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(PcVsgnh_iQwX_S)�G"6�"���H#�[ 3 u�qr\TxYbtRdej^ol.1. P64, Ex3 (1)`�Dr β R). α1, α2, α3 � 	��9�8� c1, c2, c3�\M�c1α1 + c2α2 + c3α3 = β�A























−1c1 +2c2 −4c3 = 8

3c1 +c3 = 3

7c2 −2c3 = −1

−5c1 −3c2 +6c3 = −25<�'021 c1, c2, c3  � ,�N��, :3O=
A =













−1 2 −4 8

3 0 1 3

0 7 −2 −1

−5 −3 6 −25













−→













−1 2 −4 8

0 1 −9 −28

0 0 1 −3

0 0 0 0











�(K��






c1 = 2

c2 = −1

c3 = −3A�β = 2α1 − α2 − 3α3�	})�'. �j^ol.2. P73, Ex7vf�Dv β R). α1, α2, ..., αs �' � 	��%?b α1, α2, ..., αs� �2�QZ α1, α2, ..., αs  � N9 l1α1 + l2α2 + ... + lsαs = 0.(. β R). α1, α2, ..., αs � 	���)�8 k1, k2, ..., ks�{�
β = k1α1 + k2α2 + ... + ksαs��(
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β = k1α1 + k2α2 + ... + ksαs + l1α1 + l2α2 + ... + lsαs

= (k1 + l1)α1 + (k2 + l2)α2 + ... + (ks + ls)αs .�	� �' �9


























k1 + l1 = k1

k2 + l2 = k2

...
...

...

ks + ls = ks

⇒



























l1 = 0

l2 = 0
...

...
...

ls = 0�)�α1, α2, ..., αs � �2�Dv α1, α2, ..., αs � �2�%?b β R). α1, α2, ..., αs �' � 	��+� β R). α1, α2, ..., αs � 	���)�8 k1, k2, ..., ks ∈ K�{�
β = k1α1 + k2α2 + ... + ksαs�r:�8 l1, l2, ..., ls ∈ K�{�
β = l1α1 + l2α2 + ... + lsαs��(�
k1α1 + k2α2 + ... + ksαs − (l1α1 + l2α2 + ... + lsαs) = 0

⇒ (k1 − l1)α1 + (k2 − l2)α2 + ... + (ks − ls)αs = 0�.1 α1, α2, ..., αs � �2��)


























k1 − l1 = 0

k2 − l2 = 0
...

...
...

ks − ls = 0

⇒



























l1 = k1

l2 = k2

...
...

...

ls = ks�)�	})�'. �j^ol.3. P73, Ex8vf��_-*?).Dv α1, ..., αi−1, β, αi+1, ..., αs � �2�9�8�n� 0  �
k1, ..., ki−1, l, ki+1..., ks ∈ K�{��
k1α1 + ... + ki−1αi−1 + lβ + ki+1αi+1 + ... + ksαs = 0 �U.���b�l 6= 0. r l = 0�. k1, ..., ki−1, l, ki+1..., ksn� 0�9 k1, ..., ki−1, ki+1..., ks�n� 0�{�
k1α1 + ... + ki−1αi−1 + ki+1αi+1 + ... + ksαs = 0 �U. <3(@ α1, α2, ..., αs� �2]&. �)�l 6= 0.0.1 β = b1α1 + ... + biαi + ... + bsαs�j bi 6= 0��)�
k1α1 + ...+ki−1αi−1 + l(b1α1 + ...+ biαi + ...+ bsαs)+ki+1αi+1 + ...+ksαs = 0

⇒ (k1 + lb1)α1 + ...+(ki−1 + lbi−1)αi−1 + lbiαi +(ki+1 + lbi+1)αi+1 + ...+(ks +
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lbs)αs = 0H*� lbi 6= 0��)�αi R). α1, ..., αi−1, αi+1, ..., αs � 	��3(@]&.�)�c	�U. �j^ol.4. P73, Ex9vf��. . Dv^'0 αi(1 < i ≤ s) $�e-�ia �X� 	��%?b α1, α2, ..., αs � �2. �_*?.Dv α1, α2, ..., αs � �2. +� α1, α2, ..., αs $�- 0 �X��) α1 �w� �2. .1 α1, α2, ..., αs � �2��)�8� K(1 < k ≤ s)�\M�α1, ..., αk−1 � �2�α1, ..., αk−1, αk � �2 (r<$ k ��8�9
α1, α2, ..., αs � �2).7/ia c	@��αk R). α1, ..., αk−1 � 	�. <3(@]&. �. �?.�% . �o. �j^ol.5. P73, Ex10vf��. . Dv ∣

∣

∣

∣

∣

∣

∣

∣

a11 · · · a1r

...
...

...

ar1 · · · arr

∣

∣

∣

∣

∣

∣

∣

∣

6= 0�%?b�β1 , β2, ..., βr � �2.�_QZN9 x1β1 + x2β2 + ... + xrβr = 0�.1














β1 = a11α1 + ... + a1rαr

...
...

...

βr = ar1α1 + ... + arrαr�)�x1β1 + x2β2 + ... + xrβr = 0 ⇔

x1(a11α1 + ... + a1rαr) + ... + xr(ar1α1 + ... + arrαr) = 0 ⇔

(a11x1 + ... + ar1xr)α1 + ... + (a1rx1 + ... + arrxr)αr = 0+� α1, α2, ..., αr � �2��)
(a11x1 + ... + ar1xr)α1 + ... + (a1rx1 + ... + arrxr)αr = 0 ⇔














a11x1 + · · · +ar1xr = 0
...

...
...

...

a1rx1 + · · · +arrxr = 0
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H*�21 x1, ..., xr  ,�N���Y|� ∣

∣

∣

∣

∣

∣

∣

∣

a11 · · · a1r

...
...

...

ar1 · · · arr

∣

∣

∣

∣

∣

∣

∣

∣

T

6= 0, �)














a11x1 + · · · +ar1xr = 0
...

...
...

...

a1rx1 + · · · +arrxr = 0

⇔















x1 = 0
...

...
...

xr = 0�)�β1, β2, ..., βr � �2.�% . Dv β1, β2, ..., βr � �2�%?b�∣∣∣∣∣
∣

∣

∣

a11 · · · a1r

...
...

...

ar1 · · · arr

∣

∣

∣

∣

∣

∣

∣

∣

6= 0.+�














β1 = a11α1 + ... + a1rαr

...
...

...

βr = ar1α1 + ... + arrαr�)�x1β1 + x2β2 + ... + xrβr = 0 ⇔

x1(a11α1 + ... + a1rαr) + ... + xr(ar1α1 + ... + arrαr) = 0 ⇔

(a11x1 + ... + ar1xr)α1 + ... + (a1rx1 + ... + arrxr)αr = 0+� α1, α2, ..., αr � �2��)
(a11x1 + ... + ar1xr)α1 + ... + (a1rx1 + ... + arrxr)αr = 0 ⇔














a11x1 + · · · +ar1xr = 0
...

...
...

...

a1rx1 + · · · +arrxr = 0�(�β1, β2, ..., βr � �2 ⇒















a11x1 + · · · +ar1xr = 0
...

...
...

...

a1rx1 + · · · +arrxr = 0

B/ 0 K.

⇔

∣

∣

∣

∣

∣

∣

∣

∣

a11 · · · a1r

...
...

...

ar1 · · · arr

∣

∣

∣

∣

∣

∣

∣

∣

6= 0. �j^ol.6. P79, Ex3vf�v�XN α1, α2, ..., αs ∈ Kn  E� r�αi1 , ..., αir �� '0>�� �2N. �D# αj1 , ..., αjr
� α1, α2, ..., αs Fp* r 0� �
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2 .N. �_%?b αj1, ..., αjr
�>�� �2N�B%?b�pm

αt ∈ {α1, α2, ..., αs}�$/ αj1, ..., αjr
, αt � �2. ~zt�αj1 , ..., αjr

, αt �
α1, α2, ..., αs  '0.N��) αj1, ..., αjr

, αt R. α1, α2, ..., αs � 	��( α1, α2, ..., αs R. αi1, ..., αir � 	���( αj1, ..., αjr
, αt R. αi1 , ..., αir� 	�. H*��_ �X0���) αj1, ..., αjr

, αt � �2. c	�?.

�j^ol.7. P79, Ex6vf�%?b α1, α2, ..., αn � �2�B%?b α1, α2, ..., αn  E� nAR. 8 Kn F��_(M@���J�XN ε1, ε2, ..., εn �� �2 �� E� n�(jp* �X$R. ε1, ε2, ..., εn � 	���) α1, α2, ..., αnR. ε1, ε2, ..., εn � 	�. ((@p*�X$R. α1, α2, ..., αn � 	���) α1, α2, ..., αn 3 ε1, ε2, ..., εn !E. �j^ol.8. P79, Ex7vf�v�XN α1, α2, ..., αs ∈ Kn  E� r�αi1 , ..., αir �g r 0�XN� .N��j α1, α2, ..., αsR. αi1 , ..., αir � 	�. %?b αi1 , ..., αir� α1, α2, ..., αs '0>�� �2N�T-ia J[�B%?b�αi1 , ..., αir� �2��(B%?b αi1 , ..., αir  E� r�+�(@ α1, α2, ..., αs R. αi1 , ..., αir � 	��j.N αi1, ..., αir R.>
 α1, α2, ..., αs � 	���) αi1 , ..., αir 3 α1, α2, ..., αs !E�!E�XN/�Æ E��) αi1 , ..., αir  E� r�c	�?� �j^ol.9. P79, Ex8vf�� ,�N x1α1+x2α2+...+xnαn = β /K⇔�X β R.�XN
α1, α2, ..., αn � 	���)�%p* β ,�N x1α1+x2α2+...+xnαn = β$/K ⇔ p* β ∈ Kn $R. α1, α2, ..., αn � 	��7. Ex5, Ex6p* β ∈ Kn $R. α1, α2, ..., αn � 	� ⇔ α1, α2, ..., αn � �2 ⇔) α1, α2, ..., αn �Y�X O= �Y| |A| 6= 0� �j^ol.10. P79, Ex9vf�Dv�_ E� r�j αi1 , ..., αir � α1, α2, ..., αs  '0>�� �2N�9 αi1 , ..., αir � �2j� α1, α2, ..., αs, β '0.N�0+�
α1, α2, ..., αs, β  E&� r�.ia J[�αi1 , ..., αir &� α1, α2, ..., αs, β  >�� �2N��( α1, α2, ..., αs, βR. αi1 , ..., αir � 	��( αi1 , ..., αir
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R. α1, α2, ..., αs � 	���) α1, α2, ..., αs, β R. α1, α2, ..., αs � 	���) β R. α1, α2, ..., αs � 	�� �j^ol.11. P79, Ex10vf�Dv αi1 , ..., αir � α1, α2, ..., αs '0>�� �2N�βj1 , βj2, ..., βjm� β1, β2, ..., βt  '0>�� �2N�9 α1, α2, ..., αs, β1, β2, ..., βt R.
αi1 , ..., αir , βj1, βj2, ..., βjm

� 	���)
rank{α1, α2, ..., αs, β1, β2, ..., βt} ≤ rank{αi1 , ..., αir , βj1, βj2 , ..., βjm

}

≤ r + m = rank{α1, α2, ..., αs} + rank{β1, β2, ..., βt}� �j^ol.12. P83, Ex4vf�+� U � Kn  '0 r �KSF��)�8 β1, ..., βr � U  '0=��( α1, ..., αr F ^'0�X$R. β1, ..., βr � 	��0(@ UF p8�X$R. α1, ..., αr � 	���) α1, ..., αr 3 β1, ..., βr !E��(�_/�Æ E�( β1, ..., βr  E� r��) α1, ..., αr � �2�A�_� r �KSFF r 0� �2 �X��)�� U  =� �j^ol.13. P83, Ex5vf�Dv U  ��� r�α1, ..., αs � U F s 0� �2 �XN�r r = s�9 < α1, ..., αs >= U�A α1, ..., αs(s = r) N� U  '0=�r
r < s�9 < α1, ..., αs >6= U��_% r − s L�4d�� r − s = 1 y�.1 < α1, ..., αs >6= U��)�8
αs+1 ∈ U j αs+1∈ < α1, ..., αs >�+� αs+1 �e. α1, ..., αs � 	���) α1, ..., αs, αs+1 � �2�( s + 1 = r��) α1, ..., αs, αs+1 � U  '0=�D# r−s = k yJ[�U�� r−s = k+1y�Æ$.1 < α1, ..., αs >6= U��)�8 αs+1 ∈ U j αs+1∈ < α1, ..., αs >�+� αs+1 �e. α1, ..., αs � 	���) α1, ..., αs, αs+1 � �2�( < α1, ..., αs, αs+1 > � s + 1 � ��( r − rank{α1, ..., αs, αs+1} = k�.4dD#��8 αs+2, ..., αr�{�:α1, ..., αs, αs+1, αs+2, ..., αr � U  '0=� �j^ol.14. P89, Ex3�`��_%O= A L��!��;�NR)l�O= E)@O=Y�XN >�� �2N�8 Y�
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A =













1 3 −2 −7

0 −1 −3 4

5 2 0 1

1 4 1 −11













−→













1 3 −2 −7

0 −1 −3 4

0 −13 10 36

0 1 3 −4













−→













1 3 −2 −7

0 −1 −3 4

0 0 49 −16

0 0 0 0











�) r(A) = 3�j A  isY�� �2 ��(�A  �SF ��� 3�A  isY�gYSF '0=� �j^ol.15. P89, Ex4�`�%O=zx�!�;�
A =









1 λ −1 2

2 −1 λ 5

1 10 −6 1









−→









1 λ −1 2

0 −1 − 2λ λ + 2 1

0 10 − λ −5 −1









−→









1 2 −1 λ

0 1 λ + 2 −1 − 2λ

0 −1 −5 10 − λ









−→









1 2 −1 λ

0 1 λ + 2 −1 − 2λ

0 0 λ − 3 9 − 3λ







�)�� λ = 3 y�r(A) = 2�� λ 6= 3 y�r(A) = 3� �j^ol.16. P89, Ex6�`�O= A /'0 4 IK|
A

(

1 2 3 4

1 2 3 4

)

=

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 im i2m i3m

1 im+1 i2(m+1) i3(m+1)

1 im+2 i2(m+2) i3(m+2)

1 im+3 i2(m+3) i3(m+3)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= i6m

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 1 1 1

1 i i2 i3

1 i2 i4 i6

1 i3 i6 i9

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣�+�`�Y| ID�j- 0��)�O= E� 4�j� i 4 YN�� Y�XN >�� �2N� �j^ol.17. P90, Ex8�vf�Dv A1  ��XN >�� �2N� αk1
, αk2

, ..., αkl
�9gR)5�C A  ��X�{A�� A  ��XN >�� �2N�.1

r(A) = r��)�%�C �X0�� r − l�( A1 / s ���)�C �
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��<Æ5 m − s��( r − l ≤ m − s ⇒ l ≥ r + s − m�A A1  E��1 r + s − m� �j^ol.18. P90, Ex9, 10�`�n I,= 0 4�Cu/ n2 − (n − 1) y�� - 0 4 0�C'/ n− 1 0�+(,=Cu/'�n� 0��)O=��\EO=�gO�ERe�- 0 4� 0�O= - 0 4�fY8�Æ��ÆYy�EO�� �j^ol.19. P90, Ex11�vf�(1)�_-*?)�Dv |A| = 0�9O= A Y�XN'#� �2��_B A Y�XN��β1 , β2, ..., βn�9�8�n� 0 � k1, k2, ..., kn�{��k1β1 + k2β2 + ... + knβn = 0�v |ki◦| � |k1|, |k2|, ..., |kn| FO�;�9 |ki◦| 6= 0�. k1β1+k2β2+...+knβn = 0@�k1ai◦1+k2ai◦2+...+ki◦ai◦i◦ +...+knai◦n = 0�( k1ai◦1 + ... + ki◦−1ai◦i◦−1 + ki◦+1ai◦i◦+1 + ... + knai◦n = −ki◦ai◦i◦

k1

−ki◦

ai◦1 + ... + ki◦−1

−ki◦

ai◦i◦−1 + ki◦+1

−ki◦

ai◦i◦+1 + ... + kn

−ki◦

ai◦n = ai◦i◦( | k1

−ki◦

|, ..., |
ki◦−1

−ki◦

|, |
ki◦+1

−ki◦

|, ..., | kn

−ki◦

| P��1 1��)
| k1

−ki◦

ai◦1 + ... + ki◦−1

−ki◦

ai◦i◦−1 + ki◦+1

−ki◦

ai◦i◦+1 + ... + kn

−ki◦

ai◦n| ≤
n
∑

l 6=i◦

| kl

−ki◦

ai◦l|

=
n
∑

l 6=i◦

| kl

−ki◦

||ai◦l| ≤
n
∑

l 6=i◦

|ai◦l| < |ai◦i◦|<3(@]&��)�|A| 6= 0�
(2) QZ�Y| |A(t)| =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

a11 a12t · · · a1nt

a21t a22 · · · a2nt
...

... · · ·
...

an1t an2t · · · ann

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

�9
(1◦)|A(t)| �21�X t  '0V!7��
(2◦) 8 t ∈ [−1, 1] y�\M akk >

n
∑

l 6=k

|akl| ≥
n
∑

l 6=k

|aklt|�
(3◦)T-ia J[�%p* t ∈ [−1, 1]�$/ |A(t)| 6= 0�0.1 |A(0)| =
n
∏

k=1

akk > 0��) |A| = |A(1)| > 0� �j^ol.20. P92, Ex1, 2, 3�`�(1) ,�N ���Y|
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|A| =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 im i2m i3m

1 im+1 i2(m+1) i3(m+1)

1 im+2 i2(m+2) i3(m+2)

1 im+3 i2(m+3) i3(m+3)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

6= 0�,�N/Kj/�'K�
(2) ,�N :3O= i s Y1� K|��

|A| =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 a · · · as−1

1 a2 · · · a2(s−1)

...
... · · ·

...

1 as · · · as(s−1)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

6= 0(,�N6 s 0,��g��O=�:3O= EO'� s��) r(A) =

r(A) = s < n�,�N/�k'K�
(3) ,�N :3O= A =













1 1 1 1

a b c d

a2 b2 c2 d2

a3 b3 c3 d3











� ��O=/'0 3 IK| ∣

∣

∣

∣

∣

∣

∣

∣

1 1 1

a b c

a2 b2 c2

∣

∣

∣

∣

∣

∣

∣

∣

6= 0�(j,�NB6 3 0�@X��) r(A) = 3�(� :3O= �Y|�� 0��) r(A) 6= r(A)�,�N�K� �j^ol.21. P92, Ex4�vf�,�N ��O= A�O= B '0K=�(�_/�Æ E��)O= A  �� 0  O/IK|&�O= B  O/I�� 0  K|�0+�,�N :3O= A&�O= B  '0K=�j A K|$� A K|��)O= A /'0I�!1 r(B)  �� 0 K|��) r(A) ≥ r(B)�(K= E�<Æ55O= E��) r(A) = r(B)��(,�N\M�
r(A) = r(A)�,�N/K� �j^ol.22. P99, Ex2�vf�Dv�XN γ1, γ2, ..., γs �3,�N =�K� η1, η2, ..., ηt !E � �2 �XN�9�+�h�� ,�N K N9qo�K�( γ1, γ2, ..., γs R). η1, η2, ..., ηt
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� 	���) γ1, γ2, ..., γs �,�N K�XN�
γ1, γ2, ..., γs � �2�%1,�N p*'0K η�η R). η1, η2, ..., ηt � 	��( η1, η2, ..., ηt&R). γ1, γ2, ..., γs � 	���)�η R). γ1, γ2, ..., γs � 	���)�γ1, γ2, ..., γs �3,�N =�K�� �j^ol.23. P99, Ex3�vf�+� n 4h�� ,�N��O= E� r��)� KSF ��� n− r�+(� p* n− r � �2 K$�KSF =�&N�,�N =�K�� �j^ol.24. P99, Ex4�vf�+� n 4h�� ,�N��O= E� r��)� KSF �����(KSFF� �2 �X0�O'� n − r��)KSFFp8K�XN E$�<�1 n − r��)�rank{δ1, δ2, ..., δm} ≤ n − r� �j^ol.25. P99, Ex5�vf�+�O= A  �Y|/'02K| Akl 6= 0��) A /'0- 0 n − 1 K|�0+� |A| = 0��) r(A) = n − 1�h�� ,�N =�K�6/'0K�X�0+� ai1Ak1 + ai2Ak2 + ... + ainAkn =

{

|A| (= 0) i = k

0 i 6= k
= 0,

i = 1, 2, ..., n��)�η1 �,�N '0K�0 η1 6= 0�.ia J[�η1 �,�N =�K�� �j^ol.26. P99, Ex6�vf�8O= B  �a7�C'� 0���O= A�9)O= A ���O= h�� ,�N3)O= B ���O= h�� ,�NÆK�j�O= A \M Ex5  �G�Dj �O= A  (n, j) �D4� ��2K|�T- Ex5  J[�A�� �j^ol.27. P99, Ex7�vf�+�) A1 ���O= h�� ,�N3)O= A ���O= h�� ,�NÆK��)�_/�Æ =�K��
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�( n − r(A1) = n − r(A)�r(A1) = r(A)�0+� A1 � A  i s �N� K=��) A1  ��XN >�� �2N&�O= A  ��XN >�� �2N��( A  " s �R). A1 �� 	�� �j^ol.28. P103, Ex1, (1)�`�,�N :3O= A =













1 −5 2 −3 11

−3 1 −4 2 −5

−1 −9 −4 17

5 3 6 −1 −1













−→













1 −5 2 −3 11

0 −14 2 −7 28

0 −14 2 −7 28

0 28 −4 14 56













−→













1 −5 2 −3 11

0 −14 2 −7 28

0 0 0 0 0

0 0 0 0 0











�),�NÆK3 {

x1 −5x2 +2x3 −3x4 = 11

−14x2 +2x3 −7x4 = 28�/'0�K�η0 =













1

−2

0

0











� ��h�� ,�NÆK3 {

x1 −5x2 +2x3 −3x4 = 0

−14x2 +2x3 −7x4 = 0�/W0L.�@X�x3 , x4�.
m x3 = 1, x4 = 0 )@ x3 = 0, x4 = 1 R)����h�� ,�N =�K��η1 =













−9
7

1
7

1

0













, η2 =













1
2

−1
2

0

1











�)�,�N K?� {

η|η = η0 + k1η1 + k2η2, k1, k2 ∈ K
}

=
{

η|η =













1 − 9
7
k1 + 1

2
k2

−2 + 1
7
k1 −

1
2
k2

k1

k2













, k1, k2 ∈ K
}

�
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j^ol.29. P104, Ex2�vf�n 0,� n 4-h�� ,�N/�'K
⇔ � ��O= E!1�@X0� n

⇔ � ��h�� ,�N��O= E&!1�@X0�
⇔ � ��h�� ,�NB/ 0 K� �
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