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Abstract

The purpose of this report is to research some on complex symplectic
geometry characterization of ordinery differential operators and weighted
Poincaré inequalities.

1.Let I{y) = —(py') + qy be a real symmetric differential expression
defined on interval I. In L*(I), we classify the self-adjoint domains gener-
ated by {(y) and give the complete characterization for k—grade self-adjoint
domains with complex symplectic geomety.

2.Let L{y) = kio(pn_ ")) be a real symmetric differential expression

defined on interval I = {a,b]. In L*(]), we classify the self-adjoint domains
generated by {(y) and give the complete characterization for self-adjoint
domains with complex symplectic geomety.

3.We give complex J-symplectic geometry characterizations for J-symmetric
extensions of J-symmetric ordinary differential operators.

4 we discuss the weighted Poincaré inequalities in weighted Sobolev
spaces W™P(€); w,v,) and give some necessary and sufficient conditions
for them to hold.

5.we discuss the weighted Poincaré inequalities on one-dimensional un-
bounded domains and give sufficient conditions for them to hold.

6.we discuss the maximal number of limit cycles which appear under
perturbations in Hopf bifurcations by using degenerate first-order Melnikov
function with multiple parameters.

Keywords Differential operator; Self-adjoint domain; Symplectic ge-
omety; Submanifold;Poincaré inequalities; Hopf bifurcation,cyclicity



ZHrERS T B AR ELaZIX)]

W B LE_MIZREWULIET L) = —(pl@)y) +qlz)y
(zel) FIRFLE, iy WAER#FTT %, HEBT I{y) g
BE k- R T EAME

<88 HWHETF, S, ¥ FRER

MR(1991) F£H432 34B05, 34L05, 47B05, 58F05

452k 0175.3

515

ai

i

{y) = — (o) + qy

RIEH_NEZRZEHLEX, po.g & T &%, H p(z) > 0.

%1 =la,b] ®, @ {114, {y) A5HE&LH (22) HLTERA
HET. WA (y) e dEg®R? 1954 £, E.A.Coddington #
13) 4 TR NN ESEE. F—r), M.A. Naimark 7 [4]
PHEBTH “UEH TXHHELETFaEENTE4A2 8. 1962,
W.N.Everitt # {14] ¥ N R®SF % (y) = Ay HBLH BT g8
1 .

Y I = la,4+o00) B, B HWeyl f2# E.C.Titchmarsh ¥ F %
Befmos B FHa2E8E g [13][14] &, y) 588y (1,1) 5
(2,2) BHEH, WERAIRBAE, FEHRARBRER. % I(y) H#K
'k m BBy, Weyl-Titchmarsh 3 {(y) Mg LER. ¥ l(y) &
wIRE R i, Weyl-Titchmarsh 8422 l{y) B8 — g4,
%5 y) R HAR? 1982 &, 2 IHEE (2] +,
SHT (y) e HSEBETE2MAE (UTEHRAY Cao i), HiF 7
Weyl-Titchmarsh #1845 —# 456l 044 Cao P, NTELMHBRT
AR ML ETOEN RS, 1999 £, W.N.Everitt #
L.Markus X [1] #FFAF /T4 L THILEF {y) Ay kwE
241X

WARTERRLYRET A FNREIE, ZRAREREFTR IR
REMFFAN AN RO EERYTE, H0EF Y HEEEY S

6




SYERNEM AL —, RHAKNZRE, w3 [1-14] %. plar

A TAFRTERFATA N, EFEF B0 g RFETHE, # A
£ AT A

AWM ERBARERSETF (y), A FELE AT %, i
BFRETT 2K, BRESHT EHEE k- AT L E &4

2 F&XmA

EN 2.1 —NEHNFFTE S EZ-PEHEMENE, HHH - NER
% [, &

(1) [:] B REMH,
u,v = U v),S XS = Clc,u+tc:w]l=cfu:w]+ cfv: wl,

(2) ;] & ="K Hermitian #,

v =—[v:ul,u: v+ cw =clu: v] + Glu: v,

(3) [:] ZHEER 1LYy,

[u:Sj=0=3>u=0,
X Vujviw € S, Ve, ¢ € C.

TN 2.2 BZB SH—-—NMaMEHLEHHE Lagrangian #y,
Z[L:L]=0,8, %Vu,veL & [u:v)=0

S #y—/> Lagrangian F## L #HE AR ELM, F ue S H
jv:L]=0= u € L.

EX 2.3 &S E-MEFRME. #S_f S, B S WARKUTFRW,

H i &2
(1) S =span{S_,S, };
(2) [S-: 8.} =0;

M S-S, £SHPRFERE, iEfES=S_98S,.
A7 3 % LT B A 1 X (1)

3 ZMEERSET

i I =la,b], &1 l{y) £ RWBRAEFE ZANETFE LI T

Thwax(y) = 1Y),y € D(Thax) = {y : I = Cly,y € AC(I) B
I(y) € L*(I)};
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Tiniu(y) — l(y): Y < D(T;uin) — {?J < D(THIE’L}CNy(a) = y!(a) —
y(b) = y'(b) = 0}.
[é] '#fﬁ%[ ﬁﬁ%}fﬁﬂ’}%ﬂ: ,Fmin %D Tlmax ?Eli: I;’ﬂ ?JJ'E, ’&ﬁ%* E— Tt:n}: = THHH! T:un
T

/_@}

S = D( 1111}{)/D(?1mm)
S wEXFLR [ K-

[f : g] — [f + D(Tmiﬂ) g+ D(Tmin)] — [fg]ga vf:g & D(Tmax)
B f=f+D(Thin),8 =9+ D(Tmin) €S, [fgh R [ 5 g thE 4
A HA
Wb (1) B [11) ko, D(Tuin) THEFH

D(Tmin) = {f ~ D(Tmax)][f : D(Tmax)] — 0}:

Thnin 7= — NI HREF.
d X [1] T T LA 8] .
5|3 3.1 S = D(Tiax)/D(Tiin) R—MEEZE, H dimS =4,
|3 3.2 S=S_§S,, #+

S_={f € 8S|f(b) = f'(b) = 0},
S+ = {f € §f(a) = f(a) = 0},
5138 3.3 (FHAXAEE) # L ZS h—1 x4 Lagrangian Fi

%, W
1
0< <3 dimS_. —dimLNS_ = - dimSJr —dimL NS,
1
< 3 min{dimS_, dim S, },

BF
0<1—-dimLNS_=1-dimLNS, <1.

EX 3.1 &L ZS #Hy—Px4 Lagrangian FHEH, 4

kzl—dimLﬂS_leﬂdimLﬂS+.



mix L & k- 4 ty, ©ir D(11) £ k- 0.

g 3.4 (GKN £#) (1) Toin A EHH K < S %4 La-
grangian i .

(2) S 14 Lagrangian F## L X428 <= dimL = %,—dimS =
2.

(3) £ T & Thin —ME YK, BEEAG D), M S AE—H
%4 Lagrangian Fu# Lr 5 £ N, #4F

Ly = D(T)/D(Tin)-

(4) # L £ S t9— A% 4 Lagrangian FHH, U Toin A% —H 8
Bk Ty SR, 8

D(TL) — lel + C2f2 + D( mm)

H fl:f27LE L 9}7"/\% flanED( max) Cy, C2 T EEE R

X BEE 34 2, Wi Thin PJ’JET*?F?KW&%ﬁ?ﬁ?&’E%;W]
S = D(Tax)/ D{Trmin) #95% 4 Lagrangian Fii . Hik, 3 S x4
Lagrangian FRM#TH L X ERRLFN T (y) N8 /HHRTH
47 K AU AR

IR 3.1 S By 74 Lagrangian TR EAHRA 0- &5 1- & H.

iFEBH B 3.3 X[l hEHE 5 4

E% dimS =4, fFA S 5 C* &M EH. EREANTUAA C* &
BT A E

= (1,0,0,0), ¢* = (0,1,0,0), e’ =(0,0,1,0), e* = (0,0,0,1)

k%R S, B S =span{el, e’ el e?}. ® feS, MU THER L 4
At s

f = (f(a),p(a)f (a), f(b),p(b)f (b)) = f(a)e'+p(a)f (a)e’+f(b)e’+p(b) f (b)e,

BEH 4w
FiE 3.2 ¥+ Vi,ge S, F

f.g]=fHg",



H P

(0 —1 0 0)
1 0 0 0
H‘o 0 0 1
\0 0 -1 0/

WBH ® S &y3=7 X a4 U
f:g)=1[fol,={(f).9) —{f,1(9)) = (-pfg+pfF)|’ =fHg".

EIE 3.3 S_ = span{e’, ¢*}, S, = span{e’, e?}.
iEBR T EiLEA S- = span{el,e?}.
W VEES_, I FES, e D(Tag) B f(B) = fL(b) = 0. Bk

f = fa@)e! +p(a)f (a)e + F(b)e* + p(B) f (B)e’ = [(a)e! + pla) F1(a)e?

f € span{e’,e’}. & S_ C span{el,e?}. .

# f € span{e!,e’}, M| f = f(a)e! + p(a) f1(a)e? + 0ed + Oe?, y
f(6) = f*(b) = 0. Hik span{e!, e’} CS_. F& S_ = span{el, e?}.
KM FIE Sy = span{e’, e},

TIE 3.4 L £ Sty 0- 4% £ 4 Lagrangian ¥ % <= a1, a9, b1, bo €
C, %% L "—span{a,]e + ase? b€’ + boel}, Hig 2

(1)315a3XAj30b15b2XA750
ay ay| _ |b 3_3’2‘__0

by be| T
'LIEHH( ) MHTEE f,g e L, WAL o,00,51,8: € C, 45

F+

f'_"x
‘--._.-r‘

-—-Oi] ({118 T ageg) ﬂl (5183 T 6264) = (]51(1,161 T [1’16{,282 I 616163 T ﬁ15264

_a?(ale T a‘232) ﬁg(bﬁ:s T b2€4) = a2a161 + a2a282 + )826163 + ﬁ262€4,
M E®E 3.2 iH (2) 45
f: gl = (a1, nag, Bib, Bibe) H(aa, azaz, Baby, Bobe)” = 0

#% [L : L} =0, f L 2 S # Lagrangian F%#. W (1) 4,
dmL = 2. Ft, 7% 34 %, L E S %4 Lagrangian Fif
#. @ (1)

dimLNS. =dimL NS, =1,

Fril Loz O— Zedy.
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(=) "4 L & S M 0- %54 Lagrangian Fii B, PrlA
dimL =2, dimLNS_ =dimLNS, =1,[L:L]=0.
Kk Hay, ag, by, by € C, W47
L = span{ae' + aze?, bie’ + bye'}

7 Lo R &1 (1) 5 (2).
#it 3.5 L = span{aie' + age?, bie® + bpe'} 2 S th 0- x4
Langrangian ¥ % <= Jaj,a2,01,bp € C, 15 L R U T £ Z
(1) B a1 5 ag PRA-NDEIE, b 5 bo $RE N FH,
AR ag = by =0, M

L = {f € S|f'(a) = f'(b) = 0}.
(2) % ay,a9,b1,00 PRA—NMEAER, TRk by =0, N
L = {f € Slaaf(a) = asp(a)f(a), £/(5) = O},

a1 a2

Tl =0,
a; 0

(3) % a1, a9,bi, b0 2 FEH,
L = {f € Slasf(a) = aip(a) f'(a), bof (b) = bip(b) f'(b)},

ap az bl ég e
G, as| |bi by '

F MBS 3.5 FTUEYE, S # 0- f7E A Lagrangian F# I LA
R R AN REE, B RAGANENEH.

& 3.1

L = span{e’ + ¢*, ¢’ + e} = {f € S|f(a) = p(a)f'(a), f(b) = p(b) f'(b)}

2 S twy— 0- %524 Lagranglan TR K.
=IE 3.6 L S & 1- &5 4 Lagrangian ¥ < da;, b €
C(i=1,2,3,4), 1# 15

H

H

1

L = span{aml + o’ 4 aze® + aqe’ biel + boe’ + baed + 6464}

H i &

11



ay; a2 az 4 ,

() by b 70, by b4 70

oyl ol az ag| |b1 ba| _|by b4l |a1 ao| |43 a4
a; a az a4 b1 bo by byl by bo| |bs bgl

e (=) #FHEfgel, WFE a,0,0,0 €0, K

f = (are’ + ase® + ase’ + age’) + Bi(bre® + bye* + bye® + bye’)

=(a + Bib)e’ + (az + Bibo)e? + (aag + Bibs)e® + (aas + Bibg)e?
g =ay(are’ + aze’ + aze® + aset) + Balbre® + bae’ + bse> + bye?)

=(aaa1 + fabi)e! + (oag + Baba)e? + (aaa3 + Babs)e’ + (azaq + Boba)e’,

Mk E®E 3.2 ikt (2) 5

f : g] =(ara1 + Biby, a1a + Bib2, anas + fiby, anaq + G1be) H

(coay + Baby, aan + Babe, asas + Pabs, aay + Paba)”
_—_0}

% IL:Lj =0, B L 2 S t§ Lagrangian Fi%. & (1) &1, &

(al G2 9 "‘4) =2 FE dimL =2 #%Hm3#E34%, LIS
by by b3 b4 _
Wy 4 Lagrangian @M. & (1) &,

dimLNS. =dimL NS, = 0.

i, L B 1- &
(=) EH L S # 1- 54 Lagrangian FFEH, Frid

dimL = 2,dimLNS_ =dimLNS; =0,[L:L]=0.
By Ja, b € Cli=1,2,3,4), B1%%
L = span{alel + ﬂ-2€2 —+ &363 + CL4B4, 6181 -+ 5262 -+ 5363 -+ b484}

Ziry L#R&H (1) &5 (2).
#is 3.7 L £ S 1- fi54 Langrangian FRY <= da;, b €
C(1=1,2,3,4), 4

L={fe8| (Z; z;)d (p(,f)gi)(a)) N (22 zi)# (p(f{)(;)(b))}

12



s Q4

a2
1 0, 0;
(2) al az| _|as a4| |by ba| _|by bg| lay az|_|az a4
a1 5,2 @3 Ei4 bl bg bg b4j bl bg bg b4 .

B (=) kfel WhE® 3.6, FAEE-Ha,eC,
&
f =) (aje’ + age® + aze’ + aqc’) + az(bie' + bye® + bye® 4 bye?)
=(a101 + biag)e! + (aza1 + braz)e? + (azen + baaz)e® + (asay + bawy)e™.
i £ = (f(a),p(a)f (a), f(b),p(b) F (b)) &,

4

ﬁ a1 -4 bla‘g == f(a) | - (3 1)
g + by = pla) f (a) |

4

} azor + bsay = f(b |
\ a4 T 64(_',152 —= p(b f (b)

)
dE# 3.6(1) 40, HEA (3.1) 47 (3.2) Er;ﬁif“’(i—*, H it
) ()= (2 ) G
f( ) %%fi:’%ﬁ feL, 4
(@)= (2 0 %)= (2 8) Gade):
m (3.1),(3.2) AL &

L = span{aie' + age® + aze’ + aze’, bre' + boe? + bge® + bae'}.

B EH 3.6 415wkl
&l 3.2

L = span{e! + ¢, + e1} = {f € S|f(a) = £(8), p(a) f'(a) = p(B) /' (D)}

2 S #y—1 1- &4 Lagrangian Fii .
MW 37T TUEH, S8 1- %54 Lagrangian T4 7
R RAMH R, ELREEIZ0EN, MEFHE M.

(3.2)

4 ZHEBRRSET
ix I =1{0,00), 81 I(y) RO BAFTERNETFEXWT:



Twax(y) = Uy),y € D(Tax) = {y : [ = Cly, v # [0, 00) Wy4E4T
RFR LSS, yl(y) e LA}

Toin(y) = Uy),y € D(Tow) = {y € D(Tuax)|y(0) = y'(0) = 0 B -
WF Ve € D(Thx) A [yz]{oco) = 0};
Hiy [yz](z) & U(y) 9 Lagrange f & WA B

yz)(z) = {'(poz) — y(poz’) } (z).
B E WA EFERS, T # T RHEBE T, AT = T, T

Tmax‘ | y © min
2
S :"D(Tma}c)/D(Tfnin);
ESHEXERK [] H
[f : g] — [f + D(Tmiﬂ) : g + D(Tlmill)] — [fg]goa vf:l g E D(Tma.x)

A £ =f+D(Tnin), 8 =9+ D(Trin) €S, [fo]P R f 5 g thig b
A EHAH
fale” =1[f : 9l
ma s (1], [2] #0 [11] 45,
D(Tmln) — {f E D(Tmax)”f : D(THIHX)] — O}!

%%ﬂ Tmin %—*ﬁ;’fﬁ?ﬁ_%

B X (2] &

G138 4.1 & ¢,9 & l(y) =0 WHMLME, EHE [p¢)(a) =1, M)
[p](o0) =1, H
D(Twin) = {f € D(Thax)|f(0) = £/(0) = 0, [f¢](o0) = [f4](c0) = 0}.

X [1] TH T ILAG
gﬁg 4.2 S - D(ﬂnax)/D(Tmin) IEé""/]\“ﬁ'—'l—‘E% |E_']
|3 4.3 S=S_S,, &+

S_ = {f € S|[f¢](o0) = [f9](c0) = 0},
S, = {f € 8[£(0) = f(0) = 0}.
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SR 4.4 (P S W) 4 L £ S h—1 %4 Lagrangian i
7,y
1

1 1
0 < EdimS_—-dim LNS_. = Edi1118+--dim LNS, < é-min{dimS__,dim S.}.

'M 4.1 % L &S y—/ %4 Lagrangian Fif#H, 4

1

M L & k- 48, dfr D(TL) & k— 4.
3158 4.5(GKN %) (1) Ton HEHF K < S #54 La-
grangian - i .
(2) S # Lagrangian 7 # L R4 <= dimL = %dimS.
(3) # T & Thin 89— N EHY %, BMRY D(T), W S Aok —4
74 Lagrangian F#%# Lty 58t )N, @45

Lt = D(T)/D(Tmin)-

(4) # L & S #h—/4 %4 Lagrangian FaH, B T, 5% — 8 4
Bk Ty 5HEd N, #1458

D(Ty) = aafi+ - -+ cafa+ D(Tmin),

ﬁ;tlj fl-,»f?:"':fn % L ﬂ]l?#’/f\g: fl;"';fn < D(Tmax):ciycm”'acn
TEEZH.

& H5E 45 B, Wil T WEBT RSN TITLE FE
S = D(Tax)/D(Tin) #9554 Lagrangian F#%. Eik, it S E!‘];u
4 Lagrangian ¥ o X5 #HR, SN T Hy) 898 AEHEAT
TESHER.

4.1 1RfRSBY
532 4.1.1 & l(y) ABRRERE, W
D(Tmin) — {f < D(Tmax)'f(o) = ff(o) — O}

WE & [{y) AR AR, WETIEHAN (1, 1) B> [11] & 5% 5
# 4.1, dFF VS g€ D(Thax) F [fgl(oo) =
513 4.1.2 S, =S,S_ = {0}.
5132 4.1.3 dimS = dim D(Ty) /D (Truin) = 2




EIE 4.1.4 S A 0- %74 Lagrangian F 5.
WEBA maE X 4.1 fuH|3E 4.5, 4.1,2, 4.1.3 4.
B dimS =2, frLh S 5 C* & E . Fib&417T AR C* 1
PR AR E
el =(1,0) e*=(0,1)

#%&kT S, Bl S =span{el,e?}. x £ €S, MU THI £ o447
f = (£(0),p(0)f'(0)) = f(0)e" + p(0)f'(0)e?,

A%
EIE 4.1.5 M Vi, g €S A
f:g]=fHg",
H

0 -1
H=(] 7o)
WEBH W S WFEH A WE XA
£: 8] = [fol = (), 9) — (,19)) = (=pS g +pfT)E = fHg"

I 4.1.6 L 2 S #7 (0- &) %4 Lagrangian ¥Rl <
daj,a € C, #1H L = span{ale + ageg} Hi# R
(1) al:az e E,
2)| 2 2 =o.
ay az
WA(«—) xFit&Ef,gel, WFE o,f€C, E%

2

f :a(a161 -+ age2) = aaie’ + aage

g =B(a1e’ + aze®) = Bare’ + Bage?,
M x®E 4.1.5 ikt (2) B

If : g] = (@ay, aag) H(Bay, Baz)” =0

# [L:L =0, B L 2 S # Lagrangian THK. B (1) %,
dimL =1. B, d5/# 454, LESH#H (0-4%) £ Lagrangian
T,

(=) WML ZSH(0-%) £4 Lagrangian FTRH®, AL

dimL =1, dimLNS =0, dimLNS, =1




B [L:Lj=0.. Eik dar,ax € C, 15
L = span{a;e’ + aye?}

byl Lo aO&t (1) &5 (2).

Wie 4.1.7 L = span{aje! + ae’} & S 8§ (0- %) 4 La-
grangian F#f W < Jaj, e € C, #FH L R UTF G2 —

(1) % ar, a0 PH—NMHEH, THER ap=0. 1

L = {f € S|f'(0) = 0}.
(2) % ai,ap 2EFH, N
L = {f € Slasf(0) = a1p(0) f'(0)}

a, ag

a; ao

= 0.

H i &

4.2 HREE

W l(y) AREEE, NESHgy (2,2). #xX [1] T
213 4.2.1 dimS =4,dimS_ =dimS, = 2.
TIH 4.2.2 S #y% 4 Lagrangian T AHBENA 0- & 1- &

.
iFBA B3 44 FxX (1] 9T 5 4.

Hd dimS =4, FFA S 5 C & EA. BILENTURA C* ¥
B E |

el = (1,0,0,0), €2 = (0,1,0,0), ¢ = (0,0,1,0), e* = (0,0,0,1)
k%% S, B S =span{el,e?, e’ e*}. €S, f € D(Tmax), T
TR E £ B AR

f =(f(0),p(0)f'(0),[fé](c0), [fi£](c0))
=f(0)e! + p(0) f1(0)e? + [fg)(c0)e’ + [fh](o0)e’,

HA LT %4
=38 4.2.3 xF VE,geS A

f:gl=fHg,

17



Hp

H=

\0 0 -1 0/
B 1 S MWK thE XA x [11] 4

f:g] =[folf = fg( ) — [£9](0) = [fg](c0) |#%] (o0) — [£g](0)

|

F8l(00)  [fel(o0)

= Gl(c0) [gel(oo) |~ H9IO)
|

=[g¢](o0 [fcb]( ) ~ [g¢)(00)[f4](c0) + p(0) £(0)3(0) — p(0) £(0)7 (0)
=tHg".

EIE 4.2.4 S_ = span{e’,e’}, S, = span{e?, e?}.

WA F €S, N fe€8,feD(Tha) B [fo](c0) = [f1h](c0) =
0. &M

f = f(0)e! + p(0)f1(0)e? € span{e’, e?}.

% f € span{e’, e’}, Wl f = f(0)e!+p(0)F1(0)e2. E [fo](o0) =
[fi](c0)=0. AT f€S.. XFLHT S_ = span{el, e?}. LU
S. = span{e? e*}.

TP 4.2.5 L Z S #50- & Z 4 Lagrangian F#E ¥ <=, Jay, ag, by, by €
C, #4% L = span{a;e’ + age®, bre® + byet}, HiH R

(1) a1 § az Z:é‘bﬂﬁfb, by 5 by X2 HE;

a1 a2 1 U2

2) a1 Ga| by byl .
W (=) x4 THEf, gL, UFHE a,a2,0,0 € C, F45

f =1 (alel -+ {1262) - 51 (5163 + 6284) = 031(1161 -+ &1@282 516163 -1 ,815284

g =as(are’ + ase?®) + Bo(bie® + boe?) = anare! + agase? + Babre® + Boboet,
W EiE 423 skt (2) 4
f : gl = (ma1, caay, Biby, Biba) H(ay, asag, Boby, fabe)* = 0

# [L: Ll =0, BWL 2 S # Lagrangian F# . i (1) %o,
dimL = 2. [EJH:, mE# 45 &, L £ S %4 Lagrangian Fi%
#. & (1) 48,

dimLNS_ = ﬁiBimLﬂSJr = 1,



Fredl L2 O- .
(=) EH L &S 00 %x4 Lagrangian T, fTIA

dimL = 2,dimLNS_. =dimLNS, =1,[L: L] =0.
&k day, a0, 0,00 € C, 015
L = span{a el + age?, bre® + bye}

iUt L &4 (1) 5 (2).

e 4.2.6 L = Span{alel + aqe?, bie® + b2€4} =S H0-4%
4 Lagrangian %% < Jay,a9,b1,b0 € C, #4% L HEUT &4
z""':

(1) B ay 5 ay PRUA-NMAE, b 5 b ¥RAE-NMAEHR, T
./{I/-E"-L,%_ g = bQ — 01 ,U]l]

L = {f € S|/(0) = 0, [f](c0) = 0}.
(2) ¥ ay,a9,b1,b0 FEH—NHEH, IR by =0, 1
L ={f € Slazf(0) = alp(O)f’(O)} Jpl{o0) = 0}

I R
a; as|
(3) % al&{I‘?}bl}bQ éngﬁﬂ-: )r\“J
L = {f € Slazf(0) = a1p(0)'(0), bal 0] (00) = balF¥](00)}.
a; az7 bl bg o
ﬂ&] 62“51 f_)g =0
5 4.2.1

L — span{el + 2, e + &'} = {J € S|F(0) = p(0)£'(0), [f#](00) = [F](c0)}

2 S #—4 0~ % 5E 4 Lagrangian -Fii /.

EUTHEWT ER:

i 4.2.7 L &S # 1- % F4 Lagrangian T # < dJa;,b; €
Cli=1,2,3,4), #%

L= spvz_m{a,ﬂsa1 + age’ + aze’ + aset biel + boe? + haed + 6454}

H i R
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ap a9 a3 Q4

N P E I PY A Y
(2) ay az| _|as aq| |br ba| _ b3 byl |ar az|_|az aq
a; ao Gz Q4| |07 b bs byl | by bo by byl

#e 4.2.8 L £ S & 1- &% 4 Lagrangian 7 < Ja;, b; €
Cli=1,2,3,4), &

bi\™ f(0) az b3\ ( [fd)(c0)
L=tes| (2 ) ()= (2 ) | )
€Sl &) Loro) e o) ()
H % &
a; a3 as Q04 _
(2)| % %2|_ | o by by _|bs ba| a1 a2| a3 a4
a a as fi4? b1 bg b3 b4’ bl b2 o bg b4 .

A ONEIE 425 0 #ib 426 . FTE 4.2.7 frigi 4.2.8 TLE -
i, S 89 0- %5 1- w2 Lagranglan F i A48 7 LA 34 % 15 R 4
#, 0- &% 4 Lagrangian TR NULGREL BN, T 1- KX4
Lagrangian it M #4124 88, 260N, AN K0
7, Weyl-Titchmarsh 2T T 20, WAL T 0- R 8 HF oA,

M Cao 3%A& B #3881 55 246 &.

& % X A
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=R RN HY B AR LA ZIE

W OF WU A R H o Ly) = kiiiu(m_w“’) ) ()
(x € {a,b]). AURFETLI, 5 Uy) HEHIRTTLE, £4T
(y) BER k- AT ELEH (0< k < n).
xeE Mo ET, aHs; FUA FRE

MR (1991) &4k 34B05, 34105, 47B05, 58F05
hE 4% 01753

Complex Symplectic Geometry Characterization for Self-adjoint
Domains of

2n—-th Order Non-singular Differential Operators

Abstract Let L(y) = éﬁ(pnhky(k))(’“) be a real symmetric

differential expression defined on interval I = [a, b). In L%(J),
we classify the self-adjoint domains generated by I(y) and
give the complete characterization for self-adjoint domains
with complex symplectic geomety.

Keywords Differential operator; Self-adjoint domain;
Symplectic geomety; Submanifold
MR.(1991) Subject Classification 34805, 34L.05, 47B05,

5805
Chinese Library Classification 0175.3

T

y) = ;O(pn-ky“”)(k)

21 =[a,b] LW 2n MZEBHOER, Pk € C¥a,b)(k=0,1,---,n),
polz) &£ I LEATE. |
W {11] 40, l{y) 958 EL0% (2,2) AT EREFET. o+
Wik I(y) EE AR 1954 &, E.A.Coddington 7 [13] ¥4 4
22



TRAE BT AMA. B —ofl, MA. Naimark £ [4] #4047 &
“WRE XM ET AHROT 22K, 1962, W.N.Everitt
7 (4] PRAMASF R y) = dy LB T BHH L. 1999
%, W.N.Everitt ## L.Markus 7 3 {1] & FH F LT 04 0 T oo H
F Hy) 939k 4 2. | |

M EFRIDELYRET ¥ 34, R ARFIETAREUK
AKEHFHANAFNANEERFLTE. HoFToHy KAIARRHD
EFRpwERE Bz —, TRARN ZXE, X [1-14] . B
MAHSRARITAERFANN, EFFF A0 8 HRATHE, FRA
94 HATH K

A 2n WE A LA B HRBASE T, AAENANTE, FHE
HRFTT X, Wb n+1 8, REobBHHETEMHRE k- Z09x
At ELRE (0 <k <n).

2 T&EEDIR

TN 2.1 —NMEWEZE S BE—NEWHEEZE, H¥EH ~NER
EIQ [:]: 2 |
(1) [] B—NFRE&ER,

wv— [uiv],S XS = Cle,u+cu:w) = cifu: w]+ eafv: wl,

(2) [:] 2 — K Hermitian #,

(w:v] = —[v:ul,[u: v+ eaw] =clu: o] + v wl,
(3) [:] AdEEAL 1,
-8 =0=>u=0,

t Yuyvyw € S, Ve, e € C.

TN 2.2 £F2H S h—MERBAK L 8y 2 Lagrangian #,
#£[L:L =08, sfVuveL f [u:v]=0.

S #y—4 Lagrangian ¥#%% L iy Rx4M, & v € S H
u:L]=0=u € L.

PN 2.3 XS E-TEERE £ S S, RS WERETRT,
EL i &

(1) S = span{S_,S.};

23



(2) [S_ :S,] = 0:
WA S_ A0 Sy ASHFEFEXHEA, BHES=S_HS.,.
A % 3 JUT 9L A LT {1 |

i
n

Hy) = 3 (pu-ry™)®

k=0
R1I=[a,b] L&g2n HERBBPER, puoy € CFa,b](k=0,1,---,n),
po(z) £ I LEXTFE.
i l(y) ERHARAEFERAETEXWT:
Twax(¥) = 1),y € D(Tmax) = {y € L* 1)}y € AC(I),k =
1,2,--+,2n — 1,y e LA(I)};

Toin(y) = Hy),y € D(Tmin) — {y < D(ﬂnﬂ)ly[k](a) = y[k](b) —
0,k=0,1,---,2n— 1},
g ylb B oy sl B8, B
yk]—dk, 0<k<n-1,

’ g
y™l = py Tk,

yrt = s — £(ynH), 1<k <
Eh %%%ﬁ%iilﬁ%ﬂ it ﬂ’:D Tmax ;EE:!;}] éli P—J:I-ﬁ% ﬂ TI;M - T}ﬂln? Tg‘lln —
L hax-

4

S D( md.}:)/D( mm)
#SHEXERR ] A

f:g] =[f +D(Tmin) : ¢+ D(Toun)] = [f9)%,  VF,9 € D(Trnae)

g £ = f4 D(Toin), 8 = 9+ D(Twin) €8, [fgls & f 5 g h&A
[fale =1f - gl,
W e X [1],[4] #0 [11] %0,  D(Tin) 'ﬂTﬁﬁii@

D(Tin) = {f € D(Twax)|[f : D(Timax)] = 0},

%%ﬂ Tmm JE T /\ﬂj‘%ﬁ'ﬁ%
dr 5 [1],14] v [11] T4 40 T 5) 22
glff 2.1 S= D( max)/D( mm) ""A 4in éﬁﬁé}—t ]'::"]
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53 2.2 S=S_®S,, #

S_ = {feS|f*) =0k=0,
S, ={feS|/Mu)=0,k=0,

Hodan S = dun S, = 2n.

I3 2.3 (FirAr ) 2 L2 S #—/ 5% 4 Lagrangian i
. W '
1

dmS_ —dimLNS_=-dimS, —dimLNS,

<
U= 2

VA
[N AR N S

min{dimS_,dimS_},

at
0<n—-—dimLNS._ =n-dimLNS, <n.

EX 2.4 & L &S #y—4-% £ Lagrangian ¥, 4
k=n—-dmLNS_=n-dimLNS,.

M L 2 k- &8y, wir D(TL) & b~ 1.

5138 2.4 (GKN %) (1) Tnn AEHT ¥ <= S A5x4 La-
grangian ¥ f .

(2) S # Lagrangian ¥} L 2% 48 < dimL = 1dimS =
27.

(3) # T & Thin W—NMERY K, BN DT), N S HE—H
74 Lagrangian ¥ % Lt 5EXN, €%

Ly = D(T)/D(Tuin).

(4) # L £ S #—P T4 Lagrangian FHH, W T FE—8 8
By Ty 5 HEx N, #i& |

D(TL) = lel + CEf? + -0+ C2nf2n -+ D(Tnliﬂ)j

g £y, fon R LE—ANE, fi1, f2, 0, fon € D(Thnax),C1,€0, 7, Con
ZEEE Y.

F B8 2.4 &, It T WEHST KAAFHTIHREFZ
S = D(Twax)/D(Thin) #% 42 Lagrangian T #. EHit, 3 S WE2L
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Lagrangian -t B3t 470 o0 & Fo i R sk S0 -T2 Ly) 98 808178
2 K A L

3 4G Sits
TIB 3.1 S #y5% 4 Lagrangian FRBFHHARE 0- %, 1- #%,

oo, A n— 4R,
iFER W BIE 2.3 5 [1) ey 5 4.
&4 dimS =4n, Fril S 5 C™ %4 B, B & 117 LUH F C

By B &

81 — (110:«0:"'}0): 82 — (051303'”:0)3'”1 621’1: (b:"'aoawa?"'ioji

2n+1 2n+2

fl=(0,..-010--,0,f2=@0,--,0,1,0,--,0),-«, f»=(0,---,0,1)
}T&;ﬁﬁi S: HP S = Spa*n{elae2:"'18211:f11f21"'&f2n}' i%‘ f c S’ ’Ijllj
o TR AR
f :(f(il): f[l](a): T f[Zn-l](a)j f(b)i f[l](b):* R f[gn_l](b))
—f(@) + fUa)e 4 -+ fEn(g)e

+fOF + FO 7+ fETE) (3.1)
HA%#®:
TIE 3.2 xxF VE, g€ S, H
f.g|=1tHg",
o
[0 — 4 4 0\ (0 ‘o G 1)
. H] 0 0 0 T 0 - 1 0
H=1"0 o o m| “7] ... ..
\ 0 0 ‘"Hl 0 ) \]- 0 O)HKH

Bl & S $WEF A WA L FuX [4,p.180] 8§ Lagrange 223 A
f: gl =[fgls = {(f) g) — ([, 1(g))
_ i { fli=tlgln=d] _ glen-Rlgle-1]y
k=1

=f Ir{ g*".
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FIE 3.3 S_ = spa,n{e] NAIEEE 62”}, S, = Span{fl, f2 ..., )

iFEE Tl Wl S— = spaufet, e?, - e}

tF VE € S_, M £ € S, f € D(Tma) B fH) = 0,k =
0,1,---,2n— 1. B

f = f(a)e' + fUa)e? + -+ + FE=tig)e® € span{c’, ¢ 2 e,

¥ S_ C span{e!, e?,---, e}

5 I c 5pan{61,82,- et f = f(a)51 + f[l](a)32 4.4
f2n=l(g)e? B fWl(b) =0,k =0,1,---,2n—1. E spanfel,e? -+, e} C
S_. F+2 S_ =span{el, e’ .- e}

% FAE Sy = span{f', f%, .-, f7}.

=38 3.4 L £ S 4 0- &% 4 Lagrangian FEK < Jay, by €
Ci=1,2--,n7j=12 ., 2n, ##%

1 2 1 2 2
L = SP&H{CLUB + aye€” + -+ a12p€ 7, 0n1f + Gpae” + -0+ Ap2n€ i

biafl 4 biafc+ -+ bronf ", B fL + baafe 4 -+ b 2822}

2n

l)ﬁAn“@iBn:n'
) Hoj = 0,1 <4, 7 <204

Ap (a’EJ)ﬂKETZ: B, = (bﬁj)nXZH*}
(allj aa/z,Qn:O o 10)3 1 S ? S n,
(Oi“'aowbélp"‘sbi,b‘c); n+1§z§2n

iFBA(«<==) xMTH#E f,g € L, MHERE s, 52, bt € C,1 =

t = isu(ﬂfﬂ@l +age’ + et aé}2f352n) + i:lt}i(bﬂfl +bofo 4+ bg',zn,fgn)
=(§:1 813'0'1'1) (Zl 51:84 211) a4 (Z t1i n) v (f:ltlibiﬂn)f%
i= i i=
g = ilsﬁ(ailei + Gy 4 -+ a g™} F iltzi(bﬂf Fhafr b ST
i= i=
Z(i 52iai1)31 + et (i Sliai,Zn)egn + (i tzibil)fl T (Z toib; 2n)f2n

i=1 i=1 i=1 1=1
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B 3.2 At (2) 1
1. i Fi Tl
g =3 spain, -y 2 Stilian, 2 b, vy 2 tyib; on) H
1=1 1=1 1=1 1=1
T Tl Tl T
.
(S spittin, -+ O 12, 9 taibin, -+, D toibion)
= =] =1 i=1

—0.
W L:L) =0, & L &S # Lagrangian FHK. & (1) 5,
dimL = 2n. EN, HEE 24 4, L Z S 54 Lagranglan Tl

. ® (1) &
dmLNS_ =dimLNS, =n,

il L 2 0- &ty
(<=)EH¥ L &S W 0— % %4 Lagrangian ¥, Pl

dimL = 2n, dimLNS_ =dimLNS; =n,[L:L]=0.

E]IH:' E’&ij,bij € CJ?’: 112?'”1'”’?}-: 1]2}"',2?’&” {iﬁ]&

2n 21

L= SP&H{GHBI + a1282 + -+ 4 a1 9n€ . anlel + ﬂn‘2€2 o @ ane
bllfl R blzfg Tt bl,?nf2n1 T bnlfl + bn?fz + -t bn,gnfzn}

S LowEAE (1) &5 (2).
Wi 3.5 L 2 S iy 0~ %% 4 Langrangian TR <= Jay, bi; €
C?i — 112}"'Jn:j — 1321”':2”}: {f%%'

L={feS|ds,t;€C,i=12---,n
(f(a),fm(a), "'1f[2n_1]( ) f'= (311821 Sﬂ)Ta
(FB), fU), -, FENONT = By (b1, t2, -+ 1) }

Hiw &
(l)ﬁAn:ﬁBn:n;
(2) aHa; =0,1<2,7 < 2ny
EP Ap (a”r._) nxQn;B = (bij)nx2n:
{ a1, ° a,,ng---?O), 1 <1t <n,
0 bﬂ} bi,?n): n+1 S 1 < 2n.
1EBH :}‘v % f e L, ilerx#E 34 bn HAE s t; € C)1 =
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1:2:'”:”1 fi:f%

Tt '}
f = Z Si(ailel + @11252 SRl {liigfnﬁ?n) -+ Z tﬁ(bﬂfl 4 bing + -+ b,;ignfzn)
' 1=1

=

=1

1) 2 T I
=(>_ siagi el + -+ (X S—.aflf;;,zn)ﬂ‘gn + (> tib) S+ (3 t::b?:,zn)ﬁgﬂ)
1=1 =1 i=1

d (3.1) A4,

| él siai1 = f(a) | él tibir = f(b)
£ s =Pla) | E b = SN
ot
(f(a), f[I](a’)? R f[2n—1](a))T — Ag;(slﬁ 52, S‘n)TJ (3'5)
(f(b)? f[ll(b)i " f{zﬂ_ll(b))T — Bg(tla o, - 1tn)T}‘ (36)

(=) MFHEEfcL & (35) (3.6) 41, (3.4) ®ar. & (3.1)
K4, (3.3) &ar, #& (3.2) . BEE 34 f, SR

Bl 1L = Span{el 4+ 82,63 + 84,---,62”_1 + 62”,f1 4 f2’f3 +
F e, Py = (£ € S| fH(a) = fE(a), FE() = FER), k=
0,1,-++,2n -2} & S h—/ 0- x4 Lagrangian F ik .

=36 L 2 S 1 %54 Lagrangian T <= Jaij, bij, crj, dij €
Ci=12---,n—173= 1.2,---,2n,k=1,2, & 15

- 1 2 2n 1 2 2n
L =span{ajie +ape”+ -+ a1;me,, Ap-11€ T Ap_12€° o T Ap-12€7,

biif' + biof? + -+ + bl,?nf%: e bn—-l,lfl + bn—1,2f2 + -+ bnnl,,anzn

1 2 2 i 2 2
criel + crpel + o crame” +dif Fdift o+ dian 7
1 2 1 2 2
C21€ T 02262 T 0t T C29n€ " doy fT+ doof” + <+ + d2,2nf n}
H iR

(1) & Ant1 = R Boyr=n+ 1
(2) yHaoj = 0,1 <¢,7 < 2n;
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H

[ a1 a12 a1, ) [ b1 b12 oo by \
A= pn-11 An-1.2 " Op—12n y B = bn—l 1 bn——l 2 "7 Ln-l,?n
11 12 © €19n dyy  dip - di2n
\ ca1 22 © Coon \ da1 d22 + doon
(ait, "+, Qion, 0, +,0), 1<i<n—1,
Q= ¢ (O}"':U:bzl; Jb!. n) nSzﬁQn-—Q,
{ (Cila oy G2y dil: Ty ’!.,2?1)} 2n — 1 g ( S 2n.

B KOLFRIE 3.4 49,
#ie 3.7 L & S & 1- % x4 Langrangian T <= 3ai;, byj, ckj, dij €
011:1’2,...171_13_?:1]2, ,271};{7:1,2,{%

L={feS|3s,t;,u; €C,e=12,---,n—-1,j=1,2,

(f(a')} f[l](a‘): "ty f[gnﬂl](a))T An+1(313 S92, y Sn—1, U1, uQ)T:
(f(b): f[l](b):* Ty f[zﬂ_l](b))T Bﬂ+1(t11r gy, tn-—l: Uy, UQ)T}‘
HiE R
(1) % Apyr = # Bopr = n+ 1;
(2) qyHaj =0,1<14,7 < 2n;
H
[ann  ax Cayon ) (b1 b bron )
A= an-1,1 Qp-12 © Un—-12n B = bﬂ 1,1 bn—l? ) bn—l,En {-
C11 C12 o CL2n 1 du d12 ' dl,zn
\ €21 92 e Co0n \da1  de2 - doon )
r(aili"'ja’ijnﬁoa'“:o)a ]-SZSH'_]-}
Xy — 9 (0!'“10}bi11"'}bi,2‘n)1 ngzszn—“za
| (G, G iy ey diga), 2n—1 <0< 2n

+FE 3.8 L £ St k- & % 4 Lagrangian Fif# <= Ja;;, bij, a5, d); €




Cii=1,2,--,n—k,j=1,2,---2n,1=1,2,--- 2k, {#45

= SP&H{GMEI T ﬂr4126"-2 4t al,ﬁnezn: e :an-k,lel + an-—k,252 + et an—k,ZnGQn; -
binft A+ biaf 4 bran P by gaf b fi -+ bt onf "
crie’ +epet + vt ergne +FduflH dipfP -+ dionf?, -+,
Car1€ + Caro€® + - + Copone™ + dog 1 f* + dogaf? + -+ dak on "}
HiE R

(1) % Apix = % Borr=n+k;
(2) sHol =0,1<4,7 < 2m;

H
(a1 @9 -+ ay9n ) (byy  biz cvv brge )
A= | -kl Gn-k2 " Gnogon B br—k1 bp-k2 *** bn-gon
- ! | d d d
C11 €12 »++ C12n 11 gt dion
\ C2k1  C2k2 %k \ dok1  dogz v dokon )
.(aila"':a’i,Qn'}Oa“_':O)J ].S‘ZSTL—].,
Qy = ¢ (03"':03651:"':bi,2n): ”3352’“"‘2;
(city s Cians ity ey dian), 2n—1 <4 < 2n.

B AT RIE 3.4 WL,
{2 3.9 L £ S 4 k- & x4 Langrangian T % ¥ <= Jay;, bij, cij, dij €
Ci% - 112:“'!“’“ k,j ~— 1121";?2”1[: 1:2:"'12k1 ﬁjﬁ'
={f €SI ti,u €Cli=1,2,--,n—k,j=1,2,--,2k,
(f(ﬁ';), f[l](af):" . ?f[Zn-—-l](a))T =.A£+};(Slj 82y "y Sp—k, UL, U2, ", uﬁk)T}
(f(b), ffl] (b): "ty f[?ﬂ—l](b))T - ng-k(tl: t2: Ty tn-—k: Ug, Ug, 1u2k)T}:
7 S
(1) B Aprr = By =n 'l' k;
(2) oyHa; = 0,1 <14, < 2m;
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2

/ (b} (112 R/ 3 7] \ ( bl] b12 "o bl,?n \
A — Uy—k) Ap—k2 = Uy-k2n B = bn—-k,i bu—k,'z T bu—da,'&n.
iy e R ’ dip dip - dyoa
\ Cok1  C2k2 v C2k2n \ dox,1 dak2 <0 dakom )
r -
(aﬂ:”'iai,ﬂnyoa”'}o)} ]-S?'Sn_]-:
O — ¢ (0}---,0,531;1,---,51"2”), n§1§2n~—2,
(city -y Ciony dit, -y dion), 2n—1 <12 < 2n.

=3 3.10 L £ S ty n— % 54 Lagrangian TH K <= dej, dej €
ijzlig:&”'*Jzni k:1,2,---,2n,’[§ﬁﬂ

L =span{ciie' + 61262 + oot crgne™ F duft A dinfi A+ dyonf™ -+,
C2n,161 + Czn,zez + - CQn,Qnegﬂ + d?n,lfl + dZn,2f2 S dzn,znfgn}

H ik &

(1) #% Agp = & Bayp = 2n;

(2) yHo; = 0,1 <7%,7 < 2n;
b Agy = (Cs;)2nxan, Ban = (dsj)anxan, @i = (Cit, -+ Cigny dity -+, dign), 0 =
1,2,---,2n.

e 3.11 L £ S 4§ n- %% 4 Langrangian T <= dog;, dij €
C.i=12---,2n, k=1,2,---,2n, &

L = {f € S|(43,)""(f(a), /@), -, Fa))"
=(B) " (£(0), fU(b), -, 2 H) T}

% &

(1) #% Agon = % B, = 2n;

(2) ayHoj =0,1<1,7 < 2n;
HoF Aoy = (Csi)anxan, Ban = (dsj)onxan, 0 = (City, Cion, dit, 5 ydion), 1 =
1,2,---,2n.

# 2 L = span{e! +fle24 f2 ... et Ml ={fe S| flkl(a)
fE(B), k=0,1,---,2n — 1} £ S #§— 0~ &x 4 Lagrangian Fi
.

I
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Complex J-Symplectic Geometry Characterization

for J-Symmetric Extensions

of /-Symmetric Differential Operators
Abstrat We give coniplex J-symplectic geometry
characterizations for J-symmetric extensions of J-
symmetric ordinary differential operators.
Keywords Complex J-symplectic
geometry, J-Lagrangian submanifold, J-Symmetric or-
dinary differential operator, J-Symmetric extension
MR.(1991)Subject Classification
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1 INTRODUCTION

The study of boundary value problem involving linear differential
equation is becoming a well-established area of analysis. Applying
the extension theroy of symmetric operators to concrete differen-
tial operators, a generai characterization of self-adjoint extension of
symmetric differential operators is established. For details of some
of this work we refer to W. N. Everitt and Li marKus [1], Z. J. Cao
[10], J. Sun [11], Z. J. Shang and R. Y. Zhu [12}, S. Z. Fu [13], W. Y.
Wang, J. Sun and Z. M. Zheng [14]. To study a similar problem in
the case of J-symmetric differential expressions, for details of some
of this work we refer to D. Race {2], Z. J. Shang [3], A. Galindo [4],
I. Knowle {5,6], N. A. Zhikher [7].

[1] is concerned wth complex symplectic geometry with applica-
tions to ordinary differential operators. In [1], complex symplectic
spaces and their lLagrangian subspaces are estaablished. And an
appendix presents a related new result on the theory of self-adjoint
operators in Hilbert spaces and this provides and important applica-
tion of the principal theroems. In [1}, comples symplectic geometry
complete characterizations of self-adjoint extensions of symmetric

operators are given.
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[14] deal with complex J-symplectic geometry with application
to ordinary differcntial operators and give complex J-symplectic ge-
ometry characterzations for J-selladjoint extensions of J-symmetric
opcerators.

In this paper, we give complex J-symplectic geometry charac-
terizations for J-symmetric extensions of J-symmetric differential
operatiors.

1 J-Symmetric extensons of J-Symmetric differential
Operators

DerFINITION 11 A complex J-symplectic space S is a complex
linear space, with a prescribed J-symplectic form [:}, namely, a be-
linear form

(1) w,v = [u: v, SxS5 = C, so [ciu+ cow : v] = ¢fu :
v] + co|w, v, |
where 18 skew-symmetirc,

(2) [u:v]=—[v:u],s0 [u:cv+ ew] = crfu: v] + colu : W,
and which is also non-degenerate,

(3) [u2: S} = 0 imples u = 0,
for all vectors u, v, w € S and complex scalars ¢, ¢y € C.

DEerFINITION 241 A linear submanifold L in the complex J-
symplectic space S is called J-Lagrangian in case [L : L] = 0, that
is’ [u : v} = 0 for all vectors u,v € L.

Following we apply the complex J-symplectic genmetry to J-
symmetric extensions of J-symmetric differential operators.

We consider the J-symmetric ordinary differential expression

TL

() = X (1" pela)y" )"

on the non-degenerate interval / C R, with endpoint —o0 < a,b <
400, where the functions py*, p1, -, p, are complex-valued, mea-
surable over I and Lebesgue integrable on all compact subset of [

and pq is non-vanishing.
We define the maximal opertor 77 generated by 7 in L*(I) as
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[ollows:
D(TY) = {y € L*(I) : e AC, (1) for 0 <k < 2n—1 and 7(y) € L*(1)},

Ti(y) =7(y) for ye D(T1),
where y!*! is the quasi-derivatives of y{0 < k < 2n — 1).

We then define the minimal operator Ty as follows:
D(Ty) = {y € D(T1) : [y : D(T1)] = 0},

To(y) = Ti(y) = 7(y) for y € D(Ty).

Here the skew-symmetric form [:] on D(7}) is given by

y : 2} = (2, JTi(y)) — (T1(2), Jy) for y,z € D(T),
where b
(y,2) = L yZzdz.
It is known [2,3] that Ty € Ty on D(Ty) C D(T1) C L*(I) satisfy:
(1) D(Tp) is dense in L*(I), so also D(T1) is dense in L*(I),
(2) JT*J =Ty and JI7J = 1j,
so both Ty and 77 are closed operators and Tj is J-symmetirc.
We now define the endpoint space S, for M on I, as the quotient

on ledntification vector space
S = D(11)/D(1y),
so there is a natural projection map
V:D(N) =S, f-f={f+DTp}

for f € S,f € D(11).
We define the J-symplectic form [:] in S

f:gl=1f:9] for f,g€ DTy

LeMMA 1MS = D(T1)/D(Tp) is a complex J-symplectiv space
LEMMA 2 Suppose that T is a J-symmetric extension of Tg.
Then L = D(T)/D(Ty) is a J-Lagrangian subspace of S.
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Proor.Simce L = D(T)/D(T}) is the image of the lincar mani-
fold O(1) C DY) under (he natural projection mmap

¥ D(T) -8, f=t={f+D(Ty)}, for fe D(T),

so L 1s a linear subspace of S.

Since T 1s a J-symmetric extension of j, so we have

f:gl=[f:9l= (9,1 f) — (Thg, J f)
— <9$JTf> _“ <Tg¢Jf>
= (),

for any f,g € L where f,g € D(T). Hence L = D(T}/D(Tp) is a

J-Lagrangian subspace of S.
LEMMA 3.Suppose that L is a J-Lagrangian subspace of 8. Then the operator
T ag the restriction of 7, to the domain

D(T) = ¥~'L = {f € D(T})|f € L)

is a J-symmtric extension of Tg.
ProorClearly D(T) is a linear submanifold of H = L?(I) and

D(Tp) € D(T') € D(Th).
Since L is a J-Lagrangian subspace of S, so we have

£:g) = (g, JTS) ~ (Tg,Jf) =0,

for all ¢ € D(T), whenever f € D(T). Thus we see that T ia a J-symmetric
extension of 7;.

THEOREM 4 Suppose that Ty, 77 and S are defined above. Then

(1) there exists a J-symmetric extension T of Ty if and only if there exists a
J-Lagrangian subspace L of S;

(2) There exists a natural bi-unique correspondence between to set {T'} of all
J-symunetric extensions 7" of Ty aud the set {L} of all J-Lagrangian subspaces L
of S,

ProoOF(1) Using Lemma 2 and Lemma 3.

(2) The map induced by ¥ is

@ : {T} — {L}, defined by T — L = D(T)/D(Tp).

Clearly & is surjective.

Following we show that & is jinjective. Take two different J-symmetric ex-
tensions T, and T of Ty, with corresponding domains D(T,) and D(7}). Let

L, = @7, = D(Ta)/D(TU)w
Ls = ¥T5 = D{T3)/ D(T0),

By T, # T3, we obtain D(7,) # D(Tj). So there exists an element v € D(T,)
but u & D(T3). In particular, u ¢ D(ngaThen u = {u+ D(Ty)} satisfies



10

1]

12

13

14

unelL,butu¢gLy.
Thercfore the map € is injective. The theorem 1s completed.
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Poincaré Inequalitics In Weighted Sobolev Spaces

Abstract - In this paper, we discuss the weighted Poincaré inequalities in
welghied Sobolev spaces WL w, v, ) and give some necessary and suflicient,
conditions for them to hold.

Key Words - -~Weighted sobolev spaces, Poincaré inequalities, Finbed-
dings.

1 INTRODUCTION

The importance of the Poincard inequalities in the theory of differential equa-
tions i1s well-known, and much effort has been devoted to the study of those in-
equalities, including the provision of necessary and sufficient condition for them
to hold. For details of some of this work we refer to Amick[1l], Edmunds and
Evans|2,3], Hurri[4], Kufner and Opic[6}, Edmunds and Opic(7,8,9]. [4] is con-
cerned with weighted Poincaré inequalities. [7] is concerned with Poincaré in-
equalities in weighted Sobolev spaces WP (Q; w,v), necessary and sufficient con-
ditions for the Poincaré inequalities hold if, and only if, the ball measure of non-
compactness of the natural embedding of WhH?(Q2; w, v) in LP(Q; w) is less than 1.
(8,9] is concerned with the Poincaré inequalities in abstract Sobolev spaces.

In this paper we deal with the weighted Poincaré inequalities in weighted
Scbolev spaces W™P{Q: w,v,), give necessary and sufficient conditions for the
weighted Poincaré inequalities to hold, that is, the Poincaré inequalities hold if,
and only if, the ball measure of non-compactness of the natural embedding of
W™P(Q; w, v,) in LP(C; w) is less than 1, and also give other forms of sufficient
conditions for the weighted Poincaré inequalities to hold.

2 PRELIMINARIES

In this paper we shall consider real function space, but trivial modifications
show that the results still hold for complex space.

Let  be a domain in B*. By W({}) we denote the set of weight functions on
(1 that is the set of all measurable tunctions on {I which are positive and finite
almost everywhere. For w € W{({Q2), the weighted Lebesgue space LP({};w),1 <
p < 00, is the set of all measurable functions u(z) on 2 with a finite norm

fupae = ([ o)’ (21)

Obviously the space L(§}; w) with the norm (2.1) is complete.
Given any multi-index & = (o, @z, -, ay,) of non-negative integers «;, we

shall write | TG
l(kl = Zﬂ’; and D% = H (5}:) .

t=1 1=1

Suppose w, v, € W(2), the weighted Sobolev space W™P(}; w, v,),0 < m < o0,
consists of all those function u(r) such that D*u{x) exist on 2 for all o with
|| = m and this space is equipped with the norm

[u(@)|mp0a0va = (Ilu(-ﬂ)llﬁ,n,w+ > IID“'u(x)llﬁ,n,vﬂ) - (2.2)

g0 =T



I all this derivatives D2%uw(r) are naturally assumed (o be taken in the distribu-
tronal sense.
LEMMA 2.1. (1) Let
PR (1)

(¢ is the conjugate index of p). Then WP {(Ew, vy ) 18 o Banach space.
(2) Let w, v, € Lf {Y). Then CE(Q) C WP, va).

(3) Lt n_;' P Un’ € L (S),w, 0, € L:W(SI). Ihen WoHP (81w, ve) 1s a4 Banach space,
whoere WJMP(€2 w, vy ) is the closure of the set CFF with respect to the norm (2.2).
The proof is routine.

-~ L
Throughout this paper we assume that, w"%,*ua " e L] (Q) and w,v, € L, (5Y).
Given two Banach space X, Y, we write X — Y or X 3 Y if X CY and the natural
injection of X into Y is continucus or compact, respectively.

3 THE WEIGHTED POINCARE INEQUALITY

Suppose 1 < p < oo and w, v, € W(Q). We say that (Q,w,v,) supports the weighted
Poincaré inequality if there is a positive constant K, such that

/111, )P d.rcihl 1/rr w(: fﬂ:r

for all u € W™P(Q,w, v, ).
LEMMA 3.1. Let w € W{{}} and

+ Z “Da "E)”p,ﬂ Ua

|o|=m

/ w(x)dz < o0,
0

Then the weighted average uq ., of a function u over {3,

U = ([ﬂ w(r )rzx)_l ( | u(m)w(m)dm),

is finite for all u € W™P(Q;w, v, ).
PROOF. Using Holder's inequality, we obtain

us,w| = (/;w{ftJdrﬂ)ml fgu(m‘)w(m)dfﬂ < (/Qw(:r)d-’ﬂ)*lLlu(x)IIW(m)I%\w(I)I%dI

g(/s:lw(;c)d:c)_ (2 )] p 52,0

THEOREM 3.2. Let w,u, € W(),w € L1{(£2). Then the following conditions are equiva-
lent:

(1) {f}, w, vs) supports the weighted Poincaré inequality.

(2) there is a positive constant K such that

o

/ﬂ 4 - ugulPuds <Ko S (D6 0.,

||=m

for all u € W™P((hw,v,).
(3) there is a positive constant K3 such that

o

gg%”ﬂ(.ﬂ) ~ |lp.ow < K3 {E ”Dn“(m)”p,ﬂ,va
Q[ =71n
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for all w e WP w, va ).

Proor. (1) - {2): Let alr) ¢ Wree (- qn,0,). Then the Tunetion w(x) — 13 €

WP () 0, 1, ) and
/ (1) — gy g yrdie = 0.
Jo

By (1}, we have
laa{) — ugy ) wde <K Z ”D"u(;!!)”::ﬂ‘"“,
S

|ri=wn

(2) = (3): Let u(x) € W™P(Qw,vq).

¢cEH
|vj=rne

(3) = (2): For u{x) € W™P({};w,v,) and ¢c € R we have

“M(:I?J _ruﬂ,m“ilhll.-lu S ”'“'(:I:) . c”;;,fl,w + ”L - “51,wllp,ﬂ,w-

Moreover, using Hélder’s inequality, we obtain

. 1
P
2.0 — Cllp.2. = [ thgy oy — cwwdx]
| S 42

= fﬂ ( fﬂ wa)d:iur)_1 ( fn u(y)fﬂ(y}dy) —-cp
(L) P
- ( /ﬂ w{y)dy) /ﬂ (1) - c)wty)dy}

< ( /ﬂ w(y)dy)_

= [ju = cllp,0,u

L
P

w(:c)dz]

1
p

/ (u(y) - Jw(y)dy
£}

w(:z:)dm]

= |

This inequality and (3.1) imply
lu(z) = uo.wllp.omw < 2 inf ||UE~’E) — cllp.0,w.

Thus we have

/ lu(z) — no,wlPreds = llu(e) ~ vawll] g
g

< (210t ) - clpo)

% r
< |2ks [ D D w(@)[E g0,
§a|=m
= (2K3)* > [ID*u(@)h ..
|ex|=m

(2) = (1): Let u(z) € W™P(f); w,v4]. Since

“u(x)“r-,ﬂ,w < ||Uﬂ,’mnp.ﬁ,w + |l — uﬂ.w“p,ﬂ,w

42

inf |]u(:1:) - CHP;Q‘W < [juf{z) - uﬁ,w“p,i},w < Ki; ( Z “Dau(m)”;n,vﬁ) '

( /ﬁ u(y) — cl”w(y)dy)% ( | w(y)dy)%

(3.1)

(3.2)



and

1
, L
““S.'!;mllp.ﬂl,m - (/ ]'!1‘.”1“}1”1!1{1:!‘—)
Ay
. 1
”
= |t462, | (/ md:;:)
441
1
= (/ 'I'I'Jt‘l!lil,‘) / u{;n)ﬂ}[:;ﬁ)dm
J12 £

— (/52 md:{:)— /ﬂu(:n)w(:n)d:n
el p e € (/ﬂ ’“fffiff) ‘

By (3.3), together (2) yleida

&
( f wd:z:)
{2

=

We have

= -

+ ”u( J uﬁ,w”p.ﬂ,uw (33)

[ u@oa)ds

/ Iu!pw(f:r = I I P, 3,1
] w{x)w(xr)dx
0}

< (/ wd:r:) -1
| N\
2

< 2! ( /ﬂ wfi:b‘)q fﬁ u(z)wlz)de +HR—Hn,wH§,n,w]

Lu(m)w(x)dm + K- Z HDa“(m)”pQua

a|=m

+ ||u(z) — “Q,w“p,n,w]

P

wd

dT+ Z (D)2 .

E
q
K| =27 " max { K», (/ wdm) X
Q
The proof is completed.

By W.(Q) we denote a special subclass of W(f2), that is the set of all w € W(fl) which
are bounded from above and from belaw by positive constants on each compact subset ¢ in {2

Consequently, w € L], (?) and w™ P € L] () if w € W(Q) (see, [7] p.82).
For an arbitrary domain £} C B” we can write

where

0= U Q4 (3.4)

where Q. € C%! (that is, 2k is a bounded domain whose boundary can be locally described by
functions satisfying a Lipschitz condition} (see, [5] p-21 and [7] p.83}) and 1, C Q) C Uy C O
for each k € N. .

Put f = Q\Q and define

AL = sup {ellp ke (3.5)

ltlln. p. ot va S
By (3.5) and Remark 3.10. of {7] we have

0 < Ay €A <1, 111‘[1 AL-—AE[U 1] A-“:B(I)
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where (1) be the ball measure of non-compactness of the embedding

Fo WS w, vy) = LP(SLw).

THEOREM 3.3. Suppose 1 < p < oo and w, v, € W.(f2).Let F be a functional on
W™ (€, vy ) with the following proporties:

(e))F is continnous on WP Qw0 v, ),

(c2) F(Au) = AF () for all A > 0 and all v € WP w, va ),

and

(e4) if 1w € Py NWP (a0, 0,) (P, -1 1 the set of all polynomials on " of degree less
than m) and F{n) = 0, then = 0.
Let A < 1. Then there is a constant i such that

L i —

-/;2|ulpwd;r:§ K F ()" + Z 1D q .. (3.6)

|| =m

for all w € W™P(Qdw, vy).
PPROOF. Let «v € (A,1). Then there exists ng € /¥ such that

A, <a forall n>ng. (3.7)

Fix n € N,n > ng, then by (3.5} and (3.7) we have

/ lulfwdr < &p|i“||ﬂ;,p,ﬂ,w,ua!

and
aP

[ wpudz < 2o (@, 0+ X 1070 g0, (3.

lex|=m

for all w € W™P{Qw, v, ).
Suppose that Theorem 3.3 is false. Then there is a sequence {x;} C W™(§};w,vs) such
that

/ |u;Pwde =1 forall jEN, (3.9)
2
Flu;) »0 as j— o (3.10)
and |
Y D ulh g, =0 as § - o0, (3.11)
|ee|=1n

Since w,v, € W.(f2) and 1, € C%! we have
W™P(Qw, tg) == LP(Q,; w)

By (3.9) and (3.11), the sequence {u;} is bounded in W™P(§),; w, v4), consequently there is a
subsequence {uj(x)} which is a Cauchy sequence in LP(S1n;w). This, (3.8) and (3.11) together
imply that {u;)} is also a Cauchy subsequence n LP{Q"; w). Hence, there exists v € LP({}; w)

such that
i) = 4 LP((Khw) as k£ — oo (3.12)

By (3.12) and (3.11), we have

wik) = uoin WP{Qw,v,) as k= oo

According to (o), Flusu) = F(u) (k = c0). By (3.10}, we have F(u) =0,
Let ¢ € C&°(§)). Then by (3.12) and (3.11),

/ dD%udr = (—1)"'“/ uD®pdr = (=1)™ kl;;g/ﬂuj{k]D“rbdm = kli}rr;ﬂ/ﬂqﬁD“uj{de:c =0
Q O



that s, D™ = 0 in Qffev] = ), thus v € 000 By {en), we have w = O, which contradicts
(3.9) aud {3.12). The thearem s proved.

COROLLARY 3.4, Suppose §| < p < oo and w, v, € We(§2).Let A < | and the lollowing
condition hold: |

(eyy ifwe Py o WP e, ) and [”
Then (52,0, ) supports the weighted Poincard ineguality.

RO, Using Theorem 3.3, wath £'(50) “n wandr.

COROLLARY 3.5, Suppose | < padoo and w0, ¢ W) et 1, MW (G w vy,) =
{0}, 4 < 1. Then there is a constant. & such that

wwdx = 0, then w =1

/|'u.|‘“'rr,rd:r:ﬂ.h' Z ”D”“”ii.ﬂ.vu (3.13)
Q2
|erj=m
for all v € W7"P((Q; w, v, ).
PROOF. Using Theorem 3.3. with F'(u) = 0.
THEOREM 3.6. Suppose 1 < p < oc and w, v, € W.(),let F € W™P((Q;w,v,)* and
(c1),{cz), (c3) hold.If there exists a constant K such that the inequality (3.6) holds for all

u € WP w,v,), then A < 1.
PROOF. By the definition of A; there is a function u; € W™ ({1 w, vy}, with {[u;([m p.ow . <
1, such that

1 .
A; = 7 < Nlujllpsiw € A4; (€ N). (3.14)
Assume that lim A; = 4 = 1. Then (3.14) yields
j-oo
.lim H”j“p.ﬂ-",w =T (315)
Jj—roc

Since
“uj“p,ﬁf.tu < ”uj“p,ﬂ,w < “ujnm.p,ﬂ,w,va <1

the equality (3.13) imphes

lusllpow — 1 as j— oo, (3.16)
”“j”m,p,ﬁ.w,ua —1 as J — 00, (3.17)
and consequently |
Y 1Dl g, =0 as j = oo, (3.18)
|| =mn
lujlip.0; 0 — 0 as j -+ o0, (3.19)

By (3.17), the sequence {u;} is bounded in W™P(Q;w,v,), and, consequently, the sequence
of real numbers {F{u;)} is also bounded. Thus there is a Cauchy subsequence {F(u;u;}} of

{F(u;)}.
Using (3.6), we have

/D k) — wj|Pwdr

-

Sy B P
< K ||F(ym — o)l + D 11D (i = wio)lpa.e,

fee|=m

)

< K | 1F(uj0 — wi))P +2770 Y IID%(w)ihee, + 2077 > 1ID* ()i,

Jix]=m la]=m

. —

By (3.18), the sequence {uj)} is the Cauchy sequence in LP({); w). Therefore there exists
u € LP{(}; w) such that
Ujk) T U 1 Li{g,‘lﬂ) as j'—} 0. (320)



Using (3.19), we have
(< ””Hp.tz,m < H'”- - '”-J'(k}|fp,n,m ol ll'ff-J[;;][|;;,511{A,,,..; - {L

Henee == 0, which contvadiets (316} awd (3.20). The theorem 15 proved.
CIOROLLARY 3.7, Suppose 1 << p < ou, w1, € Wo(82) and w € L1(§2) and let condition
(¢4) holds. I (82, w,v,) supports the weighted Poincard jnequality, then A < 1.
COROLLARY 3.8 Suppose i < p < oo, w, v, € WA} and let Z_ OW”P({lw,v,) =
(0}, If there exist a constant K such that, the inequality (3.7) hold for all uw € W (82 0, Vn )
then A < 1.

From Theorem 3.3 and 3.6 we have
THEOREM 3.9 Suppose 1 < p < oo W, vy € We(w), let £ € WP w,v,)" and
conditions {¢;), (r2), (cz) hold. Then there exist a constant K such that the inequality

Llu|*’1ud:1: < K ||F(u)|? + Z fD%ul} ..,

|ox|=m

hold for all v € W™P(§); w,v,) if, and only if, A < 1.

From Corollary 3.4 and 3.7 we have
THEOREM 3.10. Suppose 1 < p < o0, w,va € W,(Q),w € L'(f}) and let condition (c4)
holds, Then (£, w,v,) supports the weighted Poincaré inequality if, and only if, A < 1.

From Corollary 3.5 and 3.8 we have
THEOREM 3.11. Suppose 1 < p < 00 and w, vy & We(Q2).Let Py N W™P(w,v4) =
{0}. Then there exists a constant K such that the inequality

[ﬂ Wrwde < K Y D%l

laj=m

hold for all v € W™P(Q; w,v,) if, and only if, A < 1.

REMARK. Ahove necessary and sufficient conditions, we have got, for the weighted
Poincaré inequalities to hold use the ball measure of non-compactness of the natural embedding
of WmP((h:w, va) in LP(£;w). In the following, we try to discuss same problem by the compact

embedding of W™?(Q; w,v,) in X{§) or L?(Q,v).
THEOREM 3.12. Suppose 1 < p < o and w, vy € Wc(Q2).Let F € W™P(Q;w,v,)* and
canditions (c1), (¢2), (ca) hold. If one of the following conditions {¢cs}, (cs) and (c7} is satisfied,
(e5)W™P(Q w,v,) = X({]) and there is a constant C such that

ullp.ow < Cllullxn

for all w € W™P{(h w, vy).
(cg)W™P(, w,vy) <= X (£} and there 1s a constant C such that

”U“m,p,ﬂ,w,va i CHU”X(Q}

for all u € W™P((; w,vy)-
(c7) There exists v € W,({1) such that

WP w, ve) o LP(v)
and w < v on 2, then there is a constant K such that

f{u[?}?udz;g K P + Z HDE‘HHQQ,%
Y.

|w|=m

for all u € W™P(C} w, vy).
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PPROOF. (¢5) is satisfied.
Suppose that Theorem 3.12 is false. Then there is a sequence {n;} C W™P(; w, v4) such that

/ fu i [Pwde = U forall jEN (3.21)
S
[ ) 2 0 as j - oo (3.22)
and
3 1Dl g, =0 as § o0 (3.23)

|re|=10

By (3.21) and (3.23), the sequence {u;} is bounded in W™ (Q; w, vy ). Since W™ w, v,) o=
X (), consequently there is a subseguence {u;()} which is a Cauchy sequence in X (f1), that
is, there exists » € X{§1) such that

wjey = u in X{{}) as k- 00 (3.24)

By ”Hj{k)np.ﬁw < C”uj{k]ll.k’{ﬂ): we have

ujy 2 u i LP{Qw) as k2 o (3.25)
By (3.25) and (3.23), we have
wipy = ot WP(hw,v,) as k — oo

According to (1), Flu;xy) = F(u)(k = co). By (3.22), we have Flu} =0,
Let ¢ € C§°(€2). Then by (3.24) and {3.23),

k=00 k—oo

/ ¢D"udx = (-1)’“‘/ uD%dr = (-1)™ lim | ujyD%¢dz = lim / dDujpdz = 0
Q 9) 0 0

that is, D%u = 0 in Q|| = m), thus u € Py,—y. By (¢3), we have v = 0, which contradicts
(3.21) and (3.24). Similar discussion is available for cases (¢} and {(c7} and the theorem is
proved,

COROLLARY 3.13. Suppase 1 < p < 00,w,Us € Wo(),w € L1(N) and let {¢q) hold.
If one of the conditions (cs), (cg), and (c7) is satisfied, then (2, w,v,) supports the weighted
Poincaré inequality.

COROLLARY 3.14. Suppose 1 < p < oo and w, vq € W (Q}.Let B - i NW™P(w, v, ) =
{0}. If one of the conditions (cs), (cs), and (c7) is satisfied, then there is a constant K such

that
/|u|”wd:1:£ﬁ' Z 1D%ulif ..
Q

|| =

for all w € W P(Q; w, v, ).

REFERENCES

1 C.J.Amick, ‘Some remarks on Rellich's theorem and the Poincare inequality’, J. London Math.
Soc.(2) 18 (1978) 391-328.

2 D.E.Edmunds and W.D.Evans, ‘Spectral theory and embeddings of Sabolev space’. Quart. J. Math.
Ozford Ser. (2) 30 (1979) 431-433.

3 D.E.Edmunds and W.D.Evans, Spectral theory and differential operators, Ozfora University Press,
{zford, 1987,

4 R.Hurri, “The weighted Poincaré inequalities’, Math. Scand. 67 (1990) 145-16D.

5 A Kufner, Weighted Soboleu spares, Chichester 1985

6 A.Kufner and B.Opic, ‘How to «efine rcasonably weighted Sobalev spaces’, Camnent. Muth.

Univ. Carolinae. 25 (3) (1984) 537-554.
47



T D.E.Edinunds and B.Opic, ‘Weighted Poincard and Friedrichs incqualities’ J. London Math. Soe.
{2} 47 {1993) 79 96.

K DB Edmunds, B, Opicand L2k Poineardé and Friedeichs inequeities ta abstract Sabolev spaces’,
Muth, Proc. Catah, Phal. Soco TL3 (1993) 355 4740

9 D5 Edmnnds, B.Opic and 1 Rakosnik, ‘Poineareé and Friedrichs inegoalities in abstract Soboley
spaces(2)', Math. Proe. Camh. Plal. Soeo B1D (1991, NooL, 16D 173

43



Weighted Poincaré Incqualities on One-Dimensional Unbounded

»
Domains
Abstract---- In this paper, we discuss the weighted Poincaré inequalities on one-
dimnensional unbounded domains and give seflicient. conditions for them to hold.
Key Words ——-Weighted soboley spaces, Poincard inequalities, Unbounded demains.

1 INTRODUCTION

The importance of Lhe Poineird mequalities in the theory of differential equations is well-
kuown, and much elfort has been devoted Lo the stiudy of those inequadilies; including the
provision of necessary and sufficient condition for them to hold. For details of some of this
work we refer to Amick[1], Edmunds and Evans[2,3], Hurri[4], Kufner and Opic[6], Edmunds
and QOpic(7,8,9], Elcrat and Maclean [10], Wang, Sun and Zheng (11]. [4] is concerned with
weighted Poincaré inequalities. [7] is concerned with Poincaré inequalities in weighted Sobolev
spaces WHP(Q; w,v), necesary and sufficient conditions for the Poincaré inequality to hold are
given. [8,9] show the Poincaré inequalities in abstract Sobolev spaces. {10] presents Poincaré
inequalities in the weighted Sobolev spaces W1P(}; ¢, ¢), where §) is one-dimensional un-
bounded domain. We discuss the weighted Poincaré inequalities of the weighted Sobolev spaces
Wmo(Qw,ve) in [11].

In the present paper, we deal with the weighted Poincaré inequalities in weighted Sobolev
spaces W™P(§}; 2%, 2°) and W™P({{); w,w), where 1 is one-dimensional unbounded domain,
and give sufficient conditions for the weighted Poincaré inequalities to hold.

2 PRELIMINARIES

Let 2 be a one-dimensional unbounded domain in R. Suppose 1 < p < o0 and § € m <
00,a,3 € R. The weighted Sobolev space W™P({}; 2%, z°) consist of all those function u(x)
such that «{™)(z) exist on §? and this space is equipped with the norm

1
”“(m)||111.IJ,£'L:1:"',:E‘? — (“U(I)“g,n,za + ”u(m](m)“;g}‘mﬁ)p

where .

) e = ( [ 1u(m;|vmndm)‘° |

LEMMAZ2.1. Let z* € L*{?). Then the weighted average ug 2« of a function u(z) over {2,

un e = ( /ﬂ xd) ( /ﬂ u(a:):n"‘d:c) ._.

is finite for all u € W™P(Q; 2, z5).
| The proof is given by {11].

LEMMA22. Lot 1 <p<oo,0<m<oo,e>0,2={g00},a B¢ fz®c€ LY. Then
the following conditions are equivalent:

(1) there exists a positive constant K, such that

/ lu(x)}|Px%dz < K| (/ u(z)z"dr
¥ {2

(2) there exists a positive constant K3 such that

P
) :
+[Julm (z)ﬂg,w) ,

() ~ ug el < Kollut™ (2)llp0.005
(3) there exists a positive constant Ky such that

inf |[u = cllpaze < Kalu®™ (@)llp .00

where u(z) € W™P({), z%, z7). 19



Proor. (1> (2): Letow{e) o W Qe ). Then the fanction w(r) — gy 0 C

P (e gy and
/ () - gy e prTdde = AL
ERY:

By (1}, we have
; 1
o) = e lpee = ([ 11le) = o ze P2 )" < BF ™ @)l
(2) = (3): Let u{z) € W™P(Q; e, 7).

igglln(r) — cllpee < Hule) — uqzallp sz < Kallut™ (@), 0.0
C

(3) = (2): For u(z) € W"¥{}; ™, 27} and ¢ € R we have

|u(z) — ug g0 “.ﬂ.fh:c“ < Hlufz) - C”Pﬁmﬂ?“ + ||le — uq e ”p.ﬂ.z“-

Moreover, using Hélder's inequality, we obtain

r i
F
lun.zo — ¢llpg,ee = / |tugy po — c[”m“dm}
/0

(L) ones) -
[ra) (]

: [ i) - ey
Ly

fﬂ ywy)"% ( fn |<u(y)—c)ipy&dy)” ( fﬂ yﬂdy)i)

fu — "-*'“p?ﬂ,m“

p ’
madm]

2 :
:n“d:r.:]

/ (u(y) — c)y“dy
{1

(¢ is the conjugate index of p). This inequality and (2.1) imply
(2} — uneslpoee <2 10f lu(z) — cllpaee < 2Kslu™llp0.0e-
(2) = (1): Let u(z) € W™P(Q; 2+, z°). Since

[u(z)p0.eo < Hlunzellpoes + v~ vz llpoz-.

and
7
gz llpoee = ( [ oo |”:c“d:c)
Q
:
= |ug g ] (/ :B“da:)
0
= ([ m“da:) /u(r)m“dm (/ x“dm)
0 Q 0
-
= (f :E”d.‘r) /u(:r):r“d:r
02 0
We have

-1
g

+ ||u($) — UQ po ”p,ﬁ,m“ -

(@) ]y.2.00 < ( /ﬂ mx)

f u(z)xdr
th0

(2.1)

(2.2)



This incguality, together with (2), yields

/s:z [P a dr = Jlulll o o
- Lo
< (/ .-r:”nf:r:) | |/ ()™ ide
|\ Y
. v og »
< 2 1 l:(/ .,:”“f.;,.-) '/ 'u,(;l:]'.l:“fd;l:‘ -+ {1 — ug;l,n“::'““r“l
'y, Ja

P
-$- ||1L(.H) - TI‘{},J:“ “I"”‘I“:I

- e »

< 2r-1 (/Q :{:“dﬂ:) /ﬁu(.:r)m“dm + KZHU(m}”;n,mﬂ}
! ,

<& (| [ wtoisds] + 1™ @0 )

where

2
K, =2p_1max{Kg, (/ :B“d:i:) q}.
Q

LEMMAZ2.3. (The Hardy inequality, see [7] (3.33}) Let 1 < p < o0,a > 0,81 = (a,o0},a,8 €
RB>p—-la<f-~pz*e L'(). Let u(z) € AC(f?) and 1Ln;0u(:1:) = 0. Then there is

constant J such that

/}u{z}P’x“d&:ﬁK[ L (2)P 2P dz.
{1 y.

3 THE WEIGHTED POINCARE INEQUALITY

THEOREM3.l. Let 1 <p<oo,0<m < oo,a>0,0=(a,00),a 8¢ R and 2* € L}(Q).
Assume that:
(1)B>p-lLa<f—p
(2) u(zx) € W™P(Q; x>, 2”) such that
u(2) € AC(Q), and, v (z) = 0(z = 00),0 < j < m.

Then there exists a constant K such that

/ lu(z)iPzde < K ( / u(z)zdz
0 t:

PROOF. We have from [7, example 5.4] that there exists a constant K, such that

p
+ ||'u.(m)(;1;)[|;n’$ﬁ+{m_lh,) .

ég.{F‘E ”U“(T-) - C“D,ﬁ,:c“ i Klll'u'i(m)”p,ﬂ,mﬂ . (31)

Since
() € AC(R), and, u'z) > 0(z > o0), 0<j<m,

by Lemma 2.3, then there exist the constants Ka, K3, - -, Ky, such that
1 (2)lp.0.08 < Kollt® (@) 064e <+ < Kmllul™ (@)l 0,20+m-1s-
By (3.1), we obtain

HE]E |u(z) — ellpsree < K KmH“{m)(m)”p,ﬂ,mﬂ'l'l"'"lip-
C

According to Lemma 2.2, there exists a constant K such that

/ ju{z)|Px*dr < K ( / w(z)zdx
Y L§) 51

P
I @I g s )




r]wIlIG(}‘.I{,l'}]\.»’ILIi.‘.:2. Let T < p<ou, 0 <m < oo and § = [0,00). Assume that:
() w{a), )0 < § < m) are locally absolutely continnons on §2;
(2) w(0) = 0,w(x) > 0, and Aw(r) < (=1)"w!™) (z) on 1 for some A > 0;
(3) [u(x)Pw™ = {x) = 0(x = o0);

()P [ut®) (@) |wt™ T F D () = 0 — 00), 1 < k < m;
(4) there exist positive constants Cy, (s, -+, Cr—1 such that

Cro ) wlz) || u®{2) L anle) > | v (2) ) ub{r) | w™ k1 <k <

b

. N T l :.._:ni_ t ;‘ I . |
It < (0 PR e (3.2
Q )

PROOF. We suppose without loss of generality that [, |u(z)|Pw(z)dx > 0, [ [ul™/(2)[Pw(r)dz <
o0 and m is an odd number.Let N be such that fon {u(z][Fw(x)dz > O for all n > N. Then in
view of (1) and (2) we may for each n > N apply integration by parts on [0,n] to obtain

A-[D |u(x)}|Pw(z)de
_ 2 2wl (1d
< - [ lu@ru @

i

—|u(n)|Pw'™ VD (n) + p[ﬂ u(z)[P~ o' () w2 (z) da
0
= —|u(n)"w!™ " (1) + plu(n) P~ ' () w7 (n)

- plp—-1) /0 ()"’ (2) '™ () dx

p / ()P~ [0 (2) ™ (2)do
{]

——
—

= —fu(n)Pw ™ (n) + plu(n) P~ [u'(z) ™D (n)
— plu(n) PP () (1) + -~ plu(@)P ™D () w(n)

o~ 1) /ﬁ " e ()P ™2 (2)de

+p(p—1) /[,n [ufz)”~? |u'(2)[|u™ (2)jw™ =% (z)da

— e p(p - 1) fﬂ ue) P2 (@) ™ (@) (z)da
# [ @P (o) dz (3.9
0

If 1 < p< oo, then by Holder's inequality we have

1

]” {EL(:E)IP"I[uim}{z}{w(r}d:f: < (/ﬂ [?ﬂm}{z}]*’w{&?}dz} ' [/“ }u(z)[pw(:r)dx} ’ . (3.4)
Q JO Q

By (3.3}, (3.4), condition (3),(4) and the Monotone Convergence Theorem, we have
X

A {/ ]u(:r)]”w[;n)d:r} ’ < (p+plp—- ERCK) [ [u["‘}(r)|pw(;r)d:n]
442

2

It implies that thearem 3.2 holds for 1 < p < 0.
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For p - 1, then (5.3) shows Lhat,

A -/;” Ju{e)w(e)dr

< = fu(n) et D G0 | () w2 ()
LB I ) - - [t D () [ ()

-I-/ [ a3 e (ke
Ju

and we finish the proof of theorem 3.2,
[EXAMPLESS. Lel | <p<oo,0<m < ool ) = [0,00). Suppase that w(x) = 2

and
T f € [0,1],

wfx) = { o™t it e (1, 00).

If n > m,then u{x) and w(z) satisfy all of conditions (1),(2),(3) and(4) in Theorem 3.2.S0 there
exist C;, 3, -+, Crm-1 such that

m—1 4
LIU(E)IPTU(I)dE < (}‘?-1'1*(}9‘";)3:::1 Ck) Llu(m)[I)IPW(m)dm’

(COROLLARY34. Let 1 < p < 00,0 <m < 00 and § = (—00,0|, Assume that:
(1) w(z), w9 (z)(0 < j < m) are locally absolutely continuous on £
(2) u(0) = 0, w(x) > 0, and Aw(z) < (-1)™w{™ () on Q for some A > 0;
(3) [u(@)lPw(™ (z) - O(z — —oo);
[ (P~ e @) o™ 22} 5 Oz = —00),1 < & < m;
(4) there exist pasitive constants Cy, Cq, -+, Cp_y such that

Ci | ula) || wh(2) | w(z) > |u' (=) || u*(z) |w™ 41,1 < k < m.

Thus

A

The proof is analogous to that of Theorem 3.2.A similar result can be presented as following.
COROLLARY3.5. Let 1 <p< 00,0 <m <00 and = (—00,00). Assume that:
(1) w(z), v (2)(0 < § < m) are locally absolutely continuous on §;
(2) w(z) > 0, and Aw(z) < (-1)"wi™(z) on O for some A > 0;
(3) [u(@)[Pwf™ (z) = 0(x - o0):
e () [P Hu™® () jwlm - -U(1) 5 0(z = 0),1 < k < m;
(4) there exist positive constants Cy,Cs, -+, Cr—y such that

. -~ i’
/ felx ) [Pro(xjde < (EH- Py = D5, Ck) / 1™ (e} Pw () ds.
{ 02

Ce | u(z) || u*(z) | w(z) > | v (z) || u*(z) [w™* 1<k <m.

We have B ,
/ [u(z)Pw(z)dr < (“m_;jg’“l C’“) / [ut™) (z)|Pw(z)dz.
0 193
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On Hopf Cyclicity of Planar Systemswith Multiple Parameters

Ahstract In this paper, we discuss Lhe miaxianal number of lunit cycles which ap-
pear under pertorbations in Hopl bifureations by using degenerade lirsi-order Melnikov fnne-
Lion will wmaltigde parameters,

Key Words-~ - limit eyele, Hopl bifurcation, eyclicity, Melikoy function.

1 INTRODUCTION

We shiall consider a plane systean of the form

do= M, +eplr,y,€,8)
§= —H, +eq(z,y, € 8) (1.1)

where ¢ is a small parameter, d € D ¢ R™ with D bounded,n > 1,and H,p,q are C* func-
tions.Suppose the unperturbed Hamilton system

i = H,
g =—H, (1.2)

has a family of periodic orbits {L : h € J} with J an open internal. We may suppose J = (0, i)

and the limit gim L; = Ly exists and is an elementary center.If the limit hlimh Ly = Ly, exists
~3 0 — 10

finitely.it is usually a separatrix cycle.For Eq.(1.1) the problem is to find the maximal number
of limit cycles in a given neighborhood of the union ) L. For details of some of this work
0<h<hyp

we refer to Bautin [1],Blows and Lloyd {2],Cima,Gasull and Manoss {3],Han [4,5,6},Han and
Chen [7],Han,Ye and Zhu [8],Han and Zhang [9),Han and Zhu [10],Li and Zhang [11],Lins,De
Melo and Pugh [12],Lloyd and Lynch [13],Luo,Wang,Zhu and Han [14],Mardesic [15].

In this paper,we consider the problem of cyclicity in the Hopf bifurcation for general system
(1.1} with multiple parameters.We suppose that Eq.(1.2) has an elementary center at the origin
and that

Hiz,y) = K(z* +¢°) + O(lz,4*), 2*+¥* <L, K >0 (1.3)
and that the periodic orbits Ly are level curves of H.
In studying,we use a return map of the form

P(h’l 516) - h - M[h,ﬁ)ﬁ + Mz(h,(s)fz 4 .- .

where
M(h,5) = 55 (Hyq + Hayp)dt)eco, (14)
Ly

we call M(h,§) the first-order Melnikov function of system(1.1).
2 THE MAIN RESULTS AND PROOF

THEOREM 2.1. Suppose the C® system (1.1) satisfies Eq.(1.3).Let
Mh,8) = by + b (D)W + -+ b (SR + O3, 0 < h < 1, (2.1)
and

bJ('SU) - []‘-IJ = {]? 11' ) 'Hl'::
O(bio, -, bix)
8(61, e >6k+1)
Obs0, " -, bsk)
det
8(611 - ”16.\‘6—}—1)

det

(6{]) :U,i:{},l,"',S—l,

where 60 < D,(S{) = ((510,"‘,6710)11"!- >k 2 15bij == %]_525'!3 = 0111”'1395 = 0?13“':k:and 515 a

nonnegative integer.If there exist a vector val%%d function ¢(e,dkr2,7-+,0n) € R¥*! such that



q.(1.1) has a center at the origin for (8,8 ,) = (e, 0k 2, -, 8,), then Lq.(1.1) has at
most k limit cycles near the ongin for & ¢ D and Je] + 18 = 8 sufliciont)y small and k lmit,
cycles can appear for some (e,8). In other words,(1.1) has cyclicity k at the origin for § € D
and fe| 4 18 = ! sufliciently small.

I’ROOI.Let u{t,¢) denote the solution of . {1.2) with the initial value (c,0).From Fq.(1.3),we
have

!f{f",[}) = f‘z(!"t' "I’ iﬁt(f-:]),x‘.;((]) —_ 0,.5' E CC!C!
(6 r(e) = r'\/}'{‘_Ti'-':‘;"(.::)'.'[*hml G e eoSinee I is o fivst integeal of (1.2),we have
H{u{t,e)) = r*{c),t € R.

Let c=c(r) is a unique inverse of r=r(c¢) and v{t,r)=u{t,c(r)).Then H{z,y) = ¢ defines a closed
curve L, which is a periodic orbit of Eq.(1.2) having period T(r).Thus we have

H(uv(t,r)) = r* o(T(r),r) = (¢(r),0).
Obviously,v(t,r) and T(r) are C* functions and 7(0) > 0.Let

T(r)6

o 7).
Then G is C*° and 2n-periodic in §.By [10,Lemma 5.14] or [14,Lemma 4.4.3],the transformation
(x,y) = G(6,r) carries Eq.{1.1) into the system

_ 2 [, Gy A((G,€,8),(Gy e, 8))
T(T) G*r’ﬁ‘ (Hy(G):"H:c(G)) ‘

= o= DH(G) - (p(G' ¢,6), (G, ,8))T- (2.3)

G(#,r) = vf

:

By H(G) = r*,we have DH(G)G, = 2r.Using (1.3),we have G, A(H (&), — H,(G)) = +2r Noting
that p(G,€,90),¢(G,€,8) = O{r},Eq.(2.3) is C>.Then we obtain the following C*® 27-periodic
equation

dr
i eR(6,7,¢,0) {2.4)
where T
R(8,0,¢,6) =0,R(6,r,0,8) = 4:? DH(GY} - (p(G,O,J),q(G,O,é))T. (2.5)

It is clear that system (1.1) has a limit cycle near the origin if and only if the cylinder equation
(2.4) has two 2x-periodic solutions near r=0(one is positive,the other is negative).
Let P(r,¢,6) denate the Poincaré map of Eq.(2.4).Then we can write

P{r,e,8) =r +erF(r,eé), (2.6)

where

2
rF{r,0,8) = / R(8,r,0,8)d6 = Ry(r,d).
0

Since § > 0 for € small,the origin is stable (resp.,unstable} for Eq.{1.1) if and only if the zero
solution of Eq.{2.4) is stable (resp.,unstable). We have

r|P(r,€,8) — 7] = er’ F{r,e,8) > 0(or < 0), for all v small (2.7)

for fixed (¢, )
By [6,Proof of Theorem 1.2],we obtain the relation between the function Ro(r,d) and
M(h, &):
M(h,8) = rRy(r, d),

for »r = VA, & > 0. From Eq.(2.1) we have

k
Ro(r,d) =r [ Z b, (8)r*d + O(r“”)} :
=0 56



Note that the Poincaré map Pr, e, 8) is O in r.We can write

(r ¢, d) Z e, 800 + ¥ T20(r €, 8), (2.8)

FY

where Q is O™ inr and
Cyi(0,48) = 0;(8), Cojy (8,8} = 0,5 =0, 1,-- - %

By Eq.(2.2),the equations b,; = Cy;(c,8),7 = 0,1,---, khave a vector valued solution of the
form

(‘511 T 6k+l) = (E(Q bS’Ur v -.-bﬂkaék+21 Tt )'511) (29)

for § € D and le| + |6 — &} sufficiently small.Since Eq.(1.1) has a center at the origin for
(81, ,0rp1) = @€, 8xp2, -, 0n),we have P(r,¢,8) — 7 = 0 and especially C2(e,8) = 0,j =
0,1, -, k.The implicity function theorem implies that

&’(Ewbsﬂs"'vbskadk-i—ﬁt'"&‘5?‘3) — ¢[515k+2," ',611} — b,gj — O,_? = 0,1,"',k. (2.10)

Substituting Eq.{2.9) into Eq.(2.8) yields that

F(ri , (5) [bSJ?EJ + Cﬂj'i-l (E? [,:'S., 6k+21 T 61’1)112:;4-1] + r2k+2Q(T: €, J)! 6k+2: Ty 5")

i

0
= F*(r,e, 1), (2.11)

T
1l

where = (bso, -+, bsk, Ok+2, "+, 0n). Then from Eq.(2.10) and our assumption,we have that
F*(r,e,u) =0 for b;; =0,7 = 0,1, -+, k.Hence we can write

k
Cz;‘-a-l(ﬁ,ﬂ?h O42, ,0n) = fzbﬁAij (53#),

k
Q(T& €, (}j-, 6&4—2; R 6?1) = Z bsi@i(rz £, #]- (2.12)

t=0

By (2.7) and (2.11),we have
Coji1{6, @, 0kt2, ", 0n) =0 asbi=0,4=0,1,---,4, i =0,1,---,%
Thus,from Eq.(2.12},we have
Ay =0 forj+1<i<k, j=01,--+,k~1. (2.13)

Substituting Fgs.{(2.12) and (2.13) into Eq.{2.11),we have

k
F*(r,e i) = ) bygr™ Pi(r €, 1) (2.14)
j=0
where ,
Pi(rye,p) = 1+ e Ayle, p)r? 0% 4 279000, e,4),0 < j < k.
i=j
From Eq.(2.11),it is easy to see that F* can have k positive roots in r for some (€, bs0,- by ).From

Eq.(2.14) and by the technique of Bautin[l],we can prove that F* has at most k roots in
» > 0.The proof is analogous to that of [6,Theorem 1.3].This completes the proof of Theorem

2.1.
C'OROLLARY 2.218) Suppose the C system (1.1) satisfies Eq.(1.3).Let

M(h, &) = bo(8)h + by (8)h® + - S? (8R4 O(R*2),0 < h « 1,



atd

hy(dg) 0.5 -0 01k,

H“J“, e ,h,l.-) -
- ’”(fﬂa”';"ﬁ-| |)(h“) # 4,

where dy G Doty = (S, -+, d00) 1 > & 2> LT there exist a veetor vadued fimetion (e, 85 1, - - -,
Sy ) € BYUY quel that Eq.{1.1) has a center ab the origin for (8, depi ) = @le, Sigay -0 80,
then Beq.(1.1) has at most k limit, cycles neiw the origin for 6 € D and fe] + |6 — &] sulliciently
sinalland k limil eycles can appear for some {(¢,4). In other words,(1.1) has cyclicity k at the
origin for 4 € D and |e| + |0 ~ dg| sufficiently small.

THEOREM 2.3 Suppose the the C* system (1.1) satisfies Eq.(1.3).Let p,q are polynomials
of degree s+1 for § and bs; of Eq.(2.1) satisfies:

(Drank pesged (55) = &+ 1,1 > k,do € D, by = %ﬁz =0,1,--+,8,7=0,1, -k
(2)as bg;(8) =0,7 =0,1,---,k, Eq.(1.1) has a center at the origin.
Then Eq.(1.1) has at most k limit cycles near the origin for 8 € D and |¢| + {6 — &g/ sufficiently
small,and k limit cycles can appear for some (¢,d). In other words,(1.1) has cyclicity k at the
origin for 4 € D and |¢| + |4 — &¢] sufficiently small.

PROOF.By (1),without loss of generality we may suppose

Obso. -+ bak)
d.ft 5 01
‘° a(él,---,ml)( o} #

Since p,q are polynomials of degree s+1 for 4,b;(; = 0, 1,---,k) are polynomials of degree s+41
for 4. Then the equations &;; = 0,7 = 0,1, -,k have a vector valued solution of the form

By 2 6hs1) = $lrgz, -, 6n).

Then (d10,---,00,641) = ¢(dok+2, +,d0n). By Theorem 2.1,Eq.(1.1) has cyclicity k at the
origin for |e] + |6 — dp| sufficiently small. The proof is completed.

2 EXAMPLE

EXAMPLE. Consider the system
t =1y — e[ﬁfn: -+ 632,:1:2 + {8, + 52):::3 + 52:1:"‘],
3} = _(I + Iz)!

where ¢ is a small parameter,§ = (6;,d;) € D C R? with D bounded.

Let ) ! \
H(z,y) = ~¢y* + ~22 + =2°
(z,y) 5Y +2x +3:1:,

then Eq.(1.3) hold.By Eq.(1.4},we have
M(h,8) = 8] My (h) + 82 My (h) + (8; + &) M3(h} + 82 M4(h),

M;(h) = }{ widy,i = 1,2,3,4.
. JH=h

Note that z? = 2h — y? — 223,2h — y* = 2* + £x3,along H=h,we have

] 2 2
Ma(h) = f (2h ~ y* ~ 22%)dy = - = Ma(h),
He=h 3 3
] . 4 ‘ 4
My(h) = f (2h — *)° - -2} (2R —yH) + -a':ﬁ]dy
I1=h 3 0
S S N
- _ i 4 2%+ 220)d
fi‘f::&h 3T(£+3:c)+g:r]y
4 4
=~ SMy(h) — SMo(h).

98

(3.1)

(3.2)



Inserting the above into Eq.(3.2),we have

. 2, o 4 4
M (h,8) = SLMy(h) = SOEMa() + (81 + 82)My(h) = 582 M (R) — 582 Mo(h)
. _ ) 4 4
= STMU(R) + (61 + 82 — 03 Ma(h) — 582Ms () — 562 Mo(h).

By Green's formnla and then letting
o reosfl, oy = rsinf,
we can obtain by (6]

My (h) = Nt + O(R'?), i =0,1,2,
Mg(h) = O(h%),

where

20 121 2 1
Ny = - &t / cos? 9dl £ 0, i =0,1,2.
1]

i+ 1
Thus we have
M{(h,8) = bo(8)h + Dy (8)A? + b2 (8)R® + O(*)

with that
bo(6) = Noods
b1(6) = a187 + Nigdy + Niodz — %Nwﬁ%
by (6) = @28t + agdy + azds — as %6‘; — %Nggé‘g
where a;, a2, a3 are constants independent of §.Then we have
b;(0) =10, =0, detg—g?:-%(m =0, detag(’;‘:g;) (0) # 0.

By [6,Lemma 3.1],Eq.(3.1) has a center af the origin.By Theorem 2.2,Eq.(3.1) has cyclicity 1

at the origin for |e] + |8] sufficiently small.
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