓႿࠞቕѓ༯֥ٚӱ

dµ

dt
= 1,

8
<

:
r2 sin 1

r

r > 0

0, r = 0

൫ቔԛჰ֥ׄ࣍ڸཌྷ๭đѩ࿹࣮௜ׄޙr = 0֥໗ྟקᇉb

č੻Ď

2.஑؎༯ਙٚӱ֥అׄ(0, 0)֥ো྘đѩቔԛھఅ֥ׄ࣍ڸཌྷ๭b

(1)x0 = 4y ° x, y0 = °9x + y

(2)x0 = 2x + y + xy2, y0 = x + 2y + x2 + y2

(3)x0 = 2x + 4y + sin y, y0 = x + y + ey

° 1

(4)x0 = x + 2y, y0 = 5y ° 2x + x3

(5)x0 = x(1° y), y0 = y(1° x)

ğ(1)ᇏྏbࢳ

(2)҂໗קචཟׄࢲb

(3)λׄb

(4)λׄb

(5)҂໗ׄࢲྙྒקb

3.൫ಒٚקӱቆ 8
<

:
x0 = °y ° x(x2 + y2

° 1)2

y0 = x° y(x2 + y2

° 1)2

֥ᇛ௹ࠞބࢳཋߌѩษંࠞཋ֥ߌ໗ྟקb

ğႄೆࠞቕѓxࢳ = r cos µ, y = r sin µᄵٚӱቆॖູ߄ğ

dµ

dt
= 1,

dr

dt
= r(1° r2)

ğµ֤ࢳ = t + µ
0

, r = r0
p

(1°r

2
0)e

°2t

+r

2
0
ఃᇏr

0

= r(0), µ
0

= µ(0)ٳљູr, µ֥Ԛᆴbᄵؓႋ֥ᇛ௹ࢳ

ູµ = t + µ
0

, r = r
0

= 1ູࠧࠞཋߌđၞᆩՎࠞཋߌ໗קb

4.൫஑؎༯ਙٚӱቆႵ໭ࠞཋߌթᄝb

(1)x0 = x + y +
1
3
x3

° xy2, y0 ° x + y + x2y +
2
3
y3
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x0 = y ° x + x3, y0 = °x° y + y3

ğ(1)໭bࢳ

(2)ᄝთx2 + y2 = 2ଽթᄝ҂໗ࠞקཋߌb

5.3

1.൫Ⴈོ֩ཌ߂مԛ༯ਙٚӱ֥݅ཌ๭b

(1)x0 = x(1° x° 2y), y0 = y(x° 2° y)

(2)x0 = xy, y0 = x2 + y4

(3)x0 = xy, y0 = x2

° y4

(4)x0 = xy ° y3, y0 = y2

° 2x2y + x4

č੻Ď

ิิิۚۚۚ਀਀਀༝༝༝

1.ᆣૼğؓႿཌྟٚӱቆ༯ਙЇܱݣ༢Ӯ৫ğ

໗ק,၂్ࢳᄝt ∏ 0ഈЌӻႵࢸĠ

bק໗ࣉࡶಆअ,ק໗ࣉࡶ

ᆣૼğ೏¡(t)ູࠎЧࢳइᆔđପહx(t) = √(t)√°1(t
0

)x
0

b

(1))

ႮႿؓႿ಩ၩ֥" > 0đթᄝ± > 0đ൐֤೏||x1

0

|| < ±Ⴕ||x1(t) = √(t)√°1(t
0

)x1

0

|| < "b෮ၛؓႿ಩

၂x
0

đሹթᄝx1

0

đ൐֤ડቀx1

0

= Cx
0

đ౏||x1

)

|| < ±đପહႵ

||x(t)|| = ||C√(t)√°1(t
0

)x1

0

|| < C||√(t)√°1(t
0

)x
0

| < C"|

ࠧx(t)Ⴕࢸb

(

೏x(t)ႵࢸđࠧթᄝCđ൐֤||x(t)|| ∑ Cb೏ਬࢳ҂໗קđࠧթᄝ" > tބ0
0

∏ 0b҂ં± > હཬđ؟0

ሹթᄝx
0

đෙಖ||x
0

|| < ± đ֌൞(4.1)Ⴕၛx(t
0

) = x
0

ູԚᆴ֥ࢳx(t, t
0

, x
0

)ᄝt֩Ⴟଖt
1

(∏ t
0

)ൈႵ

||x(t
1

, t
0

, x
0

)|| ∏ "

ପહ೏x1

0

= C

"

x
0

đᄵ

||x1(t) = √(t)√°1(t
0

)x1

0

|| = ||

C

"
x(t)|| > C

Ӂള઱؛b෮ၛਬࢳ໗קb
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(2))

ؓႿ಩ၩ۳֥קt
0

∏ 0đթᄝ± > 0đᆺေx
0

ડቀ

||x1

0

|| < ±

༢๤(4.1)֥ડቀԚᆴ่ࡱx1(t
0

) = x
0

x1ࢳ֥ = x1(t, t
0

, x
0

)ьႵ

lim
t!+1

x1(t, t
0

, x1

0

) = 0

෮ၛؓႿ಩၂x
0

đሹթᄝx1

0

đ൐֤ડቀx1

0

= Cx
0

đ౏||x1

)

|| < ±đପહႵ

lim
t!+1

x(t, t
0

, x
0

) = C lim
t!+1

x1(t, t
0

, x1

0

) = 0

(

೏ؓႿ಩၂x(t)ડቀlim
t!+1 x(t) = 0đପહؓԚᆴޓཬ֥x(t)္ડቀlim

t!+1 x(t) = 0b๝ൈႮ

Ⴟlim
t!+1 x(t) = 0đᄵ಩၂x(t)ႵࢸđᄵႮ(1)ᆩਬࢳ໗קb෮ၛਬ࣍ࡶࢳ໗קb

2.ഡඔᆴݦඔf(x, t) ᄝ౵თ{(t, x) : t ∏ 0, |x| < H}ഈ৵࿃đ౏Ќᆣٚӱdx

dt

= f(t, x)֥ࢳႮԚᆴື၂

ಒקđf(t, 0) ¥ 0b

౰ᆣğೂٚݔӱ֥ਬࢳ໗קđ౏թᄝx
1

> 0, x
2

< 0 ൐ٚӱડቀԚᆴ่ࡱx(0) = x
1

, x(0) = x
2

đࢳ֥

֒t! +1ൈ׻౴Ⴟਬđᄵਬࢳ൞ࣉࡶ໗֥קb

ᆣૼğഡԚᆴx
1

, x
2

ؓႋ֥ٳࢳљູ'
1

(t),'
2

(t) b

(1)؎࿽ğ֒0 < x
0

< x
1

ൈđၛx
0

ູԚᆴ֥ࢳ'(t)֒t! +1ൈ౴Ⴟਬb

೏҂ಖđᄵ9"
0

> 0, {t
j

}

1
j=1

, t
j

! 1(j ! 1)st|'(t
j

)| > "
0

bၹູlim
t!1 '

1

(t) = 0 đ෮ၛթᄝଖ

۱t
0

đ൐֤֒t > t
0

ൈđ|'
1

(t)| < "
0

đࠧթᄝi > 0đ൐֤֒j > iൈđ|'(t
j

)| > |'
1

(t
j

)|đطx
0

< x
1

đၹ

Վ|'(t)||'
1

(t)|сཌྷࢌđՎაື֥ࢳ၂ྟ઱؛đ؎࿽Ӯ৫b

(2).োර(1)đ֒0 > x
0

> x
2

ൈđၛx
0

ູԚᆴ֥ࢳ'(t)֒t! +1ൈ౴Ⴟਬb

౼± = min{x
1

,°x
2

} đᄵ֒|x
0

| < ±ൈđၛx
0

ູԚᆴ֥ࢳ'(t)ડቀlim
t!1 '(t) = 0đܣਬࢳ൞࣍ࡶ໗

b֥ק

3.ॉ੮༯ਙਆ۱ٚӱቆ
dX

dt
= {A + B(t)X}

dX

dt
= AX

ఃᇏA൞ӈइᆔđB(t)൞ᄝt ∏ 0ഈ৵࿃֥इᆔݦඔ౏ડቀ
R1
0

|B(t)|dt <1

౰ᆣğೂުݔ၂۱ٚӱ֥၂్ࢳᄝt ∏ 0ഈЌӻႵࢸđᄵభ၂۱ٚӱ֥၂్ࢳᄝt ∏ 0ഈ္ЌӻႵࢸb
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ᆣૼğֻ၂۱ٚӱቆൡކԚᆴ่ࡱX(t
0

) = X
0

іൕູğॖࢳ֥

X(t) = ©(t)©°1(t
0

)X
0

+
Z

t

t0

©(ø)©°1(ø)B(ø)X(ø)dø(t ∏ 0)

ఃᇏ©(ø)൞ֻ۱ٚؽӱቆൡކԚᆴ่ࡱ©(t
0

) = E֥ࢳࠎइᆔbၹֻູ۱ٚؽӱ֥၂్ࢳᄝt ∏ 0ഈЌӻ

Ⴕࢸđ©(t)©°1(t
0

)X
0

൞ֻ۱ٚؽӱቆડቀԚ൓่ࡱX(t
0

) = X
0

թᄝᆞӈඔMđ൐֤ܣđࢳ֥

||©(t)||||©°1(t
0

)||||X
0

|| ∑M, ||©(ø)||||©°1(ø)|| ∑M(t ∏ 0)

ğ֤ॖܣ

||X(t)|| ∑M + M

Z
t

t0

||B(ø)||||X(ø)||dø(t ∏ 0)

ႮGrowall҂֩ൔđᄵႵğ

||X(t)|| ∑MeM

R
t

t0
||B(ø)||dø (t ∏ 0)

ၹູ
R

+1
0

||B(ø)||dø < +1෮ၛ
R

t

t0
||B(ø)||døႵࢸđഡູhđᄵႵğ||X(t)|| ∑ MeMh(t ∏ 0) ֻࠧ၂۱ٚ

ӱቆ֥၂్ࢳ൞Ⴕ֥ࢸb

4.ॉ੮༯ਙਆ۱ٚӱቆ
dX

dt
= AX + R(t,X)

dX

dt
= AX

ఃᇏA൞ӈइᆔđR(t,X)ᄝ{(t,X) : t ∏ t
0

, ||X|| < H}ഈ৵࿃౏ડቀ||R(t,X)|| ∑ a(t)||X||đః

ᇏa(t)൞t ∏ t
0

ഈ֥ڵ٤৵࿃ݦඔ౏
R1
0

a(t)dt <1b

౰ᆣğೂުݔ၂۱ٚӱ֥၂్ࢳᄝt ∏ t
0

ഈЌӻႵࢸđᄵభ၂۱ٚӱ֥ਬࢳ൞໗֥קb

ᆣૼğႮӈඔэၞॖمᆩđ֒X
0

ԉٳཬൈđֻ၂۱ٚӱቆൡކԚᆴ่ࡱX(t
0

) = X
0

іൕູğॖࢳ֥

X(t) = ©(t)©°1(t
0

)X
0

+
Z

t

t0

©(ø)©°1(ø)R(ø, X(ø))(t ∏ t
0

)

ఃᇏ©(ø)൞ֻ۱ٚؽӱቆൡކԚᆴ่ࡱ©(t
0

) = E֥ࢳࠎइᆔbၹֻູ۱ٚؽӱ֥၂్ࢳᄝt ∏ 0ഈЌӻ

ႵࢸđܣթᄝᆞӈඔMđ൐֤

||©(t)||||©°1(t
0

)||||X
0

|| ∑M, ||©(ø)||||©°1(ø)|| ∑M(t ∏ t
0

)

ႻႵีଢ่ࡱđॖ֤ğ

||X(t)|| ∑M ||X
0

|| + M

Z
t

t0

a(ø)||X(ø)||dø(t ∏ t
0

)

ႮGrowall҂֩ൔđᄵႵğ

||X(t)|| ∑M ||X
0

||eM

R
t

t0
a(ø)dø (t ∏ t

0

)
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ၹູ
R

+1
t0

a(ø)dø < +1෮ၛ
R

t

t0
a(ø)døႵࢸđഡູhđᄵႵğ||X(t)|| ∑ M ||X

0

||eMh(t ∏ t
0

) ᄵؓ಩

۳" > 0đթᄝ± = "

Me

Mh

đ֒||X
0

|| < ±ൈđ||X(t)|| < "ֻࠧ၂۱ٚӱቆ֥ਬࢳ൞ࣉࡶ໗֥קb

5.ഡཌྟັٚٳӱx0 = ax + by, y0 = cx + dyၛ(0, అׄđ൫ቔԛఃཌྷ๭bč੻Ďࢨູۚ(0

6.ॉ੮ٚࢨؽӱቆ 8
<

:

dx1
dt

= f
1

(x
1

), x
2

dx2
dt

= f
2

(x
1

), x
2

ఃᇏf
1

(x
1

), x
2

, f
2

(x
1

), x
2

ᄝᆜ۱(x
1

, x
2

)௜૫ഈ৵࿃ॖັbഡ(0, 0)൞ٚӱቆ֥ື၂అׄđ෱ᄝLiapunovၩ

ၬ༯൞໗֥קđ౏ٚӱቆીႵᇛ௹о݅b൫ᆣૼ಩֡݅ޅсڵཟ໭ࢸĠؓႿᆞཟႵ֥֡݅ࢸđ

֒t! +1ൈđ෱౴Ⴟׄ(0, 0)b

7. ᆣૼٚӱ

x” + ax + bx0 ° cx2

° d(x0)2 = 0

҂թᄝࠞཋߌđఃᇏa, v, c, dູӈඔ౏b 6= 0 čิൕğ০ႨDulac ৘Ďbק

8.൫ᆣૼğٚӱx” + µ(x2

° 1)x0 + x = 0čఃᇏµ > 0ູӈඔĎᇀഒႵ၂۱о݅b
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