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ABSTRACT The methods of finite—-time thermodynamics are used to
find the optimal time path of an Otto cycle with friction and heat
leakage. Optimality is defined by maximization of the work per cycle;
the system is constrained to operate at a fixed frequency, so the
maximum power—is obtained. The result is an improvement of about 10%
in the effectiveness (second-law efficiency) of a conventional
near—sinusoidal engine.

Finite—-time thermodynamics is an extension ofconventional



thermodynamics relevant in principle across the entire span of the
subject, from the most abstract level to themost applied. The approach
is based on the construction of generalized thermodynamic potentials
(1) for processes containing time or rate conditions among the

constraints on the system (2) and on the determination of optimal paths
that yield the extrema corresponding to those generalized potentials.

Heretofore, work on finite—time thermodynamics has
concentrated on ratheridealized models (2-7) and on existence
theorems (2), all on the abstract side of the subject. This work is
intended as a step connecting the abstract thermodynamic concepts that
have emerged in finite—time thermodynamics with the practical,
engineering side of the subject, the design principles of a real
machine.

In this report, we treat a model of the internal combustion
engine closely related to the ideal Otto cycle but with rate
constraints in the form of the two major losses found in real engines.
We optimize the engine by "controlling" the time dependence of the
volume—that is, the piston motion. As a result, without undertaking
a detailed engineering study, we are able to understand how the losses
are affected by the time path of the piston and to estimate the

improvement in efficiency obtainable by optimizing the piston motion.



THE MODEL

Our model is based on the standard four—-stroke Otto cycle. This
consists of an intake stroke, a compression stroke, a power stroke,
and an exhaust stroke. Here we briefly describe the basic features
of this model and the method used to find the optimal piston motion.
A detailed presentation will be given elsewhere.

We assume that the compression ratio, fuel-to—air ratio, fuel
consumption, and period of the cycle all are fixed. These constraints
serve two purposes. First, they reduce the optimization problem to
finding the piston motion. Also, they guarantee that the performance
criteria not considered in this analysis are comparable to those for
a real engine. Relaxing any of these constraints can only improve the
performance further.

We take the losses to be heat leakage and friction. Both of these
are rate dependent and thus affect the time response of the system.
The heat leak is assumed to be proportional to the instantaneous
surface of the cylinder and to the temperature difference between the
working fluid and the walls (i.e., Newtonian heat loss). Because this
temperature difference is large only on the power stroke, heat loss
is included only on this stroke. The friction force is taken to be
proportional to the pistonvelocity, corresponding towell-lubricated

metal-on-metal sliding; thus, the frictional losses are directly



related, to the square ofthe velocity. These losses are not the same
for all strokes. The high pressures in the power stroke make its
friction coefficient higher than in the other strokes. The intake
stroke has a contribution due to viscous flow through the valve.

The function we have optimized is the maximum work per cycle.
Because both fuel consumption and cycle time are fixed, this also is
equivalent to maximizing both efficiency and the average power.

In finding the optimal piston motion, we first separated the
power and nonpower strokes. An unspecified but fixed time ¢ was
allotted to the power stroke with the remainder of the cycle time given
to the nonpower strokes. Both portions of the cycle were optimized
with this time constraint and were then combined to find the total
work per cycle. The duration ¢ of the power stroke was then varied
and the process was repeated until the net work was a maximum.

The optimal pistonmotion for the nonpower strokes takes a simple
form. Because of the quadratic velocity dependence of the friction
losses, the optimum motion holds the velocity constant during most
of each stroke. At the ends of the stroke, the piston accelerates and
decelerates at the maximum allowed rate. Because the friction losses
are higher on the intake stroke, the optimal solutionallots more time
to this stroke than to the other two. The piston velocity as a function

of time is shown in Fig. 1.
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Fic. 1. Piston velocity as a function of time, beginning with the
power stroke. The maximum allowed acceleration is 2 x 10* m/sec®.

Table 1. Engine parameters*

Mechanical parameters:
Compression ratio = 8
Piston position at minimum volume = 1 cm;
displacement = 7 cm
Cylinder bore (b) = 7.98 cm
Cylinder volume (V) = 400 em®
Cycle time () = 33.3 msec at 3600 rpm

Thermodynamic parameters:
Compression stroke  Power stroke
Initial temperature 333K 2795 K
Mol of gas 0.0144 0.0157
Constant-volume heat
capacity 25R 335R



Cylinder wall temperature (T} = 600 K
Reversible work per cycle (Wg) = 435.74d
Reversible power (Wg/7) = 13.1 kW

Lioss terms:
Friction coefficient (a) = 12.9 kg/sec
Heat leak coefficient (x) = 1305 kg/deg per sec?
Work lost, per cycle, to time loss and bearing friction
{WH]' = 50 J

* The parameters are based on data from ref. 10.

The power stroke was more difficult to optimize because ofthe
presence of the heat leak. The problem was solved by using the
variational technique of optimal control theory (8). The formalism
yields the equation of motion of the piston as a fourthorder set of
nonlinear differential equations. These were solved numerically. The
resulting motion is shown in Fig. 1 for the entire cycle.

The asymmetric shape of the piston motion on the power stroke
arises from the trade—off between friction and heat leak losses. At
the beginning of the stroke the gases are hot, capable of yielding
high efficiency, and the rate of heat loss is high. It is therefore
advantageous to make the velocity high on this part of the stroke.
As work is extracted, the gases cool and the rate of heat leakage
diminishes relative to frictional losses. Consequently the optimal
path moves to lower velocities as the power stroke proceeds.

The solutions were obtained first with unlimited acceleration



and then with limits on acceleration and deceleration. The latter
situation yields a result familiar in other contexts under the name
of "turnpike" solution (9). The system tries to operate as long as
possible at its optimal forward and backward velocities, by

accelerating and decelerating between these velocities at the maximum
rates. In this way, the system spends as much time as possible moving

along its best or turnpike path.

RESULTS

Parameters for the computations were taken from ref. 10 or, in the
case of the friction coefficient, adjusted to give frictional losses
of the magnitude cited in ref. 10. Those parameters are given in Table
1. The results of the calculations of some typical cases are given
in Table 2, where they are compared with the conventional Otto cycle
engine having the same compression ratio but a standard
near—sinusoidal motion. The effectiveness e (the ratio of the work
done to the reversible work, also called the second-law efficiency)
is slightly higher for the optimized engine whose piston—acceleration
is limited to 5 x 10° m/sec’ , the maximum of the conventional engine
of the first row. If the piston is allowed to have 4 times the
acceleration of the conventional engine, the effectiveness increases

9%; if the acceleration is unconstrained, the improvement in



effectiveness goes up to 11%.

These values are typical, not the most favorable. If the total
losses of the conventional engine are held approximately constant but
shifted to correspond to about 80% larger heat loss and about 60%
smaller friction loss, the gain in effectiveness goes up, reaching
more than 17% above the effectiveness of the corresponding
conventional engine.

The principal source of the improvement in use of energy in this
analysis is in the reduction of heat losses when the working fluid
isnear its maximum temperature. This is why the improvement is greater
for engines with large heat leaks and low friction than for engines

with relatively better insulation but higher friction.

Table 2. Results (all energies in joules)
Mixae, v %increase  Sdecrease % decrease

m/oee” wome W, W W W, @ LK ine nf, ¥
Conventionsl 136 833 508 26 6 4 X4 1095 06% - - -
G0 (S A N A T O T 1/ . ) 1l 0.4 5
Ix10F 186 663 BB M 58 M 1% LG 060 6 ) 12
X100 W5 60T S 0 B % 1M 1m0 088 8] U 1
10t 24 50 6 4 BT M 16T U85 08 10 U 14
Unnstraied 254 848 BB W0 B 2 1 10 0705 12 5 13

', Time spent on power stroke; W, work done on power stroke; , net work for ne el I, frition losses; W, work logt due o heat leak; Q
heat leak; T temperature at end ) power stroke; ¢, effectiveness



Finally, it is instructive to examine the path of the piston in
time, for the optimized engine and for its conventional counterpart.

The position of the piston as a function of time is shown for these

two cases in Fig. 2.
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Fig. 2. Comparison of the optimal (0) and conventional () piston
motions over the power, exhaust, intake, and compreasion strokes. The
Dptlmﬂmg] path is constrained to have a maximum acceleration of 2 x 10*
m,sec”,

In closing, let us emphasize the unconventional approach to
optimizing a thermodynamic system illustrated by this work. Instead

of controlling heat rates, heat capacities, conductances, friction



coefficients, reservoir temperatures, or other usual parameters of
thermodynamic engines, we have controlled the time path of the engine
volume.
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