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Abstract—A methodology is presented for the optimum design of robotic arms under time-dependent
stress and displacement constraints by using mathematical programming. Finite elements are used in the
modeling of the flexible links. The design variables are the cross-sectional dimensions of the elements. The
time dependence of the constraints is removed through the use of equivalent constraints based on the most
critical constraints. It is shown that this approach yields a better design than using equivalent constraints
obtained by the Kresselmeier-Steinhauser function. An optimizer based on sequential quadratic
programming is used and the design sensitivities are evaluated by overall finite differences. The dynamical
equations contain the nonlinear interactions between the rigid and elastic degrees-of-freedom. To illustrate
the procedure, a planar robotic arm is optimized for a particular deployment motion by using different

equivalent constraints. © 1997 Elsevier Science Ltd.

1. INTRODUCTION

The increasing demand for high-speed robots has
made it necessary to use components that must be
designed for minimum weight. The traditional design
of robotic arms based on multiple postures in static
regime is not suitable for high-speed systems where
the stresses and deflections are governed by the
dynamic effects. To prevent failure, intricate inter-
actions between the rigid and elastic motions must be
taken into account in the design.

The design of structural systems under transient
loading has been studied by using different equivalent
constraints based on critical point selection [1],
time integral of violated constraints [2], and Kreis-
selmeier—Steinhauser function [3, 4]. In critical point
selection, it is assumed that the location of the critical
points are assumed to be fixed in time, however this
assumption is not appropriate for high-speed
multibody systems. The second approach has the
disadvantage that the equivalent constraint is zero in
the feasible domain and hence there is no indication
when the constraint is almost critical. The use of
Kreisselmeier—Steinhauser function results in an
equivalent constraint which is nonzero in the feasible
domain, however it defines a conservative envelope
and yields oversafe designs.

In the design of robotic arms, the conventional
approach is to consider multiple static postures [5-7]
rather than considering the time-dependency of the
constraints. This approach is not appropriate for
high-speed systems, since a few postures cannot
represent the overall system motion, and furthermore
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the displacements and stresses computed are inaccur-
ate due to omitting the coupling between rigid and
elastic motions. In fact, this coupling is the essence of
a flexible multibody analysis [8-10].

In this study, a methodology for the design of
high-speed robotic arms is developed considering the
coupled rigid—elastic motion of the system and the
time-dependency of the constraints. The most critical
constraints are used as the equivalent constraints.
The time points of the most critical constraints may
vary as the design variables change. The sensitivity of
the response is evaluated by overall finite differences
and the optimization is carried out by sequential
quadratic programming [11]. To illustrate the pro-
cedure, a two-link planar robotic arm is optimized
for strength and rigidity. The results are compared
with those obtained by using the Kreisselmeier—
Steinhauser function.

2. DESIGN PROBLEM

In this section, the optimum design of a robotic
arm is formulated as a nonlinear mathematical
programming problem for strength and rigidity. The
arm consists of N number of flexible links each of
which are discretized by E, number of beam finite
elements. The objective is to minimize the weight of
the arm. The contraints related to strength are the
element stresses and the constraints for rigidity are
the deviations of the selected points from the path of
the rigid model. The design variables are the
cross-sectional properties of the link elements.
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Mathematically, this is written as

N &
minimize the objective function f= Y 3 p¢P*
k=1i=1

subject to constraints g;(x, ) >0 j=1,..., N,

(M

where p* and V* are the mass density and volume of
the ith element of kth body, respectively, x is the
vector of N, number of design variables and N. is the
total number of time-dependent constraints. In
evaluating the displacements and stresses, the
following recursive formulation based on Ref. [10] is
employed to model the coupled rigid—elastic motion
of the arm.

Let the deformation of a link B, be defined relative
to a link reference frame & which follows the global
motion of By in a manner consistent with the
boundary conditions. The number of elastic degrees-
of-freedom of each link is reduced by modal
reduction.

The generalized coordinates of the system are the
joint variables 6, and modal variables ;. The velocity
of a particle P, v, can be written as

vr = ykig + ﬁkiri’ Q)
where y¥ and B* are the corresponding influence
coefficient matrices.

Kane et al.’s equations [12] are used to determine
the equations of motion as

My=Q+F+F, 3)
where y = [7, 71" is the vector of generalized speeds,
F is the vector of generalized applied forces, and M,
Q and F¢ are the generalized masses, Coriolis and

centrifugal forces and elastic forces, respectively, as
shown below:
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where the superscripts r and f refer to rigid body and
elastic degrees-of-freedom, respectively. K is a block
diagonal matrix whose diagonal submatrices are the
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reduced stiffness matrices of B, in terms of modal
variables. To evaluate the submatrices in eqns (4, 5),
y* and B* are expressed in the following form as:

Voo = Try + To®h por=1,2,3
g=1,...,n s=1, , 12 (7a)

s = By + Brndll por=1,2,3
g=1,...,m s=1,...,12, (7b)

where ¢* is the element shape function, n. is the
number of joint variables and m is the number of
modal variables. Note that in the equations, a
repeated subscript index in a term implies sum-
mation. Superscripts are generally part of the labeling
and do not imply summation unless otherwise
specified. The mass submatrices can be written as

N )
M; =3 ) [m5.7,

k=1i=1

+ (FoeFries + TpToie)PH + TresTria Riie] - (82)

N OE _
Mg,= Z Z [m* :q ﬁr

k=1i=1

+ (BrBri-s + BiBri-) P + B Brin REL] (8D)

of A
M; = Z Z [m ToabPo:

k=1i=1

+ FpobBries + BT ) PN + TreeiBrin RG] (80)

where

P = j pg4dV and RY, = J PGt dV;
i i

z,u=1,2,3, s,v=1,...,12

are the time-invariant matrices, and m* is the mass
of ith finite element of the kth body. By defining
afn = mng + pfnpﬁp and br‘:vim = ?’r(rviqrugq + ﬂ;"pruﬁpa the
Coriolis and centrifugal forces can be computed as

N &

Q=3 3 i

k=1i=1

+ byl + @i )PY + Fre bj RE,] (9a)

N E
Q=3 ¥ b
=li=1

The equations of motion are integrated by using
a variable step, variable order predictor—corrector
algorithm to obtain the time history of the
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generalized coordinates 6, and ;. Then nodal
displacements with respect to the body reference
frames are obtained by the modal transformation of
n:. The element stresses are computed by the
stress—displacement relations. The displacements of
the points of interest in the global reference frame are
found by using 6; and the nodal displacements in the
body frames. The deviation of a point is defined as
the difference between the global displacements of
that point in the flexible and rigid models.

It should be noted that, in the equations of motion,
the only terms that are functions of design variables
are the stiffness matrix, the element masses and the
arrays P¥ and R* in the mass matrix and load vector.
Hence in the analytical sensitivity analysis, these are
the terms that should be differentiated with respect
to the design variables. However, analytical evalu-
ation of the sensitivities is a difficult task in this class
of problems. A semi-analytical or overall finite
difference approach is much better suited.

3, CONSTRAINT REDUCTION

The dynamic response of the arm is calculated at
N, number of discrete points in the time domain.
Hence, the number of constraints to be satisfied
becomes N, x N,, and such a large number of
constraints is not practical in an optimization
process. An effective approach to keep the number of
constraints as N. and to ensure satisfaction of
constraints for all values of ¢ is to define equivalent
time-independent constraints by using Kreisselmeier—
Steinhauser function [3] as

(10

_ 1 ul
gx)= —<n Y. exp(—cgn)
n=1

where g.(x) =g;(x,t,) and ¢ is a user-selected
positive number which determines the relation
between g; and the most critical g, i.e. min(g;). It
can be shown that the Kreisselmeier—Steinhauser
function defines a conservative envelope (4] such that
g;is always more critical than min(g;, ), and the larger
the value of ¢, the closer g follows min(g;). This
suggests using the most critical constraint as the
equivalent constraint as

£/(x) = min[g;,(x)]. (Im
In this approach, the equivalent constraint g; defines
a piecewise-smooth function with finite discontinuous
gradients as it makes transitions from gj, to g,. In this
envelope, although the right- and left-hand deriva-
tives are different at the transition points, they are of
the same sign and the gradients are blended at the
transition points by the numerical differentiation. In
the limit as the time step approaches zero, the
equivalent constraint becomes smooth.
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The nonlinear, constrained optimization problem
defined above is solved by using the optimizer
NLPQL [11] which is based on sequential quadratic
programming. This optimizer requires first-order
information df/dx., and dg;/dx., m=1,...,N,,
which are computed by overall finite differences in the
present work.

4. NUMERICAL EXAMPLE

A two-link planar robot is shown in Fig. 1. A single
task is considered in which the end-effector E is
required to deploy from an initial position (8, = 120°,
0= —150°) to a final position (6 = 60°,
6, = — 30°) along a straight line. The prescribed
motion of E is given as

0.5 T . 2mt
AXE —-AYE —T(f-’i;sln_y,—).

The period of the deployment motion, T, is taken to
be 0.5s.

Each link is of length 0.6 m and is modeled by two
equal length tubular Euler beam finite elements. The
outer diameters, Dy;, k = 1, 2; i = 1, 2 of the elements
are taken as the design variables. The wall thickness
of each element is set to be 0.1D,. The material
properties are £ = 72 GPa and p = 2700 kg m 3. The
problem size is reduced by using modal variables. The
first two bending modes and the first axial mode with
fixed—free boundary conditions are considered. The

A

Fig. 1. A planar robotic manipulator.
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Table 1. Optimum solutions for the planar robotic manipulator

Weight Dy Dy, D D»n Number of
(N) (mm) {mm) (mm) (mm) iterations
KS-10 21.374  62.635 50982  45.107  30.927 14
KS-30 16.800  55.995 45409 39.266 27.172 19
KS-50 16.286  55.210 44.742  38.524  26.736 19
MCC 15.719 54266 44.150  37.552  26.315 38

actuator of link-2 is located at joint-B has a mass of
2 kg and the combined mass of the end-effector and
payload is 1 kg.
The design problem is solved under the following
constraints:
—75MPa < g, < 75 MPa

i=1,...,n

0 <0.001 m,

where the stress constraints are evaluated at n
number of points which are the top and bottom
points at each node. § is the deviation (magnitude of
the resultant of deviations in x and y directions) of
the end-effector E from the rigid motion. The initial
design is 50 mm for all design variables, D,;.

In this example, the equivalent constraints are
formed by employing the most critical constraints

and the results are compared by using the
Kreisselmeier—Steinhauser function. In the latter,
different values of ¢ have been tried. It has been
observed that the lower values of ¢ resulted in highly
conservative designs, as expected. A value of ¢ = 50
yielded a satisfactory design. It should be noted that
the compiler limits may be exceeded for large values
of ¢ due to the exponential function if the lower
bounds on design variables are set too small. On the
other hand, the most critical constraint approach
resulted in the lightest design satisfying the deviation
constraint exactly. The minimum weights, optimum
diameters and number of iterations are tabulated in
Table 1. The design histories are shown in Fig. 2. The
labels KS-c denote the results obtained by the
Kreisselmeier—Steinhauser function, whereas MCC
denotes the use of most critical constraint approach.
It is seen that the stresses are far below the allowable
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Fig. 3. The stresses at the middle of link-2 at the top in the optimum designs.
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values, hence the stress constraints are inactive. The
stresses at the middle of link-2 at the top, where the
maximum stresses occur, are plotted in Fig. 3. The
end-effector deviation 8 for the optimum solution is
shown in Fig. 4.

& CONCLUSIONS

In this study, a methodology for the optimum
design of high-speed robotic manipulators subject to
dynamic response constraints has been presented.
The coupled rigid—clastic motion of the manipulator
has been considered. The large number of time-de-
pendent constraints has been reduced by forming
equivalent time-independent constraints based on the
most critical constraints whose time points may vary
as the design variables change. It has been shown that
the piecewise-smooth nature of this equivalent
constraint does not cause a deficiency in the
optimization process. Sequential quadratic program-
ming is used in the solution of the design problem
with sensitivities calculated by overall finite differ-
ences. A high-speed planar robotic manipulator has
been optimized for minimum weight under stress and
deviation constraints. The use of equivalent con-
straints based on Kreisselmeier—Steinhauser function
yielded conservative designs, while the most critical
constraint approach resulted in the best design.
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