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Chapter 1

1.1

1. ? .
1) R , xR y, x ≥ y;
2) R , xR y, |x| = |y|;
3) R , xR y, |x − y| ≤ 3;
4) Z , xR y, x − y ;
5) Cn×n( C n ) ,AR B,

P ,Q A = PBQ;
6) Cn×n ,AR B, P,Q A = PBQ;
7) Cn×n ,AR B, P A = P−1BP .

1) .
2) .
a) ∀x ∈ R, |x| = |x|.
b) |x| = |y|, |y| = |x|.
c) |x| = |y|, |y| = |z|, |x| = |z|.
3) .
4) . x ∈ Z, x − x = 0 , x R x,R .
5) A = IAI; A = PBQ p,Q

B = P−1AQ−1; A = P1BQ1, B = P2CQ2, A =
P1P2CQ2Q1, AR C.

.
6) . A = 0, B , P = 0, Q, A =
PBQ = 0, P,Q, B = PAQ. .
7) . .

2. R A , .
R . :“ a, b ∈ A, aR b bR a.

1
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2

aR a. R , .” ?
. A a

a ∈ A, b ∈ A, a R b , a .

3. R A , A R1, R2

xR1 y, x = y, x R y y R x ;
xR2 y, x0, x1, · · · , xn

x0 = x, xn = y, x0 R1 x1, x1 R1 x2, · · · , xn−1 R1 xn.
1) R2 ;
2) R , R2 = R, xR2 y iff xR y.
3) A = Z, n .R :xR y, x − y = n.

R1 R2.
1) R1 . R2 .R2

R2 . R2 .
2) xR y, xR1 y, x R2 y, xR2 y, x0, x1, · · · , xn x =
x0, xn = y x0 R1 x1, x1 R1 x2, · · · , xn−1 R1 xn, R

R1 x0 R x1, x1 R x2, · · · , xn−1 R xn. x0 R xn xR y,
R2 = R.

3) xR1 y ⇐⇒ x − y = 0,m,−m.
xR2 y ⇐⇒ x ≡ y(modm).

4. ∗ ?
1) Z a ∗ b = a − b;
2) Q a ∗ b = ab + 1;
3) Q a ∗ b = ab/2;
4) N a ∗ b = 2ab;
5) N a ∗ b = ab.

1) .
2) a) ∵ b∗a = ba+1 = a∗b, ∀a, b ∈ Q ∴ . b) (a∗b)∗c =
(ab+1)∗ c = (ab+1)c+1, a∗ (b∗ c) = a∗ (bc+1) = a(bc+1)+1, a 
=
c (a ∗ b) ∗ c 
= a ∗ (b ∗ c), ∴ .
3) a) b ∗ a = ba/2 = a ∗ b, ∀a, b ∈ Q ∴ b) (a ∗ b) ∗ c =
ab/2 ∗ c = abc/4, a ∗ (b ∗ c) = a ∗ bc/2 = abc/4,∀a, b, c ∈ Q, .

4) a) b ∗ a = 2ba = a ∗ b, ∀a, b ∈ N b) (a ∗ b) ∗ c =
2ab∗c = 22abc, a∗(b∗c) = a∗2bc = 22bca, a = 1, b = c = 2, (a∗b)∗c =
28, a ∗ (b ∗ c) = 216, (a ∗ b) ∗ c 
= a ∗ (b ∗ c), .

5) .

5. m ∈ Z,m 
= 0. Z �:
a � b, a ≡ b(mod m).

Z Zm( Z/mZ).
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3

1) Zm

2) Z Z3

3) Z Z6 .

�
Zm m 0, 1, 2, · · · , m − 2,m − 1, Z3

0, 1, 2, 0+0 = 0, 0+1 = 1, 0+2 = 2, 1+1 = 2, 1+2 = 0, 2+2 =
1, 0 × 0 = 0, 0 × 1 = 0, 0 × 2 = 0, 1 × 1 = 1, 1 × 2 = 2, 2 × 2 = 2.
Zm .Z6 .

1.2

1. ∗ .

1) Z, a ∗ b = ab
2) Z, a ∗ b = a − b
3) R+ = {x ∈ R|x > 0}, a ∗ b = ab
4) Q − {0, 1}, a ∗ b = ab
5) [0, 1], a ∗ b = δ1ab + δ1ba− δ1aδ1b. δ1a = 0, a 
= 1δ1a = 1, a =
1,δ1b .
6) Z, a ∗ b = a + b − ab.

1) .
2) .

.
3) .
4) .∵ 2, 0.5 ∈ Q, 2 ∗ 0.5 = 1∈Q,∴
5) .∵ a ∗ b = 0, a 
= 1, b 
= 1; a ∗ b = 1, a = 1 = b; a ∗ b =
a, a 
= 1, b = 1; a ∗ b = b, a = 1, b 
= 1. ∴ (a ∗ b) ∗ c 
=
a ∗ (b ∗ c), ∴ ∴ .
6) .∵ Z ∗

(a∗b)∗c = (a+b−ab)∗c = a+b−ab+c−c(a+b−ab) = a+b+c−ca−bc+abc,

a∗(b∗c) = a∗(b+c−bc) = a+b+c−bc−a(b+c−bc) = a+b+c−ab−bc−ac+abc.

∴ .∀c ∈ Z, 0 ∗ c = 0 + c− 0c = c, ∴ 0 , ,0
, c ,

∀d ∈ Z, d ∗ 1 = d + 1 − d1 = 1 
= 0, ∴ 1 , Z

2. Z × Z
(x1, x2)(y1, y2) = (x1y1 + 2x2y2, x1y2 + x2y1). :
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4

1) Z × Z .
2) (x1, x2) 
= (0, 0) (x1, x2)(y1, y2) = (x1, x2)(z1, z2)

(y1, y2) = (z1, z2).

1) .
((x1, x2)(y1, y2))(z1, z2) = (x1y1+2x2y2, x1y2+x2y1)(z1, z2) = (x1y1z1+
2(x2y2z1 + y2z2x1 + z2x2y1), x1y1z2 + y1z1x2 + z1x1y2 + 2x2y2z2) =
(x1, x2)((y1, y2(z1, z2)

.
x1, x2)(y1, y2) = (y1, y2)(x1, x2)

.
(1, 0)(x1, x2) = (x1, x2) = (x1, x2)(1, 0).

(1, 0) .Z × Z . 2) ∵
(x1, x2)(y1, y2) = (x1, x2)(z1, z2),
∴ x1(y1 − z1) + 2x2(y2 − z2) = 0, x1(y2 − z2) + x2(y1 − z1) = 0,
∵ (x1, x2) 
= (0, 0),
∴ y1 − z1 = 0, y2 − z2 = 0.
∴ (y1, y2) = (z1, z2).

3. S = {x|x ∈ R, x 
= −1} ∗ a ∗ b = a + b + ab.
S ∗ . 2 ∗ x ∗ 3 = 7 .

(a) ∵ a 
= −1 b 
= 1 ,a ∗ b 
= −1,∴ S ∗ ;

(b) (a ∗ b) ∗ c = (a + b + ab) ∗ c = a + b + ab + c + ac + bc + abc
a ∗ (b ∗ c) = a ∗ (b + c + bc) = a + b + c + ab + ac + bc + abc

;

(c) ∀c ∈ S, 0 ∗ c = c, 0 ;

(d) ∀d ∈ S,
−d

d + 1

= −1 d .

S ∗ .
2 ∗ x ∗ 3 = (2 + x + 2x) ∗ 3 = 12x + 11 = 7, ∴ x = −1

3

4. G
ax = ay =⇒ x = y; xa = ya =⇒ x = y G .

G ∀a, b ∈ G, xa = b, ax = b
G .

xa = a ea, eaa = a, c ∈ G, ax = c
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5

d, ad = c, eac = ea(ad) = ad = c, ∴ G ∀f ∈
G, xf = ea x f . G .
∀a ∈ G, ∵ ax = ay ⇔ x = y, |G| aG = G, ∀a, b ∈ G, ax =
b xa = b . .

{N, +}.
5. G G G

a −→ a
′

a
′
(ab) = (ba)a

′
, ∀a, b ∈ G.

.

∀a, b, c ∈ G, a′ac = c = b′bc, a′a = a′acc′ =
b′bc′ = b′b. e = a′a, e G a′ a .
∴ G .

6. G e ∀a ∈ G a
′ ∈ G aa

′
=

e . G

.

G =

{(
1 1
0 0

)
,

(
1 −1
0 0

)
,

(−1 −1
0 0

)
,

(−1 1
0 0

)}

G .

(
1 1
0 0

)
,(

1 1
0 0

) (
1 1
0 0

)
(

1 −1
0 0

) (
1 1
0 0

)
(−1 −1

0 0

) (−1 −1
0 0

)
(−1 1

0 0

) (−1 −1
0 0

)

7. P (X) X X .
1) P (X) �(A � B = (A − B) ∪ (B − A),∀A,B ∈
P (X)) 2.
2) P (X) .

1) .
(A � B) � C = A � (B � C), ∅, A−1 = A,A � A =
∅, 2.
2) |P (X)| = 2|X|.

8. G 2. G Abel .
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6

∀a, b ∈ G, a2 = b2 = e, (ab)(ab) = e = a2 bab = a, ∴
b(bab) = ba b2 = e ab = ba,∴ G Abel .

9. S5 στ, σ−1τσ, σ2, σ3.

σ =

(
1 2 3 4 5
2 3 1 5 4

)
, τ =

(
1 2 3 4 5
3 4 1 5 2

)
.

στ =

(
1 2 3 4 5
1 5 2 4 3

)
, σ−1τσ =

(
1 2 3 4 5
5 3 2 1 4

)

σ2 =

(
1 2 3 4 5
3 1 2 4 5

)
, σ3 =

(
1 2 3 4 5
1 2 3 5 4

)

10. S3 .

X = {a, b, c},S3 = {τ1, τ2, τ3, τ4, τ5, τ6}, τ1 =

(
a b c
a b c

)
, τ2 =(

a b c
a c b

)
, τ3 =

(
a b c
b a c

)
, τ4 =

(
a b c
b c a

)
, τ5 =

(
a b c
c a b

)
, τ6 =(

a b c
c b a

)
,

:

· τ1 τ2 τ3 τ4 τ5 τ6

τ1 τ1 τ2 τ3 τ4 τ5 τ6

τ2 τ2 τ1 τ5 τ6 τ3 τ4

τ3 τ3 τ4 τ1 τ2 τ6 τ5

τ4 τ4 τ3 τ6 τ5 τ1 τ2

τ5 τ5 τ6 τ2 τ1 τ4 τ3

τ6 τ6 τ5 τ4 τ3 τ2 τ1

11. N M(N) f
f(n) = n + 1, ∀n ∈ N

f .

gk(n) = n − 1, n ≥ 2; gk(1) = k, k ∈ N, ∀k, gk f
h f fh(1) = h(1) + 1, ∵ h(1) ≥ 1,∴ fh(1) ≥

2, fh(1) = 1 . .

12. M m ∈ M. M ∗ a ∗ b = amb. 1)
M ∗ . 2) M ∗

1) .
(a ∗ b) ∗ c = ambmc = a ∗ (b ∗ c), M ∗ .
2) m .
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1.3

1. H G . {Ha} G R1

aR1 b, ba−1 ∈ H.

R1 .
e = aa−1 ∈ H ⇒ aR1a, ∀a ∈ G, aR1b, ab−1 ∈ H, ba−1 =
(a−1b)−1 ∈ H, bR1a, aR1b, bR1c ab−1, bc−1 ∈ H, ac−1 =
(ab−1)(bc−1) ∈ H, aR1c.

R1 .
aR1b ⇔ ba−1 ∈ H ⇔ b ∈ aH

b aH. {aH} G .

2. H Z . m H = mZ.
m = min{|n||n ∈ H, n 
= 0}, mz0 + r ∈ H, 0 ≤ r < m, r ∈

N, ∵ mz0 ∈ H, r ∈ H, m r = 0, H = mZ.

3. S3 . .

X = {a, b, c},S3 = {τ1, τ2, τ3, τ4, τ5, τ6}, τ1 =

(
a b c
a b c

)
, τ2 =(

a b c
a c b

)
, τ3 =

(
a b c
b a c

)
, τ4 =

(
a b c
b c a

)
, τ5 =

(
a b c
c a b

)
, τ6 =(

a b c
c b a

)

H1 = {τ1}, H2 = {τ1, τ2}, H3 = {τ1, τ3}, H4 = {τ1, τ6}, H5 =
{τ1, τ4, τ5},
H6 = {τ1, τ2, τ3, τ4, τ5, τ6}
∴ H1, H2, H3, H4, H5, H6 S3 H1, H5, H6

.

4. H G [G : H] = 2. H � G.
∵ [G : H] = 2, ∴,∃a ∈ G, a−1∈H, G = eH∪aH eH 
= aH

∀h, g ∈ H, ghg−1 ∈ H
∀h ∈ H, g ∈ aH, ∃h1 ∈ H, g = ah1, ghg−1 = ah1hh−1

1 a−1

∵ ghg−1 ∈ G. ghg−1∈H, ghg−1 ∈ aH, ∃h2 ∈ H, ghg−1 =
ah2 ah1hh−1

1 a−1 = ah2

h1hh−1
1 = h2 ⇒ h−1

2 h1hh−1
1 = a ⇒ a ∈ H.

∵ H G ,∴ a−1 ∈ H a−1∈H
∴ ghg−1 ∈ H, ∀h ∈ H, g ∈ G, ghg−1 .
∴ H � G.

5. H1,H2 G .
|H1H2| = [H1 : 1][H2 : 1]/[H1 ∩ H2 : 1].
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aH2, a ∈ H1, {aH2} H1H2 .
1) aH2 = bH2, a, b ∈ H1, ab−1 ∈ H2, ab−1 ∈ H1 ∩ H2, b ∈
a(H1 ∩ H2).
2) ∀b ∈ a(H1 ∩ H2), aH2 = bH2,
∴ |H1H2| = [H1 : 1][H2 : 1]/[H1 ∩ H2 : 1]

6. G Abel n ∈ N. {g ∈ G|gn = 1} G .
H = {g ∈ G|gn = 1}, ∀g1, g2 ∈ H, (g1g

−1
2 )n = gn

1 (gn
2 )−1 = e,∴

H < G

7. G .
H1 < G, H2 < G, H1 
= G,H2 
= G,H1 ∪ H2 = G, a ∈

H1, b ∈ H2, a∈H2, b∈H1, ab∈H1, ab∈H2, ab∈G,

8. H,K G H ∩K = {1}. hk = kh, ∀h ∈
H, k ∈ K.

∵ (kh)−1hk = h−1k−1hk, h−1k−1h ∈ K, ∀h ∈ H, k ∈
K, (kh)−1hk ∈ K, ∵ k−1hk ∈ H, ∴ h−1k−1hk ∈ H, ∵ H ∩ K = {1},∴
(kh)−1hk = 1, ∴ kh = hk.

9. H G . G/H Abel
gkg−1k−1 ∈ H,∀g, k ∈ G.

G/H Abel ⇐⇒ gHkH = kHgH ⇐⇒ gkH = kgH ⇐⇒
gk(kg)−1 = gkg−1k−1 ∈ H

10. H,K . H × K = {(h, k)|h ∈ H, k ∈ K}
(h1, k1)(h2, k2) = (h1h2, k1k2).

1) H × K H K .
2) H1 = {(h, 1

′
)|h ∈ H, 1

′
K } K1 = {(1, k)|k ∈ H, 1 H

} H × K .
3) H1 ∩ K1 = {(1, 1′

)};H × K = H1K1. H × K H1 K1

.
1) eh H ek K (eh, ek) ∈ H × K

∴ H × K
∀(h1, k1), (h2, k2) ∈ H × K, (h1, k1)(h2, k2) = (h1h2, k1k2) ∈ H × K,
∴ H × K
∀(h1, k1), (h2, k2), (h3, k3) ∈ H × K, ((h1, k1)(h2, k2))(h3, k3) =
(h1h2, k1k2)(h3, k3) = (h1h2h3, k1k2k3) = (h1, k1)((h2, k2)(h3, k3)) =
(h1, k1)((h2, k2)(h3, k3))
∴ H × K
∀(h, k) ∈ H × K, (eh, ek)(h, k) = (h, k),
∴ (eh, ek)
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9

∀(h, k) ∈ H × K, (h−1, k−1)(h, k) = (eh, ek),
∴ (h−1, k−1) ∈ H × K
∴ H × K .
2) ∵ (eh, 1

′
) ∈ H1, ∴ H1 H×K .∀(h1, 1

′
) ∈ H1, (h2, 1

′
) ∈

H1, (h1, 1
′
)(h2, 1

′
)−1 = (h1, 1

′
)(h−1

2 , 1
′
) = (h1h

−1
2 , 1

′
) ∈ H1,

∴ H1 H × K ;
∀(h1, 1

′
) ∈ H1, (h, k) ∈ H × K

(h, k)(h1, 1
′
)(h, k)−1 = (hh1h

−1, kk−1) = (hh1h
−1, 1

′
) ∈ H1, ∴

H1 H × K
K1 H × K .

3) (h, k) ∈ H1 (h, k) ∈ K1, k = 1
′
, h = 1, ∴ H1 ∩ K1 = {(1, 1′

)}
(h, k) ∈ H × K, (h, k) = (h, 1

′
)(1, k) ∈ H1K1, ∴ H × K ⊆ H1K1

(h1, 1
′
) ∈ H1, (1, k1) ∈ K1 (h1, 1

′
)(1, k1) ∈

H1K1, (h1, 1
′
)(1, k1) = (h1, k1),

∴ H1K1 ⊆ H × K
∴ H × K = H1K1.

11. M a ∃a−1 ∈ M aa−1 = a−1a = 1.

1) a ∈ M ∃b, c ∈ M ba = ac = 1 a a−1 = b = c
a−1 a .

2)
3) a b = a−1 aba = a, ab2a = 1
4) M G G

∀g1, g2 ∈ G g1g2 ∈ G
5) M .

1) b = bac = c, a a−1 = b = c.
2) b1, b2 a b1 = b1ab2 = b2.
3) “⇒” .
“⇐”:ab = abaa−1 = aa−1 = 1, ba = a−1aba = a−1a = 1, ∴ b = a−1.
4) “ ⇐” .
“ ⇒” .∀g ∈ G, g−1 ∈ G,

1 = gg−1 ∈ G
5) g1, g2 (g1g2)(g

−1
2 g−1

1 ) = 1, g1g2

.

1.4

1. Z × Z
(a, b) + (c, d) = (a + c, b + d);
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(a, b)(c, d) = (ac, bd),∀(a, b), (c, d) ∈ Z × Z.
Z × Z .

(a) Z × Z Abel .

(b) ((a, b)(c, d))(e, f) = (ac, bd)(e, f) = (ace, bdf) = (a, b)(ce, df) =
(a, b)((c, d)(e, f));

(a, b)(c, d) = (ac, bd) = (ca, db) =
(c, d)(a, b).∀(a, b), (c, d), (e, f) ∈ Z × Z. Z × Z

.

(c) (a, b)((c, d) + (e, f)) = (a, b)(c + e, d + f) = (ac, bd) + (ae, bf) =
(a, b)(c, d) + (a, b)(e, f);

((c, d)+(e, f))(a, b) = (c, d)(a, b)+(e, f)(a, b) Z×Z
.

Z × Z .
∵ (1, 1)(a, b) = (a, b) = (a, b)(1, 1),∴ .
∵ (0, 1) 
= 0, (0, 1) 
= 0, (0, 1)(1, 0) = (0, 0) = 0

Z × Z .

2. C (−∞, +∞) C
(f + g)(x) = f(x) + g(x);
(fg)(x) = f(g(x)),∀f, g ∈ C, x ∈ (−∞, +∞).

C
f(x) = x, g(x) = x2, h(x) = x2, h(f + g)(x) = (x +

x2)2, hf(x) + hg(x) = x2 + x4, .

3. R .
1) R
2) R
3) .

R .
∀a, b ∈ R, (a + 1)(b + 1) = a(b + 1) + b + 1 = ab + a + b + 1, (a +

1)(b + 1) = (a + 1)b + a + 1 = ab + b + a + 1, ∴ a + b = b + a, R
.

4. R . R .
R ∀a ∈ R, a 
= 0, ab = ac ⇔ b = c,

aR = R,Ra = R, ∴ ax = b, xa = b, b ∈ R R R
R .
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5. Q Z Q/Z .
∀a, b ∈ Q/Z, a, b 0, ab = 0, a 
= 0, b 
= 0, a =

q1

p1

, b =
q2

p2

, ab =
q1

p1

q2

p2

=
q1

p1

p1q2

p1p2

=
q1

p1

p1
q2

p1p2

= p1
q1

p1

q2

p1p2

= 0.

.

6. R e e2 = e e .
R e R e R .

∵ e(ea − a) = ea − ea = 0 R ea = a
ae = a

∴R e R .

7. R 1l 1la = a, ∀a ∈ R). R
1l = 1.
(ae − a + e)b = b ⇒ ae − a + e = e ⇒ ae = a

8. R .u ∈ R, u v ∈ R uv = 1.

1) u
2) u
3) u .

1⇒2: u w wu = uw = 1, wuv = v,
wuv = w(uv) = w, ∴ v = w, u 1 .

u .
2⇒3: u vu 
= 1, vu − 1 
= 0

u(vu − 1) = (uv)u − u = u − u = 0
∴ u .
3⇒ 1:∵ u
∴ ∃w 
= 0, uw = 0, ∴ w 
= v

v − w 
= 0, u(v − w) = uv − uw = 1
∴ v − w u v − w 
= v
∴ u .

9.
.

u v1, vn+1 = v1 − vnu + 1, vn

u w wu = 0, w = w(uv1) = wuv1 = 0,
v1u 
= 1, v1u − 1 
= 0, vn+1 
= v1, n � 1, vn+1 =

vm+1(m < n), vn = vm, n 
=
m vn 
= vm, .

10. R a, b ∈ R. 1 − ab 1 − ba .
1 − ab c d = 1 + bca, (1 − ba)d =
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(1 − ba)(1 + bca) = 1 − ba + (1 − ba)bca = 1 − ba + b(1 − ab)ca =
1− ba + ab = 1, d(1− ab) = (1 + bca)(1− ba) = 1− ba + bca(1− ba) =
1 − ba + bc(1 − ab)a = 1 − ba + ba = 1, ∴ 1 − ba .

1 − ba 1 − ab .

11. R a, b ab − 1 .
1) a − b−1, (a − b−1)−1 − a−1

2)
((a − b−1)−1 − a−1)−1 = aba − a

1) a − b−1 = abb−1 − b−1 = (ab − 1)b−1, ∵ b, ab − 1
a − b−1 (a − b−1)−1 = b(ab − 1)−1.

2) (a − b−1)−1 − a−1 = b(ab − 1)−1 − a−1 = a−1(ab(ab − 1)−1 − 1) =
a−1(ab− (ab− 1))(ab− 1)−1 = a−1(ab− 1)−1, ∴ ((a− b−1)−1 −a−1)−1 =
(ab − 1)a = aba − a.

12. Zm n = n + mZ
Zm .
(n,m) = 1, ∃u, v ∈ Z, nu + mv = 1 ⇒ nu = 1, n

(n,m) = k 
= 1, n
m

k
= 0 n .∴ n ⇔ (n,m) = 1,

ϕ(m),ϕ n ⇔ (n,m) 
= 1,
m − ϕ(m).

13. m1,m2 ∈ Z. 〈m1,m2〉 m1 m2 .
〈m1,m2〉 = {um1 + vM2|u, v ∈ Z}, 〈m1,m2〉 =

〈d〉, d = (m1,m2).

14. R R/I(I R ) .
Z 6Z Z Z/6Z = Z6,Z6 23 = 0.

15. R .a ∈ R. ∃m ∈ N am = 0, a .
R R .

R1 = {a|∃m ∈ N, am = 0}, ∀a, b ∈ R1, ∃m,n ∈ N, am =
0, bn = 0, (a − b)m+n =

∑m+n
k=0 ak(−b)m+n−k = 0, (ab)m = ambm =

0.∀r ∈ R, (ar)m = amrm = 0. ∴ R1 R .

16. K .R = Kn×n. Ci = {a ∈ R|colj(a) = 0, j 
= i}; Ri = {a ∈
R|rowj(a) = 0, j 
= i}, 1 ≤ n.
1) Ci R A R A ⊆ Ci A =
{0} A = Ci

2) Ri R
3) R .

1) ∀α, β ∈ Ci, colj(α − β) = 0, j 
= i; colj(αβ) = 0, j 
= i; ∀c ∈
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K, colj(cα) = 0, j 
= i. ∴ Ci R .
A R A ⊆ Ci, A 
= {0}, α ∈ A, αj0l 
= 0,
l 
= i, j0 
= i, ∴ Ejl ∈ Ci, Ejl = α−1

j0lEjj0α ∈ A, ∴ A = Ci, ∴ Ci R

.
2) Ri R .
3) R

′
R ∃α ∈ R

′
, α 
= 0, αi0j0 
= 0, Eij =

α−1
i0j0

Eii0αEj0j ∈ R
′
, ∴ R

′
= R. R .

1.5

1. A Abel End A A
A A . End A

(σ + τ)(α) = σ(α) + τ(α),∀σ, τ ∈ End A, α ∈ A.

End A A .
0

id
.

2. S3

AutS3 = IntS3 � S3.

∵ C(S3) = id, ∴ S3
∼= IntS3, S3 =< {(1, 2), (1, 3), (2, 3)} >,

2 2 ∴ |AutS3| ≤ 3! = 6, ∵ IntS3 �
AutS3, |IntS3| = 6, ∴ |AutS3| = 6, ∴ AutS3 = IntS3.

3. a, b R

T(a,b) : T(a,b)(x) = ax + b, ∀x ∈ R.

1) a 
= 0 T(a,b)

2) G = {T(a,b)|a 
= 0}
3) H = {T(1,b)|b ∈ R} G T(1,b) b

.
4) G/H � R∗ R∗ .

1) x = y, T(a,b)(x) = ax + b = ay + b = T(a,b)(y),∴ T(a,b)

.
T(a,b)(x) = Y(a,b)(y), ax + b = ay + b, a 
= 0 x = y, ∴ T(a,b)
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.

∀x ∈ R, ∃x
′
=

x − b

a
∈ R, T(a,b)(x

′
) = ax

′
+ b = x, ∴ T(a,b) .

∴ a 
= 0 T(a,b) .

2) ∀T(a1,b1), T(a2,b2) ∈ G, T(a1,b1)T(a2,b2) = T(a1,b1)(a2x + b2) =
a1(a2x + b2) + b1 = T(a1a2,b1b2)(x), a1a2 
= 0, ∴ T(a1a2,b1b2) ∈ G ∴ G

∀(T(a1,b1)T(a2,b2))T(a3,b3) = T(a1,b1)(T(a2,b2)T(a3,b3)) ∴ G
∀T(a,b) ∈ G, T(1,0)T(a,b) = T(a,b) ∴ T(1,0) G ∀T(a,b) ∈

G, T( 1
a
,− b

a
)T(a,b) = T(1,0) ∴ T( 1

a
,− b

a
) T(a,b) ∴ G .

3) H G ∀T(1,a), T(1,b) ∈ H, T(1,a)T
−1
(1,b) =

T(1,a)T(1,−b) = T(1,a−b) ∈ H ∴ H < G, ∀T(1,b) ∈ H, T(a,c) ∈
G, T(a,c)T(1,b)T

−1
(a,c) = T(a,ab+c)T( 1

a
,−c

a
) = T(1,ab) ∈ H ∴ H � G.

4) ϕ : G −→ R∗, ϕ(T(a,b)) = a, ∀a ∈ R∗, ∃T(a,b) ∈
G, ϕ(T(a,b)) = a, ∴ ϕ . ∀T(a1,b1), T(a2,b2) ∈ G,ϕ(T(a1,b1)T(a2,b2) =
ϕ(T(a1a2,a1b2+b1)) = a1a2 = ϕ(T(a1,b1))ϕ(T(a2,b2)) ∴ ϕ . ∴
G/ ker ϕ ∼= R∗∀T(a,b) ∈ ker ϕ, ϕ(T(a,b)) = 1 ⇒ a = 1 ⇒ T(a,b) ∈
H, ∀T(1,b) ∈ H, ϕ(T(1,b)) = 1, ∴ T(a,b) ∈ ker ϕ, ∴ H = ker ϕ, ∴ G/H ∼=
R∗

4. G = {e, a, b, c} . G
Aut G G S3 .

Klein K4 .

e a b c

e e a b c
a a e c b
b b c e a
c c b a e

(a) G

(b) a, b, c, (ab)c = cc = e, a(bc) = aa = e,
∴ (ab)c = a(bc)

a, b, c e (ab)c = a(bc),

(c) e G
∴ e G

(d) aa = bb = cc = e,
∴ a, b, c .

∴ G .
ϕ : ϕ(A) = A|X , ∀A ∈ Aut G,X = {a, b, c},
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A|X ∈ S3, A(e) = e,
ϕ Aut G −→ S3 A|X = B|X , A(e) = B(e) = e ⇒

A = B
∴ ϕ ,
∴ ϕ
∀A,B ∈ Aut G,ϕ(AB) = AB|X = A|XB|X = ϕ(A)ϕ(B)
∴ ϕ
∴ Aut G ∼= S3;

σ : Aut G −→ Aut G/Inn G, σ(A) = AInn G, σ
G Inn G = {idG}, ∴ σ .

∴ Aut G ∼= Aut G/Inn G ∼= S3.

5. G .
1) a → a−1 G G
2) G ∀k ∈ Z, a → ak G . G G

.
1) ∀a ∈ G,ϕ(a) = a−1, ∵ a−1 ∈ G, ∴ ϕ G −→ G

ϕ ,
∀a ∈ G, ϕ(a−1) = a, ∴ ϕ
ϕ(a) = ϕ(b) a−1 = b−1 ⇒ a = b

∴ ϕ
ϕ .

“ ⇐”: ∀a, b ∈ G,ϕ(ab) = (ab)−1 = b−1a−1, G Abel ϕ(ab) =
ϕ(a)ϕ(b),
∴ ϕ
∴ ϕ .
“ ⇒”: ∀a, b ∈ G,ϕ(a−1b−1) = (b−1a−1)−1 = ba,
∵ ϕ
∴ ϕ(a−1b−1) = ϕ(a−1)ϕ(b−1) = ab,
∴ ab = ba,
∴ G Abel .
2) ϕ : ϕ(a) = ak, k ∈ Z, ϕ G −→ G
∀a, b ∈ G,G Abel ϕ(ab) = (ab)k = akbk = ϕ(a)ϕ(b),
∴ ϕ G .

6. a G

a(g) = g ⇒ g = 1.

1) g ⇀ a(g)g−1
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2) G G a(g)g−1

3) a2 = idG, G .
1) ϕ : ϕ(g) = a(g)g−1, ϕ G −→ G

ϕ(g1) = ϕ(g2), a(g1)g
−1
1 = a(g2)g

−1
2 ⇒ a(g1)

−1a(g2) = g−1
1 g−1

2 ⇒
a(g−1

1 g2) = g−1
1 g2 ⇒ g−1

1 g2 = 1 ⇒ g1 = g2,
∴ ϕ
2) ∵ G G ∴ ϕ ϕ : G −→ G.
∴ G a(g)g−1

3) ∀g ∈ G, ∃g1 ∈ G, g = a(g1)g
−1
1 ,

a(g) = a(g1)
2a(g−1

1 ) = g1a(g−1
1 ) = g−1,

∀a, b ∈ G, a(a−1b−1) = a(a−1)a(b−1) = ab, a(a−1b−1) =
(a−1b−1)−1 = ba,
∴ ab = ba,
∴ G Abel .
∀g ∈ G, g = g−1, a(g) = g−1 = g ⇒ g = 1
∴ ∀a ∈ G, a 
= 1, a a−1 G

1 ∈ G,
∴ G .

7. G K � G, Ha K Ha G
. Ha ⊇ K

⋂
a

(Ha/K) = (
⋂
a

Ha)/K.

gk ∈ ⋂
a

(Ha/K) ⇒ gk ∈ HαK(∀α) ⇒ ∀α,∃gα ∈
Hα gK = gαK ⇒ g−1gα ∈ K ⇒ g ∈ Hα(∀α) ⇒ g ∈ ⋂

α

Hα ⇒⋂
a

(Ha/K) ⊆ (
⋂
a

Ha)/K.

(
⋂
a

Ha)/K ⊆ ⋂
a

(Ha/K).

8. Z ◦

a ◦ b = a + b − ab, ∀a, b ∈ Z,

(Z, ◦) Z .
a◦(b◦c) = a◦(b+c−bc) = a+b+c−bc−a(b+c−bc) =

a + b + c− ab− bc− ca + abc, (a ◦ b) ◦ c = (a + b− ab) ◦ c = a + b + c−
ab− bc− ca−abc, ∴ a◦ (b◦ c) = (a◦ b)◦ c, a◦0 = 0, 0◦a = 0, ∴ (Z, ◦)

0 .
f : (Z, ·) −→ (Z, ◦), f(a) = 1− a, f f(ab) = 1− ab =
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(1−a)+(1−b)−(1−a)(1−b) = f(a)+f(b)−f(a)f(b) = f(a)◦f(b),∴
(Z, ◦) ∼= (Z, ·).

9. .
T : EndZ −→ Z, T (σ) = σ(1), ∀σ ∈ EndZ, ∀m ∈ Z, ∃σ ∈

EndZ, σ(1) = m,σ(n) = mn(n ∈ Z),∴ T . ∀σ, τ ∈
EndZ, σ(1) 
= τ(1), σ 
= τ, ∴ T ∴ T .
∀σ, τ ∈ EndZ, T (σ + τ) = σ(1) + τ(1) = T (σ) + T (τ), T (στ) =

στ(1) = σ(τ(1)) = σ(1)τ(1) = T (σ)T (τ),∴ T EndZ −→ Z .

10. H 1.4.8

1 =

(
1 0
0 1

)
, i =

(√−1 0
0 −√−1

)

,

j =

(
0 1
−1 0

)
, k =

(
0

√−1√−1 0

)

1) ∀a ∈ H, (a, b, c, d) ∈ R(1) a = a+bi+cj+dk.
2) H σ:

σ(a + bi + cj + dk) = a − bi − cj − dk

H .
1) .

2) ∀α, β ∈ H, α = a1 + b1i + c1j + d1k, β = a2 = a2 + b2i + c2j +
d2k, σ(α + β) = σ(α) + σ(β), σ(αβ) = σ(β)σ(α), σ(α)2 = α, ∴ σ H

.

11. σ R R
′ ∀a, b ∈ R

1) σ(a + b) = σ(a) + σ(b),
2) σ(ab) = σ(a)σ(b) σ(ab) = σ(b)σ(a).

σ . .
σ σ . σ

∃c, d ∈ R,

σ(cd) = σ(c)σ(d) 
= σ(d)σ(c)

∀x ∈ R,

σ(cx) = σ(c)σ(x), σ(xd) = σ(x)σ(d)
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σ(cx) = σ(x)σ(c)

σ(c(d + x)) = σ(cd + cx) = σ(c)σ(d) + σ(x)σ(c) (1.1)

σ(c(d + x)) = σ(d + x)σ(c) = σ(d)σ(c) + σ(x)σ(c) (1.2)

(1.2) (1.1)

σ(c)σ(d) = σ(d)σ(c)

.

σ(c(d + x)) = σ(c)σ(d) + σ(c)σ(x) (1.3)

(1.3) (1.1)

σ(x)σ(c) = σ(c)σ(x)

∀x ∈ R,
σ(cx) = σ(c)σ(x)

σ(xd) = σ(x)σ(d)

∀x, y ∈ R,
σ(xy) = σ(y)σ(x)

∀z ∈ R,
σ(xz) = σ(x)σ(z)

σ(zy) = σ(z)σ(y)

σ((x + c)(y + d)) = σ(y)σ(x) + σ(x)σ(d) + σ(c)σ(y) + σ(c)σ(d) (1.4)

σ((x+c)(y+d)) = σ(y+d)σ(x+c) = σ(y)σ(x)+σ(d)σ(x)+σ(y)σ(c)+σ(d)σ(c)
(1.5)

∵ σ(x)σ(d) = σ(d)σ(x), σ(c)σ(y) = σ(y)σ(c)
∴ (1.4) (1.5)

σ(c)σ(d) = σ(d)σ(c)
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.

σ((x+c)(y+d)) = σ(x+c)σ(y+d) = σ(x)σ(y)+σ(x)σ(d)+σ(c)σ(y)+σ(c)σ(d)
(1.6)

(1.4),(1.6)
σ(x)σ(y) = σ(y)σ(x)

∴ σ R .

12. R R R
R Zp p Z .

13. R G(R) R .Aut R R
. G(R) [G(R) : Aut R]

1 2.
(1): ∀σ, η ∈ G(R).

σ η ση
σ η ση
σ, η ση .

.
σid = σ = idσ.
σσ−1 = id.

(2): Aut R G(R) .∀σ, η ∈ G(R), σAut R = ηAut R ⇔
η−1σ ∈ Aut R, σ, η .

G(R) = Aut R, [G(R) : Aut R] = 1;
Aut R ⊂ G(R), [G(R) : Aut R] = 2.

1.6

1. R M Abel . R End M u, u(1) =
idM . R × M M (a, x) → ax = u(a)(x), a ∈ R, x ∈
M M R .

∀x, y ∈ M,a, b ∈ R, u(a) ∈ End M ;

(a) a(x + y) = u(a)(x + y) = u(a)(x) + u(a)(y) = ax + ay;

(b) (a + b)x = u(a + b)(x) = (u(a) + u(b))(x) = u(a)(x) + u(b)(x) =
ax + bx;

(c) (ab)x = u(ab)(x) = (u(a)u(b))(x) = u(a)(u(b)(x)) = u(a)(bx) =
a(bx);

(d) 1x = u(1)(x) = idM(x) = x.
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∴ M R .

2. R M R . R End M f f(1) = idM .
f : R −→ End M, ∀a ∈ R, f(a) = aidM , f(1) =

idM , f R End M .

3. R,S 1
′
, 1 S R f : S → R

f(1
′
) = 1. M R . S × M M (s, x) →

f(s)x, s ∈ S, x ∈ M M S .
∀s, s1, s2 ∈ S, x, x1, x2 ∈ M

1) : (s1 + s2, x) = f(s1 + s2)x = [f(s1) + f(s2)]x = f(s1)x + f(s2)x =
s1x + s2x;
2) : (s, x1 + x2) = f(s)(x1 + x2) = f(s)x1 + f(s)x2;
3) : (s1s2, x) = f(s1s2)x = f(s1)f(s2)x = (s1, (s2, x));
4) : (1

′
, x) = f(1

′
)x = 1x = x.

∴ f M s− .

4. R M R a ∈ R. aM = {ax|x ∈
M},M(a) = {x|x ∈ M,ax = 0}. aM M(a) M .

1):∀x1, x2 ∈ M,ax1, ax2 ∈ aM , ax1 − ax2 = a(x1 − x2) ∈
aM.∀x ∈ M, r ∈ R, r(ax) = a(rx) ∈ aM, ∴ aM M .
2):∀x1, x2 ∈ M(a), ax1 = ax2 = 0, ax1 − ax2 = a(x1 − x2) = 0, ∴
x1 − x2 ∈ M(a).∀x ∈ M(a), r ∈ Ra(rx) = r(ax) = 0, ∴ rx ∈ M(a),∴
M(a) M .

5. n ∈ N, a, b ∈ Z, n = ab, (a, b) = 1, Zn Z . aZn = Zn(b).
Zn = {0, 1, 2, · · · , n − 1},∀x ∈ Zn(b) ⇔ n|bx ⇔ a|x(∵ n =

ab, (a, b) = 1) ⇔ x ∈ aZn

6. R M . M ∀x ∈
M,x 
= 0 M = Rx.

“ ⇒”:∀x ∈ M,x 
= 0, {0} ⊂ Rx ⊆ M, ∀ax ∈ Rx, bx ∈
Rx, a, b ∈ R, ax − bx = (a − b)x ∈ Rx,
∴ Rx < M. Rx
∀r ∈ R, ax ∈ Rx, r(ax) = (ra)x ∈ Rx,
∴ Rx M . ∵ M
∴ Rx M . ∴ M = Rx.
“ ⇐”: N M N 
= {0}, RN ⊆ N, ∀x ∈ N, x 
= 0, Rx ⊆
RN.

x ∈ M,x 
= 0, ∴ M = Rx,
∴ M = Rx ⊆ RN ⊆ N .

M = N , ∴ M .
∴ M .
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7. R R R .
“ ⇐”: R R I � R ⇔ I R .

∴ R
∴ R .
“ ⇒”: R 6 ∀x ∈ R, x 
= 0, R = Rx.

∀x ∈ R, x 
= 0, ∃r ∈ R, 1 = rx.
∴ x R
∴ {R∗; ·} R .

8. M R S M .S R

annR S = {a ∈ R|ax = 0, ∀x ∈ S}

:
1) annR S R M R ;
2) S M annR S R .

1) ∀a, b ∈ annR S, ax = bx = 0, ∀x ∈ S, ax − bx =
(a − b)x = 0, ∀x ∈ S, ∴ a − b ∈ annR S.
∀a ∈ annR S, r ∈ R, rax = 0, ∀x ∈ S, ∴ ra ∈ annR S. annR S R

.
2) ∀a ∈ annR S, r ∈ R, x ∈ S, ∵ S M ∴ rx ∈ S, ∴ arx =
a(rx) = 0, ∴ ar ∈ annR S, ∴ annR S R .

9. Z Zm Z annZ Zm Z/annZ Zm.
k · n = 0,∀n ∈ Zm, k ∈ Z ⇔ k ∈ mZ. ∴ annZ Zm =

mZ,Z/annZ Zm = Zm.

10. R .
1) R R EndL R R
2) R EndR R R .

1.6.14 EndL R ∼= Rr R,EndR R ∼= Lr
∼= R,(Rr

R Lr R .)

11. V P A V P[λ] ×
V V (f(λ), x) → f(A)x, f(λ) ∈ P[λ], x ∈ V . V

P[λ] .
1) Endp[λ] V = {ϕ ∈ End(V )|ϕA = Aϕ}, End(V ) V

2) annp[λ] V = {f(λ) ∈ P[λ]|f(A) = 0} = 〈g(λ)〉, g(λ) A
.

1) ∀ϕ ∈ Endp[λ] V , ϕ(x + y) = ϕ(x) + ϕ(y),∀x, y ∈
V.ϕ(ax) = aϕ(x), ∀a ∈ P, x ∈ V. ∴ ϕ ∈ End(V ).
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ϕ(λx) = λϕ(x), ∀x ∈ V, ∴ ϕA = Aϕ.
∀ϕ ∈ End(V ), ϕA = Aϕ, ϕ(x + y) =

ϕ(x) + ϕ(y),∀x, y ∈ V, ϕ(f(λ)x) = ϕ(f(A)x) = f(A)ϕ(x) =
f(λ)ϕ(x), ∀f(x) ∈ P [λ], x ∈ V, ∴ Endp[λ] V = {ϕ ∈ End(V )|ϕA =
Aϕ}.
2) f(λ) ∈ annp[λ] V ⇔ f(A)x = 0, ∀x ∈ V ⇔ f(A) = 0 ⇔
g(λ)|f(λ) ⇔ f(λ) ∈ 〈g(λ)〉,∴ annp[λ] V = {f(λ) ∈ P [λ]|f(A) = 0} =
〈g(λ)〉.

12. V C n V A
C[λ] V A (λ − λ0)

n, λ0 ∈
C.

1.7

1. ϕ G H ϕ .
ker ϕ.

1) G = R,H = Z ϕ(x) = [x] x
x

2) G = R∗, H = R∗ ϕ(x) = |x|;
3) G = Sn, H = {1,−1}, ϕ(σ) = sgn σ;
4) G = GL(n,P), H = P∗ P ,ϕ(A) = det A;
5) G = O(n,P), H = {1,−1}, ϕ(A) = det A;
6) G = Z9, H = Z2, ϕ(x) x 2 .

1) . ϕ(1.5 + 0.5) = ϕ(2) = 2, ϕ(1.5) + ϕ(0.5) = 1 + 0 = 1
2) . ker ϕ = {1,−1}
3) . ker ϕ = An.
4) . ker ϕ = {A|detA = 1}.
5) . ker ϕ = SO(n, p).
6) . ϕ(4) = 0, ϕ(5) = 1, ϕ(4 + 5) = ϕ(0) = 0.

2. G1, G2 H fi Gi H i = 1, 2. ker f1 �
ker f2. G1 G2

.G1 = S3, f1 : S3 −→ Z2, ker f1 = 〈(1, 2, 3)〉,
G2 = Z6, f2 : Z6 −→ Z2, ker f2 = 〈2〉 = {0, 2, 4}Z6 S3

S3 Z6.

3. R C∗ .R C∗ ϕ

ϕ(x) = cos x +
√−1 sin x, ∀x ∈ R.
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ϕ ker ϕ.
∀x, y ∈ R, ϕ(x + y) = cos(x + y) +

√−1 sin(x + y),
ϕ(x)ϕ(y) = (cos x +

√−1 sin x)(cos y +
√−1 sin y) = cos x cos y −

sin x sin y+
√−1(sin x cos y+cos x sin y) = cos(x+y)+

√−1 sin(x+y),
∴ ϕ(x + y) = ϕ(x) + ϕ(y),
∴ ϕ .
C∗ 1, ϕ(x) = 1 cos x+

√−1 sin x = 1, x = 2kπ, (k ∈ Z)
∴ ker ϕ = {x|x = 2kπ, k ∈ Z}.

4. G n Sn G . G
H [G : H] = 2.

H = {σ ∈ G|σ },
∵ id ∈ H,
∴ H G .
∀σ1, σ2 ∈ H, σ1σ

−1
2 ∈ G

∴ σ1σ
−1
2 ∈ H,

∴ H < G.
τ ∈ G, ∀τ1 ∈ G, τ1 τ−1τ1 ∈ H, ∴ τH = τ1H.
id ∈ G, ∀τ2 ∈ G, τ2 id−1τ2 ∈ H,

∴ id H = τ2H.
∴ [G : H] = 2.

5. G,G
′

H � G,H
′ � G

′
, ϕ G G

′

ϕ(H) ⊆ H
′
, ϕ G/H G

′
/H

′
ϕ∗.

.

G
ϕ−−−→ G′

π

⏐⏐	
⏐⏐	π′

G/H
ϕ′−−−→ G′/H ′

ϕ
′
π(g) = π

′
ϕ(g).

ϕ
′

.
∀g1, g2 ∈ G, π(g1) = π(g2), g−1

1 g2 ∈ H, ϕ(g−1
1 g2) ∈

H
′
.π

′
ϕ(g−1

1 g2) = 1 ⇒ π
′
ϕ(g1) = π

′
ϕ(g2), ϕ

′
(π(g1)) =

ϕ
′
(π(g2)), ϕ

′
.

R,R
′

K, K
′

R,R
′

ϕ R R
′

ϕ(K) ⊆ K
′
, ϕ

R/K R
′
/K

′
ϕ

′
.

M,M
′

R N,N
′

M,M
′

ϕ M M
′

ϕ(N) ⊆ N
′
, ϕ

M/N M
′
/N

′
ϕ

′
.
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6. K Kn×n K n Kn×n

.
1.4 16 Kn×n Kn×n

Kn×n {0}.
7. R R[x] x2 + 1 R[x]/〈x2 +

1〉 C .
ϕ : R[x] −→ C, ϕ(f(x)) = f(

√−1), ∀f(x) ∈ R[x].

8. R Z × R

(m, a) + (n, b) = (m + n, a + b),
(m, a)(n, b) = (mn, na + mb + ab),m, n ∈ Z, a, b ∈ R

Z × R R .
Z × R (1, 0), (0, R)

R .

9. R Abel .
R Abel End R, LR R

LR ⊆ End R. ∵ ∀aR, bR ∈ LR, ∀x ∈ R, (aR −
bR)x = (a−b)Rx, ∴ aR−bR ∈ LR. ∵ (aRbR)x = (ab)Rx, ∴ arbR ∈ LR. ∴
LR End R .

Cayley R ∼= LR.

10. R R . R
Zp p Z .

11. R e Zp p Z
. R p, R 0.

R ∞,
p p .

R ∞, .
∃a ∈ R, a m,ma = 0, ∀b ∈ R, 0 = (ma)b = a(mb),∵ R

∴ mb = 0, b n, nb = 0, m ≥ n, na = 0, ∴
n ≥ m, ∴ m = n

m m = m1m2,m1m2 
= 1, 0 = mab = (m1a)(m2b), ∵
R ∴ m1a = 0 m2b = 0. . m .

e {me|m ∈ Z} = R1, f : R1 −→
Z, f(me) = m. f . R 0 f

R1
∼= Z.

R p ker f = pZ, R1
∼= Z/pZ = Zp.
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12. R H, K H + K R .
Q,Z[

√−1] C Q + Z[
√−1] R .

13. R R

· · · −→ Mi−1
fi−1−→ Mi

fi−→ Mi+1 · · · .

fi−1(Mi−1) = ker fi, ∀i ∈ Z .
f M N R O R .

O → M O M R N → O
N O R

1) f O → M
f−→ N

2) f M
f−→ N −→ O

3) f O −→ M
f−→ N −→ O .

1) f ⇔ ker f = {0} = g(0) ⇔ 0
g−→ M

f−→ N
.

2) f ⇔ ker g = N = f(M) ⇔ M
f−→ N −→ 0 .

3) 1 2 3 .

14. R M
. M R

1) M

2) f : M → N O → M
f−→ N

3) g : N → M N
g−→ M −→ O .

M ⇔ ker f = {0} ∵ f ⇔ 0 −→ M
f−→

N .
∴ 1 ⇔ 2.
M ⇔ g(N) = M ∵ g ⇔ N

g−→ M −→ 0.
∴ 1 ⇔ 3.

.

1.8

1. G G G

. Klein .

2. G a ∈ G, 〈a〉 G . ax = xa, ∀x ∈
G.
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〈a〉 G 〈a〉 G .

∀x ∈ G, x−1ax = a e, ax 
= x, a = e,∴ x−1ax = a ax =
xa.

3. 1.8.3 .
X = {1, 2, 3, 4}, A4

A4 = {(1), (12)(34), (13)(24), (14)(23), (123), (124),
(132), (134), (142), (143), (234), (243)}, |A4| = 12,, A4 6

.

4. p, q p 
= q, Zpq

pq(1 − 1

p
)(1 − 1

q
).

5. p r ≥ 1. Zpr

pr(1 − 1

p
).

6. G Abel H, K, G r, s
1) (r, s) = 1 G rs
2) G [r, s] .

H = 〈a〉, K = 〈b〉, ab k, (ab)k = akbk, ∴ s|k, t|k, ∴
[r, s]|k.

(ab)[r,s] = a[r,s]b[r,s] = 1, ∴ k = [r, s]. ∴ 〈ab〉 G [r, s]
. 2 1 .

7. G n .
1) G
2) G
3) G .

1) H < G, ∀g ∈ G, g−1Hg < G. |g−1Hg| = |H|,∴
g−1Hg = H, ∴ H � G.
2) ∵ ∀H < G, H G .∴ H

.G/H G H .G
G/H .

8. G . G .
G ∃g ∈ G, g ∞, 〈g〉 � Z,Z

. ∴ G a ∈ G, ∃b ∈
G, b∈〈a〉, ∃c ∈ G, c∈〈a〉, c ∈ 〈b〉, · · · , G ∴
G .
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Chapter 2

2.1

1. ?

.

2. Z[
√−1 ] = {m+n

√−1 | m,n ∈ Z}. Z[
√−1 ] ,

Z[
√−1 ] (Z[

√−1 ] Gauss ).

Z[
√−1 ] , Z[

√−1 ] ⊆ C,C ,
Z[
√−1 ] . F , Q[

√−1 ] ⊆ F ,
a, b, c, d ∈ Z, :

a +
√−1 b

c +
√−1 d

=
(a +

√−1 b)(c −√−1 d)

c2 + d2
∈ Q[

√−1 ],

Q[
√−1 ] ⊇ F , Q[

√−1 ] = F

3. : Z[
√

2 ] = {m + n
√

2 | m,n ∈ Z} ,
.

Z[
√

2 ] , Z[
√

2 ] ⊆ C,C ,
Z[
√

2 ] . F , Q[
√

2 ] ⊆ F ,
a, b, c, d ∈ Z, :

a +
√

2 b

c +
√

2 d
=

(a +
√

2 b)(c −√
2 d)

c2 + d2
∈ Q[

√
2 ],

Q[
√

2 ] ⊇ F , Q[
√

2 ] = F

4. D ,m,n ∈ N, (m,n) = 1. : a, b ∈ D am =
bm, an = bn a = b.

27
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, :
(m,n) = 1, ∃s, t ∈ Z, ms + nt = 1,

a = a1 = ams+nt = bms+nt = b1 = b.

5. ( ab = ac b = c),
Abel . ?

2.1.1 . 2.1.1 , R , R
. R . R

Abel . . .

6. D ,D∗ = D − {0}. ∀ a, b ∈ D∗, ∃ a1, b1 ∈ D∗ ab1 = ba1,
D , m = ab1 = ba1 a, b .

D . D × D∗ ∼: (a, b) ∼
(c, d), d1, b1 ∈ D∗ db1 = bd1, ad1 = cb1. :
1) ∼
2) a

b
(a, b) . F = D × D∗/ ∼

:
a

b
+

c

d
=

ad1 + cb1

m

( m = bd1 = db1 b, d ),

a

b
· c

d
=

ac2

db2

( b2, c2 b2 ∈ D∗, c2 ∈ D, cb2 = bc2). F .
3) D F D′ .
4) ∀x ∈ F,∃ a′, b′ ∈ D′ x = a′(b′)−1.

7. R ,S R , S
. R × S 2.1.1 .

RS−1( Q(R,S)). :
1) RS−1 ;
2) R RS−1 ;
3) ∀ a ∈ S ⊆ RS−1,a .

1) 2.1.1 , , .
∀ s1, s2 ∈ S, r1, r2 ∈ R,
r1

s1

+
r2

s2

=
r1s2 + r2s1

s1s2

∈ RS−1

r1

s1

· r2

s2

=
r1r2

s1s2

∈ RS−1

RS−1 .

2),3) R .
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8. R = Z4, S = {1, 3}. RS−1.

RS−1 = {0, 1/1, 2/1, 3/1, 1/3, 2/3, 3/3}, 2/1 = 2/3, 1/1 =
3/3, 3/1 = 1/3. RS−1 Z4 .

9. R = Z, S = {2n | n ∈ N. RS−1.

RS−1 = { k
2n |k ∈ Z, (2, k) = 1, n ∈ N}

10. R = 3Z, S = {6n | n ∈ N}. RS−1 R {m

6n
| m ∈ Z, n ∈

Z+} .

ϕ : RS−1 → {m

6n
|m ∈ Z, n ∈ Z+},

ϕ((3x, 6n)) =
3x

6n
, ∀x ∈ Z, n ∈ N. ϕ .

∀m ∈ Z, n ∈ Z+, ϕ((3 · 2m, 6n+1)) =
m

6n
.

ϕ .

RS−1 {m

6n
| m ∈ Z, n ∈ Z+}

11. R ,R1 R . K ⊇
R, ∀ a ∈ R1, a K , RR−1

1 K .

∀ r ∈ R, a ∈ R1, ϕ : r/a → ra−1 ∈ K. a−1 = 0.
ϕ , RR−1

1 K .

2.2

1. R ,R[x] R ,f, g ∈ R[x]. :

deg(fg) = deg f + deg g.

( , ?)

f(x) =
n∑

i=0

aix
i, g(x) =

m∑
j=0

bjx
j, (an, bm 
= 0). deg f =

n, deg g = m. f(x)g(x) =
n∑

i=0

m∑
j=0

aibjx
i+j =

m+n∑
k=0

(
∑

i+j=k

aibjx
k). R

,anbm 
= 0, deg(fg) = m + n. deg (fg) = deg f +
deg g.

R , an anbm = 0, deg (fg) ≤ m + n.
.

2. R ,F R ,F [x] F . R[x]
R , R[x] F [x] .
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R[x], F [x] K, E. E = F (x), K ⊆ E.

E ⊆ K, f, g ∈ F [x], f(x)
g(x)

∈ E. f, g r
s
, r, s ∈ R

, r0, s0 ∈ R, f(x) = f1(x)
r0

, g(x) = g1(x)
s0

, f1(x), g1(x) ∈
R[x], f(x)

g(x)
= s0f1(x)

r0g1(x)
, s0f1(x), r0g1(x) ∈ g[x]. E ⊆ K. E = K.

3. Q . ω = −1/2 +
√−3/2 Q ,

Q[ω] � Q[x]/〈x2 + x + 1〉.
ϕ : Q[x] → Q[ω], ϕ(f(x)) = f(ω),∀ f(x) ∈ Q[x],

ϕ , ker ϕ = 〈x2 + x + 1〉, Q[ω] � Q[x]/〈x2 + x + 1〉.
4. u =

√
2 +

√
3 Q , Q[x] I, Q[u] � Q[x]/I.

u4 − 10u2 + 1 = 0, u Q .
ϕ : Q[x] → Q[u], ϕ(f(x)) = f(u), ∀ f(x) ∈ Q[x], ϕ
, ker ϕ = 〈x4 − 10x2 + 1〉, (x4 − 10x2 + 1 Q ),
Q[u] � Q[x]/〈x4 − 10x2 + 1〉.

5. I R . I[x1, x2, . . . , xn] R[x1, x2, . . . , xn]
I . :

1) I[x1, x2, . . . , xn] R[x1, x2, . . . , xn] ;
2) R[x1, x2, . . . , xn]/I[x1, x2, . . . , xn] � (R/I)[y1, y2, . . . , yn],
y1, y2, . . . , yn R/I .

1) ,I[x1, · · · , xn] . f ∈
R[x1, · · · , xn], g ∈ [x1, · · · , xn], fg
c =

∑
1≤is,jt≤n

ai1···inbj1···jn .

ai1···in ∈ R, bj1···jn ∈ I, c ∈ I, fg ∈ I[x1, · · · , xn].

2) f =
∑

i1···in
ai1···inxi1

1 · · ·xin
n ∈ R[x1, · · · , xn], ai1···in ∈

R, ai1···in R/I ai1···in .
ϕ : R[x1, · · · , xn] → (R/I)[y1, · · · , yn], ϕ(xi) = yi, ϕ(r) = r, ∀ r ∈

R. ϕ . f ∈ Ker ϕ, yi R/I ,
ai1···in = 0, ai1···in ∈ I, ∀ 1 ≤ i1, · · · , in ≤ n, f ∈ I[x1, · · · , xn].

. Ker ϕ = I[x1, · · · , xn],
R[x1, x2, . . . , xn]/I[x1, x2, . . . , xn] � (R/I)[y1, y2, . . . , yn].

6. R .

R〈x〉 =

{
(a0, a1, . . . , an, . . .) =

∞∑
n=0

anx
n | an ∈ R

}

课后答案网 www.khdaw.com 
 

 

若侵犯了您的版权利益，敬请来信通知我们！  ℡ www.khdaw.com

kh
da

w.co
m

kh
da

w.co
m



31

R〈x〉 :

( ∞∑
n=0

anx
n

)
+

( ∞∑
n=0

bnx
n

)
=

( ∞∑
n=0

(an + bn)xn

)
;

( ∞∑
n=0

anx
n

)
·
( ∞∑

n=0

bnx
n

)
=

∞∑
n=0

( ∑
i+j=n

aibj

)
xn.

R〈x〉 ( R ).

R〈x〉 Abel , .
, .

7. M ,R .

R[M ] = {f | f : M → R, | M − f−1(0) |< ∞}.

R[M ] :

(f + g)(m) = f(m) + g(m),

(f · g)(m) =
∑

p q=m

f(p)g(q).

R[M ] ( M R ).

R[M ] M R .
f, g ∈ R[M ], f − g, fg ∈ R[M ], .

8. R ,M . M R
R[M ] R R[x] .

∀ f ∈ R[M ], f c1, · · · , cn, ai = f(ci),
f(c) = 0, c 
= ci(i = 1, 2, · · · , n). :f → ∑

aix
i. R[M ]

. R[M ] , . ai =
0,∀ i, f ≡ 0 R[M ] , , R[M ] � R[x].

2.3

1. Newton s1, s2, s3, s4 s5 .

s1 = p1, s2 = p2
1 − 2p2, s3 = p3 − 3p1p2 + 3p3,

s4 = p4
1 − 4p2

1p2 + 2p2
2 + 4p1p3 − 4p4.
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2. sk Newton ,pi .

sk =
∑

aλ1λ2···λnpλ1
1 pλ2

2 · · · pλn
n ,

n∑
j=1

jλj = k.

1) aλ1,λ2···λn .

aλ1λ2···λn = a(λ1−1)λ2···λn − aλ1(λ2−1)···λn + · · · [+(−1)k−1k];

( λk = 1, λi = 0, i 
= k ,
, a .)

2)

aλ1λ2···λn = (−1)λ2+λ4+λ6+···k(λ1 + λ2 + · · · + λn−1)/λ1!λ2! · · ·λn!

3. R ⊆ C. Newton s1, s2, . . . , sn .
R[p1, p2, · · · , pn] = R[s1, s2, · · · , sn]. p1, p2, · · · , pn

.

a1, · · · , an ∈ R, a1s1+· · ·+ansn = 0, x1, · · · , xn

, a1x1+a2x2+· · ·+anxn = 0, 1 ≤ i ≤ n. ai = 0, 1 ≤ i ≤
n, s1, s2, · · · , sn R . , p1, · · · , pn

s1, · · · , sn , 2.3.3 Newton
.

4. n > 4. s(x2
1x2), s(x

2
1x

2
2). Newton

sk .

s(x2
1x2) =

2∑
i=1

(p1 − xi) = p1

n∑
i=1

x2
i −

n∑
i=1

x3
i = s1s2 − s3

s(x2
1x

2
2) = 1

2

n∑
i=1

x2
i (s2 − x2

i ) = 1
2

n∑
i=1

x2
i − 1

2

n∑
i=1

x4
i = 1

2
s2
2 − 1

2
s4.

5. D =
∏

1≤i≤j≤n

(xi −xj)
2 . n = 2, 3 ,

D.

D .
n = 2 , D = (x1 − x2)

2 = (x1 + x2)
2 − 4x1x2 = p2

1 − 4p2

n = 3 , D = (x1 − x2)
2(x2 − x3)

2(x1 − x3)
2 = p2

1p
2
2 − 4p3

1p3 − 4p3
2 +

27p1p2p3 − 27p2
3

6. : R = R, x1, x2, · · · , xn ≤ 0 ,pk ≤ pk
1/k1.

: p1 = p1, p
(k−1)
1 ≥ (k − 1)!pk−1, pk

1 =

p
(k−1)
1 p1 ≥ (k − 1)!pk−1p1 ≥ (k − 1)!(kpk) = k!pk.
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7. n a1, a2, · · · , an,

(
n∏

j=1

(1 + aj)

)1/n

≤ 1 +

(
n∏

j=1

aj

)1/n

∏
j = 1n(1 + aj) ≥ (1 + (

n∏
j=1

aj)
1
n )n =

n∑
k=0

Ck
n(pn)

k
n

∏
j = 1n(1 + aj) = 1 +

n∑
k=1

pk, pk ≥ Ck
n(pn)

k
n ,

, .

8. :xn + x−n = f(y), y = x + x−1, f(y) ∈ Z[y].

n = 1 ,f1(y) = y,
n = 2 , f2(y) = y2 − 2

n ≤ N , fn(y) ∈ Z[y].
fN(y)f1(y) = f(N+1)(y) − f(N−1)(y)
f(N+1)(y) = fN(y)f1(y) − f(N−1)(y),
f(N+1)(y) ∈ Z[y], .

9. s−k =
n∑

i=1

x−k
i , k = 1, 2, · · · . s−k p1, p2, . . . pn

.

10. x3 + a1x
2 + a2x + a3 = 0

2a3
1 − 9a1a2 + 27a3 = 0.

x1, x2, x3,⎧⎨
⎩

x1 + x2 + x3 = −a1

x1x2 + x2x3 + x3x1 = a2

x1x2x3 = −a3

(2.1)

f = 2a3
1 − 9a1a2 + 27a3, (2.1) f

f = (x1 + x2 − 2x3)(x1 + x3 − 2x2)(x2 + x3 − 2x1)
“⇒” x1, x2, x3 , f = 0,⇒ 2a3

1 − 9a1a2 + 27a3 = 0
“⇐” 2a3

1 − 9a1a2 + 27a3 = 0, f = 0, x1 + x2 = 2x3, x1 + x3 =
2x2, x2 + x3 = 2x1 . x1, x2, x3 .

2.4

1. Z[
√−5 ] .
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N(a+b
√−5) = a2+5b2, (a, b ∈ Z), ∀x, y ∈ Z[

√−5],
x|y ⇔ N(x)|N(y), .

2. Z[
√−3 ] .

N(a+b
√−3) = a2+3b2, (a, b ∈ Z), ∀x, y ∈ Z[

√−3],
x|y ⇔ N(x)|N(y), .

4 = (1 +
√−3)(1 −√−3) = 2 × 2, , 1 +

√−3, 1 −√−3, 2
Z[
√−3] , 2 1 +

√−3 , Z[
√−3]

.

3. Z[
√

10 ] .

N(a + b
√

10) = |a2 − 10b2|, (a, b ∈ Z). ∀x, y ∈
Z[
√

10], x|y ⇔ N(x)|N(y). 31 = (3 + 2
√

10)(3 − 2
√

10) = (11 +
3
√

10)(11−3
√

10). N(3+2
√

10) = N(3−2
√

10) = N(11+3
√

10) =
N(11 − 3

√
10) = 31, 3 + 2

√
10, 3 − 2

√
10, 11 + 3

√
10, 11 − 3

√
10

. 11+3
√

10
3+2

√
10

, 11−3
√

10
3+2

√
10


∈ Z[
√

10], 3 + 2
√

10 11 +

3
√

10, 11 − 3
√

10 , Z[
√

10] .

4. Z[
√−3 ] 4 2(1 +

√−3 ) .

d. 2, 1 +
√−3 4 (1 +

√−3)
, 2|d, 1 +

√−3|d. 2, 1 +
√−3 Z[

√−3]
. 2(1 +

√−3)|d. 2(1 +
√−3) � 4, . 4 2(1 +

√−3)
.

5.
√−3 Z[

√−3 ] .

N(a + b
√−3) = a2 + 3b2, (a, b ∈ Z),

√−3|ab, a, b ∈
Z[
√−3], 3|N(a)N(b), 3|N(a) 3|N(b). Z[

√−3] 3√−3 −√−3,
√−3|a √−3|b.√−3 Z[

√−3 ] .

6. F .

A =

{
n∑

i=1

aix
αi ai ∈ F, αi ∈ Q, αi ≥ 0, 1 ≤ i ≤ n

}

A :(
n∑

i=1

aix
αi

)
+

(
n∑

i=1

bix
βi

)
=

n∑
i=1

aix
αi + bix

βi

(
n∑

j=1

aix
αj

)
·
(

n∑
k=1

bix
βk

)
=

n∑
j=1

n∑
k=1

ajbkx
αj+βk
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A , .

A Abel , ,

.
n∑

j=1

ajx
αj ,

n∑
k=1

bkx
βk ∈ A,

n∑
k=1

bkx
βk 
= 0.

0 = (
n∑

j=1

ajx
αj)(

n∑
k=1

bkx
βk)

=
n∑

j=1

n∑
k=1

ajbkx
αj+βk =

n∑
j=1

ajx
αj

n∑
k=1

bkx
βk ,

aj = 0, j = 1, 2, · · · , n.
n∑

j=1

ajx
αj = 0. A ,A

. (x− 1) = (x
1
2 + 1)(x

1
4 + 1)(x

1
8 + 1) · · · (x 1

2n + 1)(x
1

2n − 1),
1

(x
1

2n + 1)

∈ A, (x

1
2n + 1) 
∈ U. x − 1 ,A

.

7. R UFD,a, b ∈ R∗. m ∈ R :
1) m a, b , a | m, b | m;
2) n a, b . m | n.
m a, b . :
1) m a, b , m1 ∼ m ,m1 a, b

;
2) R∗ ;
3) [a, b] a, b ,
[(a, b)[a, b] ∼ ab, [a, (b, c)] ∼ ([a, b], [a, c]).

1) “⇒” m a, b , a|m, b|m, m1 ∼ m m|m1

a|m1, b|m1, m1 a, b .
a, b m′, m|m′(m ), m1 ∼ m m1|m,

m1|m′, m1 a, b .
“⇐” m1 a, b ,m a, b , m1|m.
m a, b ,m1 a, b , m|m1.

m1 ∼ m.

2) ∀a, b ∈ R∗, a ∈ U, b a, b . b ∈ U, a a, b
. a, b ∈ R∗ − U, R UFD a :

a = uP n1
1 P n2

2 · · ·P nr
r , b = vPm1

1 Pm2
2 · · ·Pmr

r , u, v ∈ U,
P1, P2, . . . , Pr ,ni,mi .
ki = max(ni,mi), m = P k1

1 P k2
2 · · ·P kr

r a, b .

3)(a, b)[a, b] ∼ ab.
min(m,n)max(m,n) = mn, [a, (b, c)] ∼ ([a, b], [a, c]),

max[k, min(m,n)] = min[max(k, m), max(k, n)]. k ≥ m ≥
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n,m ≥ k ≥ n,m ≥ n ≥ k , . .

8. Z Z[x] UFD.

.

9. R,R′ ,R UFD, ϕ R R′ . R′

UFD? , ; , .

R′ UFD. :
R = Z[x], R′ = Z[

√−3 ], ϕ′ Z → Z[
√−3 ]

, ϕ′(1) = 1, ϕ′ ϕ : Z[x] → Z[
√−3 ]

, ϕ(x) =
√−3. ∀ a + b

√−3 ∈ Z[
√−3 ] a + bx ∈ Z[x].

ϕ Z[x] → Z[
√−3 ] . 8 Z[x] UFD,

Z[
√−3 ] UFD.

2.5 Euclid

1. R ,a ∈ R, a 
= 0. :
1) a R/〈a〉 ;
2) a R/〈a〉 .

1) R/〈a〉 , R 〈a〉 ,
I 〈a〉 ⊂ I ⊂ R, I = 〈b〉, b|a, b = 1 b = a, R/〈a〉

, .

2) a = bc, b, c 
∈ U . (b + 〈a〉) · (c + 〈a〉) = 0, R/〈a〉
.

2. R ,R1 , R1 ⊇ R. a, b ∈
R∗,d a, b R . d a, b R1 .

d a, b R , R d|a, d|b. d
a, b R . c a, b R1 .
R p.i.d., ∃u, v ∈ R ⊆ R1, d = ua + vb. c|a, c|b,
c|d, d a, b R1 .

3. R ,I R , I 
= {0}. :
1) R/I ;
( R/I ?)
2) R/I .

1) I = 〈a〉, a ∈ R,R/I R 〈a〉
. 〈a〉 ⊆ 〈b〉, b|a, 〈b〉/I R/I . 〈b〉/I = 〈b + I〉,

R/I .
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R/I . 1.2) , a ,
R/〈a〉 .

2) 1) R/I 〈b + I〉, b|a, R UFD, a
, R/I .

4. R , . R[x] .

a ∈ R , 〈a, x〉 ⊂ R[x] .

5. Z[
√−1 ] . 2, 3 5 Z[

√−1 ] .

α = a + b
√−1 ∈ U. α · α−1 = 1. , N(α) ·

N(α−1) = 1. N(α) , N(α) = 1, a2 + b2 = 1, a, b ∈
Z. α = ±1,±√−1, ±1,±√−1 .

U = {1,−1,
√−1,−√−1}.

1) 2 = (1+
√−1)(1−√−1). Z[

√−1 ] Euclid , Z[
√−1 ]

, , 2 “ ” .
1 +

√−1 1 −√−1 :
1+

√−1 , a+ b
√−1. 1+

√−1 =
(a + b

√−1) · β, β ∈ Z[
√−1]. :(a2 + b2) ·N(β) = 2.

a2 + b2 1, 2.
a2 + b2 = 1, a + b

√−1 ∈ U, , ;
a2 + b2 = 2, N(β) = 1, β ∈ U, a + b

√−1 ∼ 1 +
√−1.

, . 1 +
√−1 . 1 − √−1

.

2) 5 = (2+
√−1)(2−√−1 ). , 2±√−1

. 2 +
√−1 , a + b

√−1, 2 +√−1 = (a+b
√−1 )·β, β ∈ Z[

√−1 ]. 5 = (a2+b2)N(β).
a2 + b2 1 5. a2 + b2 = 1, a + b

√−1 ∈ U ,
. a2 + b2 = 5, N(β) = 1 ⇒ β ∈ U. a + b

√−1 ,
. 2 +

√−1 . ,2 −√−1 .

3) 3 . 3 , a + b
√−1

3 = (a + b
√−1 )β, β ∈ Z[

√−1 ]. ,9 = (a2 + b2)N(β),a2 +
b2 1, 3, 9. a2 + b2 = 1, a + b

√−1 , .

a2 +b2 = 9, β ∈ U, a+b
√−1 , . a2 +b2 =

3, a, b ∈ Z . 3 , .

6. R = {a + b
2
(1 +

√−3 ) | a, b ∈ Z} Euclid .

δ :δ(a+ b
2
(1+

√−3)) = a2+b2. α = a+ b
2
(1+

√−3), β =

c + d
2
(1 +

√−3), αβ−1 ∈ Q(
√−3), αβ−1 = u + v

√−3, e, f ∈
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Z, |u − e| ≤ 1
2
, |v − f | ≤ 1

2
, α = β(e + f

2
(
√−3 + 1) = cε − dη +

dη+cη+dε
2

(1 +
√−3 ). γ, δ(γ) < δ(β). R Euclid .

7. R Euclid , δ(ab) = δ(a)δ(b). a ∈ U ⇔ δ(a) = δ(1).

∀ b ∈ R, δ(b) = δ(1)δ(b), δ 
≡ 0, δ(1) = 1
“ ⇒ ”∀ a ∈ U, δ(a)δ(a−1) = δ(1) = 1, δ(a) = δ(1) = 1.
“ ⇐ ” δ(a) = δ(1) = 1, 0 = 0 · 1 + 0. 1 = δ(1) > δ(0),

δ(0) = 0.
Euclid δ(b) = 0 ⇔ b = 0, ∃ a, r ∈ R 1 = q · a + r, 1 =

δ(a) > δ(r), r = 0. a .

8. R Euclid , δ(ab) = δ(a)δ(b), δ(a+b) ≤ max{δ(a), δ(b)}. R
, .

R0 = {a|δ(a) ≡ 1}. ∀ b ∈ R0, δ(−b) = δ(−1)δ(b) =
1, δ(a + b) ≤ max{δ(a), δ(b)} = 1. R0 ∪ {0} .

R = R0, R . x = {b|δ(b) = min(δ(a)), δ(a) > 1},
∀ a ∈ R, a 
= 0, ∃a0, a1, a = a1x + a0, δ(a0) < δ(x).
a0 ∈ R0 ∪ {0}.

δ(a1)δ(x) = δ(a1x), δ(a − a0) ≤ max{δ(a), δ(a0)} ≤ δ(a),
δ(a1) < δ(a).

, δ(an) = 1 0, R
(x R ).

9. Euclid .

F , δ : F → N
⋃{0}, δ(0) = 0, δ(a) =

1,∀a ∈ F a 
= 0. ∀ a, b ∈ F, b 
= 0, ∃ ab−1 ∈ F , a = (ab−1)b +
0, δ(0) < δ(b). F Euclid .

10. R . R (ACC), R
N1 ⊂ N2 ⊂ N3 ⊂ · · · ; R

(MC), R S ,
S ; R

(FBC), R N , N = 〈b1, b2, · · · , bn〉.
:ACC,MC FBC .

(ACC)⇒(MC): (MC) S, ∀ I ∈
S, ∃ J ∈ S, I ⊂ J , , (ACC)

.
(MC)⇒(FBC): I , {ai}i≥1 ⊂ I

〈a1, · · · , an〉 ⊂ 〈a1, · · · , an+1〉, S = {〈a1, · · · , an〉|n ≥ 1}
(MC) .
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(FBC)⇒(ACC): ,
, .

11. R N1 ⊃ N2 ⊃ N3 ⊃ · · · , R
(DCC). R S

S , R (mC). :DCC mC .

, .

12. ACC DCC .

Z.
Z , ACC,〈2〉 ⊃ 〈22〉 ⊃ 〈23〉 ⊃ · · · ⊃ 〈2n〉 · · ·

DCC.

2.6

1. x4 + 4 ∈ Z4[x], .

x4 + 4 = x4 − 1 = (x2 + 1)(x2 − 1) = (x2 − 4)(x2 − 1)
= (x − 1)(x − 2)(x + 1)(x + 2).

2. x3 + 2x + 8 Q[x] ? Z5[x]
? , .

x3+2x+3 = (x+1)(x2−x+3), x+1, x2−x+3 Q[x]
, x2+2x+3 Q[x] . Z5[x]

( 6 ). Z5[x] x3 +2x+3 = (x+1)(x2−x+3) =
(x + 1)2(x − 2).

3. ∀ a ∈ Z,(p ),xp + a Zp[x] .

xp + a = (x + a)p.

4. p, Zp[x]
x + 2 | x4 + x3 + x2 − x + 1.

Zp = {0, 1, 2, · · · , p − 1}. x = p − 2 x + 2 = 0. x +
2 | x4 +x3 +x2−x+1 ⇐⇒ ((p − 2)4 +(p − 2)3 +(p − 2)2−p − 2+1 =
0 ⇐⇒ p[(p − 2)2(p − 3) + 3p − 13] + 15 = 0 ⇐⇒ p | 15. p

, p = 3 p = 5.

5. F ,f(x), g(x) ∈ F [x].
N = {u(x)f(x) + v(x)g(x) | u(x), v(x) ∈ F [x]}

F [x] , degf(x) 
= degg(x), N 
= F [x], f(x), g(x)
.
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∀u1(x)f(x) + v1(x)g(x), u2(x)f(x) + v2(x)g(x) ∈ N ,
(u1(x) − u2(x))f(x) + (v1(x) − v2(x))g(x) ∈ N .
∀h(x) ∈ F (x), ∀u(x)f(x) + v(x)g(x) ∈ N ,
h(x)(u(x)f(x) + v(x)g(x)) = (h(x)u(x))f(x) + (h(x)v(x))g(x) ∈ N .

F [x] , (u(x)f(x) + v(x)g(x))h(x) =
(u(x)h(x))f(x) + (v(x)h(x))g(x) ∈ N .

N F [x] .

f(x), g(x) . f(x) | g(x). f(x) ∈ F ∗ f(x) ∼
g(x). f(x) ∈ F ∗ , v(x) = 0, N ⊆ {u(x)f(x) | u(x) ∈
F [x]}, N = F [x], ; f(x) ∼ g(x) , degf(x) = degg(x),

. f(x) � g(x), g(x) � f(x). f(x) g(x) .
u0(x), v0(x) ∈ F [x], u0(x)f(x) + v0(x)g(x) = 1, 1 ∈ N . N

, ∀ f(x) ∈ F [x], 1 · f(x) ∈ N , F [x] ⊆ N , N = F [x],
. f(x), g(x) 1 .

6. f [x] ∈ Z[x]. f(x) Zp[x] , f(x)
Q[x] .

f(x) Q[x] , f(x) Z[x]
, f(x) Zp[x] . .

7. F ,f(x) ∈ F [x]. f(x)
( ∃f1(x) ∈ F [x], degf1(x) > 0 f2

1 (x) | f(x))
F [x]/〈f(x)〉 .

: f(x) f1(x), f(x)/f1(x) F [x]/〈f(x)〉
.
: g(x) + 〈f(x)〉 F [x]/〈f(x)〉 , n > 1, gn(x)

⊂ 〈f(x)〉, f(x)|gn(x). f(x) � g(x).
g(x)/[f(x), g(x)] f(x) .

8. p ,an 
≡ 0(mod p). :
anx

n + an−1x
n−1 + · · · + a1x + a0 ≡ 0(mod p)

Z n .

:anx
n +an−1x

n−1 + · · ·+a1x+a0 = 0 Zp[x]
Zp n . 2.6.1 3 .

9. F q a1, a2, · · · , aq. F [x]
xq − x = (x − a1)(x − a2) · · · (x − aq).

,∀ i, aq
i = ai, , xq − x ≡ 0(mod p), (p =

Ch F ) a1, · · · , aq q , F ,xq − x = (x − a1) · · · (x − aq).
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10. (Wilson ) p ,
(p − 1)! = −1(mod p).

, Ep[x] , xp − x = x(x − 1) · · · (x − p + 1).
.

11. x3 − x Z6 6 .

(0)3 − 0 = 0, (1)3 − 1 = 0, (2)3 − 2 = 0
(3)3 − 3 = 0, (4)3 − 4 = 0, (5)3 − 5 = 0

0, 1, 2, 3, 4, 5 x3 − x Z6 .

12. x5 − 3x3 + 2x Z30 .

x5 − 3x3 + 2x
Z2 0, 1;
Z3 0, 1, 2;
Z5 0, 1, 4.
x5 − 3x3 + 2x Z30 0, 1, 4, 5, 6, 9, 10, 11, 14, 15,

16, 19, 20, 21, 24, 25, 26, 29.

13. x2 + 1 H .

H =

{(
α β

−β α

)
α, β ∈ C

}
. α = aeiα, β = beiβ ∈ C.

(
α β

−β α

)2

+ 1 = 0,

α = ia, β = b, a2 + b2 = 1 . (α, β) .

14. F f(x) = a0x
2 + a1x + a2, g(x) = b0x

2 + b1x + b2. :
4R(f, g) = (2a0b2 − a1b1 + 2a2b0)

2 − (4a0a2 − a2
1)(4b0b2 − b2

1).

R(f, g) =

∣∣∣∣∣∣∣∣

a0 a1 a2 0
0 a0 a1 a2

b0 b1 b2 0
0 b0 b1 b2

∣∣∣∣∣∣∣∣
= a2

0b
2
2 + a0a2b

2
1 − 2a0a2b0b2 − a0a1b1b2 + a2

1b0b2 + a2
2b

2
0 − a1a2b0b1

(2a0b2 − a1b1 + 2a2b0)
2 − (4a0a2 − a2

1)(4b0b2 − b2
1)

= 4a2
0b

2
2 + 4a0a2b

2
1 − 8a0a2b0b2 − 4a0a1b1b2 + 4a2

1b0b2 + 4a2
2b

2
0 − 4a1a2b0b1

:
4R(f, g) = (2a0b2 − a1b1 + 2a2b0)

2 − (4a0a2 − a2
1)(4b0b2 − b2

1).

15. f(x) = xn−1 + xn−2 + · · · + x + 1 g(x) = xm − 1 R(f, g).

16. f(x) = xn−1 +xn−2 + · · ·+x+1 g(x) = xm−1 +xm−2 + · · ·+x+1
R(f, g).
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2.7

1. x4 + 1, x6 + x3 + 1, x4 − x3 − 2x+1 Z
Z[x] .

1) x4 + 1 . ±1 x4 + 1 , x4 + 1
. x4 + 1 = (x2 + ax ± 1)(x2 + bx ± 1)

: ±(a + b) = 0, ab ± 2 = 0, a, b ∈ Z
. x4 + 1 .

2) x = y + 1 x6 + x3 + 1 = (y + 1)6 + (y + 1)3 + 1
= y6 + 6y5 + 15y4 + 21y3 + 18y2 + 9y + 3. Eisenstein (y +
1)6 + (y + 1)3 + 1 , x6 + x3 + 1 .

3) 1) ±1 x4 − x3 − 2x + 1 , x4 − x3 − 2x + 1
, , 1) .

2. p1, p2, · · · , pr r ,m > 1. (p1p2 · · · pr)
1/m .

, (p1p2 · · · pr)
1
m = a

b
, p1p2 · · · prb

m = am.
p1|a, pm

1 |am, p|b, a
b

.

3. a1, a2, · · · , an .
(x − a1)(x − a2) · · · (x − an) − 1,
(x − a1)(x − a2) · · · (x − an) + 1, (n > 4)

Q[x] .

Z[x] .
(x − a1) · · · (x − an) − 1 = f(x)g(x), f(x), g(x) ∈ Z[x].

deg(f(x)) ≤ 2 ∀ 1 ≤ i ≤ n, f(ai)g(ai) = −1, f(ai) =
±1, f 2(x) = 1 n , .

(x − a1)(x − a2) · · · (x − an) + 1 Q[x] .

4. f(x) Z[x] ,α f(x) . α .

.

5. F R ,f(x) R[x]
, g(x) F [x] , g(x) | f(x). g(x) ∈ R[x].

g(x)|f(x), h(x) ∈ F [x], f(x) = g(x)h(x).

2.7.2, g1(x), h1(x) ∈ R[x], g1(x)
F∼ g(x), h1(x)

F∼ h(x),
f(x) = g1(x)h1(x). f(x) , g1(x), h1(x)

. g1(x)
F∼ g(x) , g(x) = g1(x) ∈ R[x].
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6. π Z Zm , Z[x] Zm[x] π

π

(
n∑

k=0

akx
k

)
=

n∑
k=0

π(ak)x
k.

:
1) π .
2) f(x) ∈ Z[x], deg f(x) = n. π(f(x)) Zm[x]

n , f(x) Q[x] .
3) x3 + 17x + 36 Q[x] .

1) ∀ f(x) =
n∑

k=0

akx
k, g(x) =

n∑
k=0

bkx
k ∈ Z[x] ak, bk 0.

π(f(x) + g(x)) = π(
n∑

k=0

(ak + bk)x
k) =

n∑
k=0

π(ak + bk)x
k

=
n∑

k=0

π(ak)x
k +

n∑
k=0

π(bk)x
k = π(f(x)) + π(g(x)).

π(f(x)g(x)) = π(
n∑

k=0

(
∑

j+i=k

ajbi)x
k) =

n∑
k=0

π(
∑

j+i=k

ajbi)x
k

=
n∑

k=0

(
∑

j+i=k

π(aj)π(bi))x
k =

n∑
k=0

π(ak)x
k ·

n∑
k=0

π(bk)x
k

= π(f(x)) · π(g(x))
π .

2) f(x) Q[x] . Q , U = Q∗. f(x)
2 n , ∃f1(x), f2(x) ∈ Z[x],

1 ≤ deg fi(x) < n, i = 1, 2, f(x) = f1(x)f2(x).
π(f(x)) = π(f1(x)f2(x)) = π(f1(x))π(f2(x)).

π(f(x)) Zm[x] 2 n , .
f(x) Q[x] .

3) m = 5,
π(f(x)) = π(x3 + 17x + 36) = x3 + 2x + 1, Z5 = {0, 1, 2, 3, 4}

x3 +2x+1 Z5[x] 3 , 1
, x − c. c3 + 2c + 1 = 0, c ∈ Z5.

5 | c3 + 2c + 1, c = 0, 1, 2, 3, 4. .
x3 + 2x + 1 Z5[x] 3 .
x3 + 17x + 36 Q[x] .

7. xy + y + 1, xy + x Q . Q f g
f(x, y)(xy + y + 1) + g(x, y)(xy + x) = 1.

d = (xy + y + 1, xy + x) = (x(y + 1), y − x + 1),
,d 1, x, y + 1 xy +x. x � y−x + 1, y + 1 � y−x + 1,
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d = 1. f(x, y), g(x, y) ∈ Q[x, y] f(x, y)(xy + y + 1) +
g(x, y)(xy + x) = 1. x = 0 f(0, y)(y + 1) = 1, 0,

≥ 1. .

8. n2 ∣∣∣∣∣∣∣∣

x11 x12 · x1n

x21 x22 · x2n

· · · ·
xn1 xn2 · xnn

∣∣∣∣∣∣∣∣
R[x11, x12, · · · , x1n · · · , xn1, xn2, · · · , xnn] .

n = 1 , . n = k − 1

. n = k ,xkk

∣∣∣∣∣∣∣∣

x11 x12 · x1,k−1

x21 x22 · x2,k−1

· · · ·
xk−1,1 xk−1,2 · xk−1,k−1

∣∣∣∣∣∣∣∣
= A,

Axkk + B(B xkk). ,A|B. xij = 1 (1 ≤
i, j ≤ k − 1) A = 0, Axkk + B ≡ 0. 
≡ 0, .

.

9. F .S ⊆ F × F × · · · × F (n ). F [x1, x2, · · · , xn]
{f(x1, x2, · · · , xn) | f(a1, a2, · · · , an) = 0, (a1, a2, · · · , an) ∈ S}

.

A = {f(x1, x2, · · · , xn)f(a1, a2, · · · , an) =
0, (a1, a2, · · · , an) ∈ S}.
∀ f(x1, x2, · · · , xn), g(x1, x2, · · · , xn) ∈ A,
h(x1, x2, · · · , xn) ∈ F [x1, x2, · · · , xn],

f(a1, a2, · · · , an) − g(a1, a2, · · · , an) = 0
h(a1, a2, · · · , an) · f(a1, a2, · · · , an) = h(a1, a2, · · · , an) · 0 = 0

f(a1, a2, · · · , an) − g(a1, a2, · · · , an) ∈ A
h(x1, x2, · · · , xn) · f(x1, x2, · · · , xn) ∈ A. A F [x1, x2, · · · , xn]

.

10. Z2[x],Z3[x] 2 3 .

Z2 = {0, 1}, 2 :ax2 + bx + c, a, b, c ∈ Z2

c = 0, , c = 1, a 
= 0. 2
x2 + x + 1, x2 + 1. x2 + 1 = (x + 1)(x − 1),
x2 + x + 1.

, 3 :x3 + 1, x3 + x2 + x + 1, x3 +
x2 + 1, x3 + x + 1. x3 + 1, x3 + x2 + x + 1 . 3

, Z2[x] x, x + 1,
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x3 + x2 + 1, x3 + x + 1 .
3 x3 + x2 + 1, x3 + x + 1

11. Z2[x],Z3[x] f(x) = x5 + x4 + x2 + x + 2.

Z3[x] 2 :
x2 + 1, 2x2 + x + 1, 2x2 + 2x + 1.
3 :
x3 + 2x + 1, x3 + x2 + x + 1, x3 + 2x2 + 1,
2x3 + 2x + 1, 2x3 + x2 + x + 1, 2x3 + 2x2 + 1.

12. Z[x] f(x) = x5 + x4 + x2 + x + 2.

f(x) = x5 + x4 + x2 + x + 2.

2.8

1. R ,R M 
= R , R
A M ⊂ A ⊂ R. M R R/M (

).

, R M R/M
, M R/M .

2. M R . R/M M .

R/M R M , R/M ,
R/M 0, R/M . R M M R,

M .

3. 〈x〉 Z[x] .

x Z[x] , 〈x〉 Z[x] .
Z[x]/〈x〉 � Z,Z , 〈x〉 Z[x] .

4. m ∈ N,m > 1, A = {f(x) | f(x) ∈ Z[x],m | f(0)}.
A Z[x] , 〈x〉 ⊂ A ⊂ Z[x]. A ?

∀ f1(x), f2(x) ∈ A, m | f1(0),m | f2(0), m | f1(0) −
f2(0), f1(x) − f2(x) ∈ A.
∀ g(x) ∈ Z[x], f(x) ∈ A, m | f(0), m | f(0)g(0), f(x) · g(x) ∈
A. g(x) · f(x) ∈ A. A Z[x] .

〈x〉 = {x ·f(x) | f(x) ∈ Z[x]}, ∀x ·f(x) ∈ 〈x〉 m | 0 ·f(0), x ·f(x) ∈
A, 〈x〉 ⊆ A. x + m ∈ A, x + m 
∈ 〈x〉, 〈x〉 
= A.

1 ∈ Z[x],m � 1, 1 
∈ A, A 
= Z[x]. 〈x〉 ⊂ A ⊂ Z[x].
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m , A ⇐⇒ Z[x]/A .

5. Zm(m > 1) ? ? ?

,Z → Zm mZ
Zm , mZ ( ) Zm ( )

. Z mZ m1Z(m1|m). Z mZ ( )
dZ(d|m ). m :m = pt1

1 pt2
2 · · · ptn

n . Z
mZ

∏n
i=1(ti + 1), mZ ( ) n.

Z
∏n

i=1(ti + 1), n.

6. R ,P R . :
1) S = R − P R .
2) 2.1 , S R∗ R , S−1R = T ⊇ R.
3) ∀ s ∈ S T .
4) P T P ′ = S−1P T .

1)∀ a, b ∈ S, a, b 
∈ P . P R , ab 
∈ P ,
ab ∈ S. 1 
∈ P , P = R, 1 ∈ S. S R .

2) 2.1.1 , S−1R .
∀ a, b ∈ R, ∀ c, d ∈ S a

c
+ b

d
= ad+bc

cd
, a

c
· b

d
= ab

cd
. 1) cd ∈ S.

a
c

+ b
d
, a

c
· b

d
∈ S−1R = T ⊇ R.

3)∀ s ∈ S, s · 1
s

= 1, s T .

4)∀ p1, p2 ∈ P, s1, s2 ∈ S, p1

s1
− p2

s2
= p1s2−p2s1

s1s2
. P R ,

p1s2 − p2s1 ∈ P , fracp1s1 − p2

s2
∈ S−1P ∀p ∈ P, r ∈ R, s1, s2 ∈

S, r
s1
· p

s2
= rp

s1s2
∈ S−1P . S−1P T . S−1R/S−1P

.
∀r ∈ R, s ∈ S, ( r

s
) ∈ S−1R/S−1P , ( r

s
) 
= 0, r 
∈ P , r ∈ S,

( s
r
) ∈ S−1R/S−1P , ( s

r
) · ( r

s
) = 1, ( r

s
) . S−1P

.

7. R . R , R
.

R . , R
, R , R

p1, p2, · · · , pn, πk = (
∏n

i=1 pi)
k+1, k, m uπk = πm, (u ∈

U), u(
∏n

i=1 pi)
k−m = 0, . {πk} (k = 1, 2, · · · , n · · · ).

pi � πk(i = 1, 2, · · · , n, k = 1, 2, · · · , n · · · ) R
. {πk} . . R

, , R .

8. Zp[x](p ) .
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,Zp[x] , Zp[x]
.
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Chapter 3

3.1

1. F p > 0, F
1) (a ± b)pn

= apn ± bpn
, ∀n ∈ N ;

2) (a1 + a2 + · · · + ar)
p = ap

1 + ap
2 + · · · + ap

r;
3) (a − b)p−1 =

∑p−1
j=0 ajbp−j−1.

1) (a ± b)pn
=

∑pn

k=0 Ck
pnapn−k(±b)k. Ck

pn

p ⇔ k �= 0 k �= pn.(p F p, px =
0, ∀x ∈ F. Ck

pnapn−k(±b)k = 0 ⇔ k �= 0 k �= pn. (−b)p =
−bp p = 2 1 = −1. (a± b)pn

= apn ± bpn
, ∀n ∈

N .
2) 1) (a1 + a2 + · · · + ar)

p = (a1 + a2 + · · · + ar−1)
p + ap

r = (a1 +
a2 + · · · + ar−2)

p + ap
r−1 + ap

r = · · · = ap
1 + ap

2 + · · · + ap
r.

3)∵ (a − b)p = ap − bp = (a − b)
∑p−1

j=0 ajbp−j−1

∴ (a − b)p−1 =
∑p−1

j=0 ajbp−j−1.

2.
1) Z

[√−1
]
/〈7〉;

2) Z
[√−1

]
/〈3〉;

3) Z
[√−1

]
/〈2 +

√−1〉;
4) Z

[√−1
]
/〈1 +

√−1〉.
1) Z

[√−1
]

= {a + b
√−1|a, b ∈ Z}. α ∈ U, αα−1 =

1, N(α) = 1. α = a + b
√−1, a2 + b2 = 1, α = ±1 ±√−1.

±1,±√−1 U = {1,−1,
√−1,−√−1}.

7 ∈ Z
[√−1

]−U. 7 = (a+b
√−1)β. 49 = (a2+b2)N(β).

a2 + b2 1,7,49. a2 + b2 = 1, a + b
√−1 ∈ U,

48
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a2 + b2 = 7, a2 + b2 = 49, N(β) = 1,
β 7 . Z

[√−1
]

UFD, 7

. Z
[√−1

]
p.i.d., 〈7〉 ⇒ Z

[√−1
]
/〈7〉 .

∀(a + b
√−1) + 〈7〉 ∈ Z

[√−1
]
/〈7〉. 7((a + b

√−1) + 〈7〉) =

7(a + b
√−1) + 〈7〉 = 0 + 〈7〉. 7.

2),3),4) 7, 3, 2 +
√−1, 1 +

√−1 Z
[√−1

]
Z

[√−1
]
/〈7〉, Z [√−1

]
/〈3〉, Z [√−1

]
/〈2 +

√−1〉, Z [√−1
]
/〈1 +√−1〉 .

Z
[√−1

]
/〈7〉

7 Z
[√−1

]
/〈3〉 3,Z

[√−1
]
/〈2 +

√−1〉 5,

Z
[√−1

]
/〈1 +

√−1〉 2.

3. 2 .

Z
[√−1

]
/〈7〉 = Z7

[√−1
]

Z
[√−1

]
/〈3〉 = Z3

[√−1
]

Z
[√−1

]
/〈2 +

√−1〉 = Z5

[√−1
]

Z
[√−1

]
/〈1 +

√−1〉 = Z2

[√−1
]

.

4. Γ Z Σ = Γ (Z), Σ Γ (Z) Δ =

Γ
(

Z3

1+Z

)
, Σ Δ Irr(Z, Δ).

Δ(Z) = Γ
(

Z3

1+Z

)
(Z) = Γ (Z)

(
Z3

1+Z

)
= Γ (Z). Σ =

Γ (Z) = Δ(Z).
y = Z3

1+Z
y(1 + Z) = Z3, Z3 − yZ − y = 0, Z Δ = Γ (y)

x3 − yx − y = 0 . Z .
Irr(Z, Δ) = x3 − yx − y.

y Γ . f
(

Z3

1+Z

)
= 0.f m (1 +

Z)m, Z Γ Γ [y] y
x3 − yx − y Δ[x] Γ (y)[x]

.

5. K Zp K ∀α ∈ K α Zp .

∵ K∗ = K − {0} .
∴ ∀α ∈ K∗, ∃n ∈ N , an = 1.
∴ α Zp .

0 Zp . .

6. θ x4 + 1 ∈ Q[x] . Q[θ] x4 + 1 .

θ4 + 1 = 0. ⇒ 1 = −θ4. x4 + 1 = x4 − θ4 = (x2 − θ2)(x2 + θ2) =
(x + θ)(x − θ)(x2 − θ4θ2) = (x + θ)(x − θ)(x − θ3)(x + θ3).
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7. Δ = Zp(x) Zp .
1) zp − x ∈ Δ[Z] ;
2) θ zp − x zp − x Δ(θ)

.

1)∵ x Zp(x) Eisenstein .
2)∵ θp − x = 0, ∴ zp − x = zp − θp = (z − θ)p.

8. x2 +x+1 ∈ Z2[x] . θ x2 +x+1
Z2(θ) 4 Z2(θ) . x2 + x + 1

.

∵ (0)2 + 0 + 1 = 1, (1)2 + 1 + 1 = 1.
∴ x2 + x + 1 Z2[x] .

θ x2+x+1 1−θ x2+x+1 θ �=
1 − θ. ∵ deg(θ, Z2) = 2, ∴ Z2(θ) 22 = 4 0, 1, θ, 1 − θ.
1 + θ = 1 − θ,
1 + (1 − θ) = −θ = θ,
θ + (1 − θ) = 1,
θ · (1 − θ) = θ − θ2 = θ − 1 − θ = 1. .

9. α ∈ C, Irr(α,Q):
1) 1 +

√
2; 2)

√
2 +

√
3;

3)
√

1 + 3
√

2; 4)
√

3
√

2 −√−1.

2) (
√

2+
√

3)2 = 5+2
√

6, (
√

2+
√

3)3 = 11
√

2+9
√

3, (
√

2+
√

3)4 =
49 + 20

√
6. (

√
2 +

√
3)4 − 10(

√
2 +

√
3)2 + 1 = 0. x4 − 10x2 + 1 ∈

Q[x] α . f(x) =
ax3 +bx2 +cx+d, a, b, c, d ∈ Q. a(11

√
2+9

√
3)+b(5+2

√
6)+c(

√
2+√

3) + d = 0. ⇒ 11a + c = 0, 9a + c = 0, 2b = c, 5b + d = 0. ⇒ a = b =
c = d = 0, f(x) x4 − 10x2 + 1

Irr(α, Q).
1)Irr(1 +

√
2, Q) = x2 − 2x + 1.

3)Irr(
√

1 + 3
√

2, Q) = x4 − 10x2 + 1.

4)Irr(
√

3
√

2 −√−1, Q) = x12 + 3x8 − 4x6 + 3x4 + 12x2 + 5
1),3),4) 1).

10. K F K α, β F
F (α) F (β) F− η η(α) = β.

“⇒” α, β F Irr(α, F ) = Irr(β, F ) = p(x)
∃ f : F (α) → F [x]/〈p(x)〉 F (α) = x + 〈p(x)〉
∃ ϕ : F (β) → F [x]/〈p(x)〉 ϕ(β) = x + 〈p(x)〉

:η = φ−1f : F (α) → F (β)
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η F (α) F (β) :η(α) = β
“⇐” Irr(α, F ) = p1(x), Irr(β, F ) = p2(x)

p1(α) = 0, p2(β) = 0.
∵ 0 = η(p1(α)) = p1(β),∴ p2(x) | p1(x)
∵ 0 = η−1(p2(β)) = p1(α),∴ p1(x) | p2(x)
∴ p1(x) = p2(x), ∴ α, β F .

11. m ∈ N, C Q exp(2π
√−1/m) .

α = exp(2π
√−1/m) xm − 1 .

xm − 1 :α, α2 · · · , αm = 1.
αk α , (k, m) = 1.

( (αk)
m

(k,m) = 1, α
m

(k,m) �= 1).
Q (α) Q (αk) Q σ, σ(α) = σ(αk).

(k, m) = 1 αk α .
∴ exp(2π

√−1/m) ϕ(m) .

12. K F α ∈ K∗,α F Irr(α, F ) = xn +
a1x

n−1 + · · · + an−1x + an. α−1 F
Irr(α−1, F ) = xn + an−1a

−1
n xn−1 + · · · + a1a

−1
n x + a−1

n .

g(x) = xn + a1x
n−1 + · · · + an−1x + an

f(x) = xn + an−1a
−1
n xn−1 + · · · + a1a

−1
n x + a−1

n

∵ Irr(α, F ) = g(x), ∴ αn + a1α
n−1 + · · · + an−1α + an = 0

a−1
n (α−1)n,

(α−1)n + an−1a
−1
n (α−1)n−1 + · · · + a1a

−1
n α−1 + a−1

n = 0
∴ Irr(α−1, F ) | f(x)

f(x) , f(x) = f1(x)f2(x)
g(x) = anx

nf( 1
x
) = anx

nf1(
1
x
)f2(

1
x
)

= anx
n
1f1(

1
x
)xn

2f2(
1
x
) = ang1(x)g2(x)

( ni = Deg(fi(x))), g(x) .
∴ Irr(α−1, F ) = f(x).

3.2

1.
1) [Q (

√
2 +

√
3):Q];

2) [Q (
√

2,
√

3):Q];
3) [Q (

√
2, 3
√

5):Q];
4) [Q ( 3

√
2, 3
√

6, 3
√

24):Q];
5) [Q (

√
2,
√

6):Q (
√

3)];
6) [Q (

√
2 +

√
3):Q (

√
3)];
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7) [Q (
√

2,
√

3):Q (
√

2 +
√

3)];
8) [Q (

√
2,
√

6 +
√

10):Q (
√

3 +
√

5)].

2) Irr(
√

2, Q) = x2 − 2. [Q(
√

2) : Q] = 2. {1,√2}
Irr(

√
3, Q(

√
2)) = x2 − 3. . [Q (

√
2,
√

3):Q (
√

2)] = 2.
{1,√3}. [Q(

√
2,
√

3) : Q] = [Q(
√

2,
√

3) : Q(
√

2)][Q(
√

2 : Q] =
2 ∗ 2 = 4 {1,√2,

√
3,
√

6}.
4) Irr( 3

√
2, Q) = x3 − 2. [Q( 3

√
2) : Q] = 3. {1, 3

√
2, 3
√

4}.
Irr( 3

√
6, Q( 3

√
2)) = x3 − 6. (a1 + b1

3
√

32 + c1
3
√

34)( 3
√

6)2 + (a2 +
b2

3
√

32 + c2
3
√

34) 3
√

6 + a3 + b3
3
√

32 + c3
3
√

34 = 0. ai, bi, ci ∈ Q, i =
1, 2, 3. ⇒ ai = bi = ci = 0. i = 1, 2, 3. Irr( 3

√
6, Q( 3

√
2)) ≥ 3.

x3 − 6 3
√

6 Irr( 3
√

6, Q( 3
√

2)) = x3 − 6. [Q( 3
√

2, 3
√

6) :
Q( 3

√
2)] = 3. {1, 3

√
6, 3
√

36}. Q( 3
√

2, 3
√

6) Q
{1, 3

√
2, 3
√

4, 3
√

6, 3
√

12, 3
√

24, 3
√

36, 3
√

72, 3
√

144}. 3
√

24 ∈ Q( 3
√

2, 3
√

6).
Irr( 3

√
24, Q( 3

√
2, 3
√

6)) = x − 3
√

24. [Q( 3
√

2, 3
√

6, 3
√

24) :
Q( 3

√
2, 3
√

6)] = 1. Q( 3
√

2, 3
√

6, 3
√

24) = Q( 3
√

2, 3
√

6).
[Q( 3

√
2, 3
√

6, 3
√

24) : Q] = [Q( 3
√

2, 3
√

6, 3
√

24) : Q( 3
√

2, 3
√

6)][Q( 3
√

2, 3
√

6) :
Q( 3

√
2)][Q( 3

√
2) : Q] = 1 ∗ 3 ∗ 3 = 9. Q( 3

√
2, 3
√

6, 3
√

24) Q
{1, 3

√
2, 3
√

4, 3
√

6, 3
√

12, 3
√

24, 3
√

36, 3
√

72, 3
√

144}.
1)4, 3)6, 5)2, 6)2, 7)1, 8)2. 2),4).

2. 1 .

2) {1,√2,
√

3,
√

6}.
4) {1, 3

√
2, 3
√

4, 3
√

6, 3
√

12, 3
√

24, 3
√

36, 3
√

72, 3
√

144}.
1){1,√2,

√
3,
√

6}.
3){1,√2, 3

√
5, 3
√

25,
√

2 3
√

5,
√

2 3
√

25}.
5){1,√2}.
6){1,√2}.
7){1}.
8){1,√2}.

3. K F [K : F ] = p K = F (α), ∀α ∈ K −F.

α ∈ K − F , F ⊆ F (α) ⊆ K
∵ [K : F ] = p ,∴ F K .
∴ K = F (α).

4. K F α, β ∈ K F
deg(α, F ) deg(β, F ) . Irr(α, F ) F (β)[x]

[F (α, β) : F ] = deg(α, F )deg(β, F ).

[F (α, β) : F ] = [F (α, β) : F (β)][F (β) :
F ] = [F (α, β) : F (α)][F (α) : F ]. [F (β) :

课后答案网 www.khdaw.com 
 

 

若侵犯了您的版权利益，敬请来信通知我们！  ℡ www.khdaw.com

kh
da

w.co
m

kh
da

w.co
m



53

F ] [F (α) : F ] [F (α) : F ]|[F (α, β) : F (β)]
deg(α, F )|deg(α, F (β)). Irr(α, F (β))|Irr(α, F ). deg(α, F (β)) ≤

deg(α, F ), deg(α, F (β)) = deg(α, F ) [F (α, β) : F ] =
[F (α) : F ][F (β) : F ] = deg(α, F )deg(β, F ). Irr(α, F ) ∼
Irr(α, F (β)) F (β)[x] . .

5. K F α ∈ K F deg(α, F )
:F (α2) = F (α).

F (α2) ⊆ F (α), [F (α) : F (α2)] = 1, F (α) =
F (α2). [F (α) : F (α2)] = [F (α2)(α) :
F (α2)] = deg(α, F (α2)).
x2 − α2 α F (α2) . [F (α) : F ] = [F (α) :
F (α2)][F (α2) : F ] . [F (α) : F (α2)] .

[F (α) : F (α2)] 1. F (α2) = F (α). .

6.
√

a +
√

b �= 0, Q (
√

a,
√

b) = Q (
√

a +
√

b), ∀a, b ∈ Q.

a = b, .
a �= b, ∵ (

√
a +

√
b)2 = a + b + 2

√
a
√

b, ∴ √
a
√

b ∈ Q (
√

a +
√

b).
∵ (

√
a +

√
b)3 = a

√
a + b

√
b + 3

√
a
√

b(
√

a +
√

b),
∴ a

√
a + b

√
b ∈ Q (

√
a +

√
b)

∵ a
√

a + b
√

b = a
√

a + b
√

b − b
√

a + b
√

a
=

√
a(
√

a −√
b) + b(

√
a +

√
b).

∴ √
a ∈ Q (

√
a +

√
b).√

b ∈ Q (
√

a +
√

b).√
a +

√
b ∈ Q (

√
a,
√

b).
∴ Q (

√
a,
√

b) = Q (
√

a +
√

b).

7. K F D F ⊆ D ⊆ K. D .

D .
∀α ∈ D − {0},,α F .∑n

i=1 aiα
i = 1, :

α
∑n

i=1 aiα
i−1 = 1.

∴ α ,∴ D .

8. K Ch K = p > 0, K pn (n ∈ N).

[K : Zp] = n, {x1, x2, · · ·xn} K Zp

.
∀α ∈ K, α = α1x1 + α2x2 · · ·αnxn.(αi ∈ Zp, i = 1, 2, · · ·n)

∴ |K| = P n.

课后答案网 www.khdaw.com 
 

 

若侵犯了您的版权利益，敬请来信通知我们！  ℡ www.khdaw.com

kh
da

w.co
m

kh
da

w.co
m



54

3.3

1. Q[x] Q- .
1) x2 + 3; 2) x5 − 1;
3) (x2 − 2)(x3 − 2); 4) x5 − 3.

3) ε 3 (x2 − 2)(x3 − 2)
±√

2, 3
√

2ε0, 3
√

2ε1, 3
√

2ε2. E = Q(−√
2,
√

2, 3
√

2ε0, 3
√

2ε1, 3
√

2ε2) =
Q(

√
2, 3
√

2, ε). .
(x2 − 2)(x3 − 2) Q−

= [E : Q]. [E : Q].
[E : Q] = [Q(

√
2, 3
√

2, ε) : Q(
√

2, 3
√

2)][Q(
√

2, 3
√

2) : Q(
√

2)][Q(
√

2) : Q].
1. Irr(

√
2, Q) = x2 − 2. [Q(

√
2) : Q] = deg(

√
2, Q) = 2.

2. Irr( 3
√

2, Q) = x3 − 2.Q(
√

2, 3
√

2) Q .
√

2, 3
√

2 ∈
Q(

√
2, 3
√

2) Q .deg(
√

2, Q) deg( 3
√

2, Q)
Irr( 3

√
2, Q) Q(

√
2)[x] 125 .

Irr( 3
√

2, Q(
√

2)) = Irr( 3
√

2, Q) = x3 − 2. [Q(
√

2, 3
√

2) : Q(
√

2)] =
deg( 3

√
2, Q(

√
2)) = 3.

3. Irr(ε,Q) = x2 + x + 1.Q(
√

2, 3
√

2, ε) Q(
√

2) 3
√

2, ε ∈
Q(

√
2, 3
√

2, ε) Q(
√

2) . deg( 3
√

2, Q(
√

2)) =
3.deg(ε,Q(

√
2)) = 2 .deg( 3

√
2, Q(

√
2)) deg(ε,Q(

√
2))

. Irr(ε,Q(
√

2)) Q(
√

2, 3
√

2)[x] .
Irr(ε,Q(

√
2, 3
√

2)) = Irr(ε,Q(
√

2)) = x2 + x + 1.
[Q(

√
2, 3
√

2, ε) : Q(
√

2, 3
√

2)] = 2. 1.2.3, [E : Q] = 2∗3∗2 = 12.
1)Q(

√−3), Q 2.
2)Q(ω)(ω 5 ,Q 4.
4)Q( 5

√
3, ω)(ω 5 ,Q 5 ∗ 4 = 20.

2. p Zp(α) Zp . xp − α ∈ Zp(α)[x]
K Zp(α)− .

1) α Zp α Zp[α]
α Zp[α] . xp − α Zp(α)[x]

.
2) θ xp − α θp − α = 0. α = θp.

xp −α = xp − θp = (x− θ)p ⇒ xp −α p θ. K = Zp(α, θ).
3) [K : Zp(α)] = [Zp(α, θ) : Zp(α)] = p.
4) K Zp(α)− ≤ [K : Zp(α)] = p. .

< p. σ K Zp(α) σ|Zp(α) = idZp(α). K =
Zp(α, θ), σ σ(θ) . θ xp − α ∈ Zp(α)[x]
⇒ σ(θ) xp − α .⇒ σ(θ) = θ. ⇒ σ = idK . ⇒ σ
. K Zp(α)− 1.
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3. F K F .

K = F (α), Irr(α, F ) = x2 + bx + c, (b, c ∈ F .
x2 + bx + c = (x − α)(x − c

α
).

∵ c
α
∈ F (α),∴ K F x2 + bx + c .

∴ K F .

4. Q( 3
√

5) Q .

Irr( 3
√

5, Q ) = x3 − 5 = (x − 3
√

5)(x − 3
√

5ω)(x − 3
√

5ω2).
(ω 3 )

ω∈ Q( 3
√

5), ∴ Q( 3
√

5) Q .

5. K, E F F ⊆ E ⊆ K, K F K
E .

K F K F ∀α ∈
K, ∃0 �= f(x) ∈ F [x], f(α) = 0. F ⊆ E, f(x) ∈ E[x].

α E K E . p(x) ∈ E[x], p(x)
α p(x) K p(x) β K .

α, β E ∃!σ : E(α) → E(β)
σ(α) = β, σ|E = idE. α ∈ K α F g(x) =

Irr(α, F ), g(α) = 0 σg(α) = g(σ(α)) = g(β) = 0. β
g(x) = Irr(α, F ) . K F g(x) ∈ F [x]

α g(x) K g(x) K β ∈ K.
K E . .

6. K, E F F ⊆ E ⊆ K, E F
σ K F− σ(E) = E.

σ(E) ⊆ E.∀α ∈ E, p(x) = Irr(α, F ). ⇒ σ(α)
p(x) . ⇒ σ(α) ∈ E. σ(E) ⊆ E.

E ⊆ σ(E). σ−1 K F− .⇒ σ−1(E) ⊆ E ⇒ E ⊆
σ(E). .

7. K F E1, E2 E1, E2 F
K F− σ, σ(E1) = E2.

“ ⇐ ” σ|E1 E1 → E2 F− . σ K
. σ|E1 . σ|E1(E1) = E2.

. σ K σ|E1 . σ|E1 E1 → E2

. σ|F = idF . E1, E2 .
“ ⇒ ” K f(x) ∈ F [x] ⇒ k f(x) ∈ E1[x], f(x) ∈
E2[x] . E1, E2 σ1 E1 → E2 F−

σ1|F = idF . σ1 K → K σ,σ|E1 = σ1.
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σ|F = σ1|F = idF . σ K F− σ(E1) = σ|E1(E1) =
σ1(E1) = E2. .

8. K F [K : F ] < +∞, α, β ∈ K F
K F− σ σ(α) = β.

“ ⇒ ” α, β ∈ K F α, β p(x) ∈ F [x]
. idF σ1 : F (α) → F (β)

σ1(α) = β. F ⊆ F (α) ⊆ K, K F K
F (α) . [K : F ] = [K : F (α)][F (α) :

F ] < +∞, [K : F (α)] < +∞. K F (α)[x]
. K F (β)[x] .

3.3.3 σ1 σ : K → K σ|F (α) = σ1. σ1|F =
idF , σ K F− . σ(α) = σ1(α) = β.
“ ⇐ ” K F K F α, β

F . g(x) = Irr(α, F ), σ(g(α)) = g(σ(α)) = g(β) =
0, g(x) β Irr(β, F )|g(x). g(x) F [x]

Irr(α, F ) = Irr(β, F ), α, β F . .

9. C0 Q C . C0 Q
[C0 : Q] = +∞.

∀α ∈ C0, Irr(α, Q ) = p(x).
C0 p(x) ∈ C0.

∴ C0 Q .
[C0 : Q] = n,

Eisenstein xn+1 − 2 Q [x] .

2
1

n+1 ∈ C0, [Q (2
1

n+1 ) : Q] = n + 1.
.∴ [C0 : Q] = +∞.

3.4

1. F F [x] D
D(f(x) + g(x)) = D(f(x)) + D(g(x));
D(f(x)g(x)) = D(f(x))g(x) + f(x)D(g(x));
D(a) = 0, ∀a ∈ F.

D F [x] . :
1) D(af(x)) = aD(f(x)), ∀a ∈ F, f(x) ∈ F [x];
2) D(f(x)m) = mf(x)m−1D(f(x)), ∀f(x) ∈ F [x],m ∈ N.

1)∀a ∈ F, f(x) ∈ F [x],
D(af(x)) = D(a)f(x) + aD(f(x)) = aD(f(x)).
2)m = 1 . m = k , :
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D(f(x)k) = kf(x)k−1D(f(x))
m = k + 1 :
D(f(x)k+1) = D(f(x))f(x)k + D(f(x)k))f(x)
= f(x)kD(f(x)) + kf(x)k−1D(f(x))f(x) = (k + 1)f(x)kD(f(x)).

.

2. DerF [x] F [x] . DerF [x] (D1 +
D2)(f(x)) = D1(f(x)) + D2(f(x)); F [x] DerF [x]

(f(x)D)(g(x)) = f(x)D(g(x)). DerF [x]
F [x]− F [x]− F [x] .

(1) :
∀f(x), g(x), h(x) ∈ F [x], D ∈ DerF [x],
(f(x)D)(g(x) + h(x)) = (f(x))(D(g(x) + h(x)))
= f(x)(D(g(x)) + D(h(x))) = (f(x)D)(g(x)) + (f(x)D)(h(x)).
(f(x)D)(g(x)h(x)) = f(x)(D(g(x)h(x)))
= f(x)(D(g(x))h(x) + g(x)D(h(x))) = (f(x)D)g(x))h(x) +
(f(x)D)h(x))g(x).
(2)DerF [x] F [x]− .
∀f(x), g(x), h(x) ∈ F [x], D,D1, D2 ∈ DerF [x],
(f(x)(D1 + D2))g(x) = f(x)((D1 + D2)g(x))
= f(x)(D1g(x) + D2g(x)) = f(x)(D1g(x)) + f(x)(D2g(x))
= (f(xD1 + f(x)D2))g(x).
((f(x) + g(x))D)h(x) = (f(x) + g(x))(Dh(x))
= f(x)(Dh(x)) + g(x)(Dh(x)) = (f(x)D + g(x)D)h(x).
(f(x)g(x)D)h(x) = (f(x)g(x))(Dh(x)) = f(x)((g(x)D)h(x)).
(1 · D)f(x) = 1 · (Df(x)) = Df(x).
(3) ϕ : DerF [x] → F [x], ϕ(D) = D(x).

ϕ DerF [x] → F [x] .
∃D0 ∈ DerF [x], :

D0(anx
n + an−1x

n−1 + · · · + a1x + a0)
= nanx

n−1 + (n − 1)an−1x
n−2 + · · · + a1.

,D0(x) = 1
∀f(x) ∈ F [x], ϕ(f(x)D0) = f(x)

ϕ .
ϕ(D) = 0, D(x) = 0,

D(xn) = 0, D(f(x)) = 0(∀f(x) ∈ F [x])
∴ D = 0, Kerϕ = 0.
∴ ϕ .
∴ DerF [x] � F [x].

3. F f(x) ∈ F [x].f(x) K f(x) = (x −
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a1)(x − a2) · · · (x − an). :R(f, f ′) =
∏

1≤j<k≤n

(aj − ak)
2, (R(f, f ′)

f(x) Δ(f).)

f ′(x) =
n∑

i=1

f(x)
x−αi

.

R(f, f ′) =
n∏

j=1

(
n∑

i=1

f(αj)

αj−αi
) =

∏
1≤j<k≤n

(aj − ak)
2.

4. F p α ∈ F, α �∈ F p.n ∈ Z, n ≥ 0. xpn −
a F [x] .

n = 0 x − a F [x] .
n > 0. θ xpn − a a = θpn

, xpn −
a = (x − θ)pn

. xpn − a F [x] ∃g(x), h(x) ∈ F [x], 0 <
deg g(x), deg h(x) < pn, xpn−a = g(x)h(x). g(x) =
(x − θ)l1 , h(x) = (x − θ)l2 . (l1, p) = 1, (l1, p

n) = 1.∃u, v ∈ Z,
ul1 + vl2 = 1. g(x) ∈ F [x], g(x) ∈ F . (−θ)l1 ∈

F. θl1 ∈ F . θpn
= a ∈ F , θ = θul1+vpn

= (θl1)u(θpn
)v ∈ F . a =

(θpn−1
)p ∈ F p. a �∈ F p (l2, p) = 1. .

p|l1, p|l2, (pn, l1) = pl, 0 < l < n. ∃u, v ∈ Z, upn + vl1 =
pl. θpl

= θupn+vl1 = (θpn
)u(θl1)v ∈ F, 0 < l < n. θpn−1 ∈ F.

a = (θpn−1
)p ∈ F p. xpn − a F [x] . .

5. F K = F (α) f(x) = Irr(α, F ) K F−
m m = red f(x).

∵ f K F− f(α) = αi.
(αi Irr(α, F ) ).
∴ m = red f(x).

6. F p �= 0.F (α1, α2, · · · , αn) F
α1, α2, · · · , αn F

1) [F (α1, α2, · · · , αn) : F (αp
1, α

p
2, · · ·αp

n)] = pn;
2) F (α1, α2, · · · , αn) F (αp

1, α
p
2, · · ·αp

n)− .

1) n .n = 1 α1 F αp
1 F

. ∃f(x) ∈ F [x], f(αp
1) = 0. f(x) �= 0.

f(αp
1) α1 . α1 F

f(x) = 0, αp
1 F . xp − αp

1 F (αp
1)[x]

α1 . Irr(α1, F (αp
1)) = xp − αp

1. [F (α1) :
F (αp

1)] = [F (αp
1)(α) : F (αp

1)] = p. n − 1 n .
[F (α1, α2, · · · , αn) : F (αp

1, α
p
2, · · ·αp

n)] = [F (α1, α2, · · · , αn−1)(αn) :
F (α1, α2, · · · , αn−1)(α

p
n)][F (α1, α2, · · · , αn−1)(α

p
n) :

F (αp
1, α

p
2, · · · , αp

n−1)(α
p
n)] = p ∗ pn−1 = pn.
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2) σ σ|F (αp
1,αp

2,···αp
n)

σ|F = idF . σ(αp
i ) = (σ(αi))

p ⇒ σ(αi)
p = αp

i . σ(αi)
p − αp

i =
(σ(αi) − αi)

p = 0. σ(αi) = αi. σ . .

7. F q E = F (t) F :
1) ∀a ∈ F, E F− σa σa(t) = t + a;
2) G = {σa|a ∈ F}
3) K = {x ∈ E|σa(x) = x, ∀a ∈ F}, K E K =
F (tq − t).

1) :σα|F = id, σα(f(t)) = f(t + α),∀f(t) ∈ F (t)
σα .

∵ ∀x ∈ F (t), σα(x) = 0 ⇒ x = 0.
∴ σα .
∀f(x) ∈ F (t), σα(f(t − α)) = f(t).

∴ σα .
∴ σα F− .
2)∀α, β, γ ∈ F,

σβσα(t) = t + α + β, ∴ σβσα ∈ G.
σα(σβσγ)(t) = t + α + β + γ = (σασβ)σγ(t).
σασ0 = σα = σ0σα.
σασ−α = σ0.

∴ G .
3) K E .
∵ (t + α)q − (t + α) = tq + αq − t − α = tq − t.
∴ F (tq − t) ⊆ K.

∀f(t) ∈ F [t] f(t) ∈ K, f(t + α) = f(t),∀α ∈ F.
g(t) = f(t) − f(0).
∀α ∈ F g(t) = 0 .
F ∗ q

t(tq−1 − 1) | g(t), t(tq−1 − 1) | f(t) − f(0).
f(t)−f(0)

tq−t
∈ F [t], f(t)−f(0)

tq−t
∈ K.

:f(t) ∈ F [tq − t].

∀f(t)
g(t)

∈ F (t), f(t), g(t) ∈ F [t].
f(t)
g(t)

∈ F (t) ⇒ f(t)
g(t)

= f(t+α)
g(t+α)

⇒ f(t + α) = f(t), g(t + α) = g(t) ⇒
f(t), g(t) ∈ F [tq − t] ⇒ f(t)

g(t)
∈ F (tq − t).

∴ K ⊆ F (tq − t).
∴ K = F (tq − t).

8. E F E F .

“ ⇐ ” E F ⇒ E F F
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E .
“ ⇒ ”1) Ch E = 0, Ch F = 0.F .
2) σ : E → E (a �→ ap). E E = Ep = σ(E).(σ

. σ|F : F → F (b �→ bp). σ|F . σ|F F →
σ(F ) = F p .[σ(E) : σ(F )] = [E : σ(F )] = [E : F ][F : σ(F )].

F = σ(F ) = F p, [F : σ(F )] = 1, [σ(E) : σ(F )] =
[E : F ]. [E : F ] = n.α1, · · · , αn E F .

σ(α1), · · · , σ(αn) σ(E) σ(F ) . α1, · · · , αn ∈
E, σ(α1), · · · , σ(αn) ∈ σ(E). a1, · · · , an ∈ σ(F ) a1σ(α1) +
· · · + anσ(αn) = 0. ∃b1, · · · , bn ∈ F, bp

i = ai.
∑n

i=1 bp
i σ(αi) =

0.
∑n

i=1 bp
i α

p
i = 0. bi, αi ∈ E Ch E = p, (

∑n
i=1 biαi)

p =
0.

∑n
i=1 biαi = 0. α1, · · · , αn E F

b1, · · · , bn 0. a1, · · · , an 0 σ(α1), · · · , σ(αn)
. ∀e ∈ σ(E),∃e′ ∈ E, e′p = e. e = e′p = (

∑n
i=1 eiα1)

p =∑n
i=1 ep

i α
p
i =

∑n
i=1 σ(ei)σ(αi). e σ(α1), · · · , σ(αn) .

σ(α1), · · · , σ(αn) σ(E) . .

3.5

1. Q(
√

2,
√

3) Q .

Irr(
√

2, Q) = x2 − 2 = (x − √
2)(x +

√
2). Irr(

√
3, Q) =

x2 − 3 = (x −√
3)(x +

√
3). θ =

√
2 + c

√
3. c ∈ Q, c �=

±√
2−√

2√
3+

√
3

. c �= 0, c �= −√
2/
√

3. Q(
√

2,
√

3) = Q(θ), θ

.

2. E x5 − 2 ∈ Q[x] θ E = Q(θ).

ε 5 E = Q( 5
√

2, ε). θ = ε + c 5
√

2, c ∈
Q. Irr( 5

√
2, Q) = x5 − 2. 5

√
2, 5
√

2ε, 5
√

2ε2, 5
√

2ε3, 5
√

2ε4. Irr(ε,Q) =

x4 + x3 + x2 + x + 1. ε, ε2, ε3, ε4. c �= εk−ε
5√2− 5√2εi

k = 1, 2, 3, 4. i =

1, 2, 3, 4. c 1. θ = ε + 5
√

2 E = Q( 5
√

2, ε) =
Q( 5

√
2 + ε).

3. Z3(α) = F , Irr(α,Z3) = x2 + 1. F ∗ = F − {0}, < α > α
F ∗ < α > F ∗ θ ∈ F ∗ F ∗ =< θ >.

1) Irr(α, Z3) = x2 + 1 [Z3(α) : Z3] = 2. F Z3

{1, α} . F k1 ∗ 1 + k2 ∗ α (ki =
0, 1, 2). F 9 .F ∗ 8 . α 4 .

α2 = −1, α3 = −α �= 1, α4 = (−1)2 = 1. < α >= {1, α, α2, α3}.
< α > F ∗ .
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2) F F ∗ 8
. (2α)4 = 24α4 = 1. (α + 1)2 = α2 + 2α + 1 = 2α.

(α + 1)8 = (2α)4 = 1. (α + 1)i �= 1, i = 1, · · · , 7. θ = α + 1
.

4. Zp(α, β) Zp α, β Zp F = Zp(α
p, βp).

1) [Zp(α, β) : F ] = p2;
2) Zp(α, β) F .

1) [Zp(α, β) : F ] = [Zp(α, β) : Zp(α
p, βp)] = [Zp(α, β) :

Zp(α
p, β)][Zp(α

p, β) : Zp(α
p, βp)]. xp − αp ∈ Zp(α

p, β)[x] α
αp Zp(β) . f(x) ∈

Zp(β)[x], f(x) �= 0, f(αp) = 0. g(x) ∈ Zp[x], g(α, β) =
f(αp) = 0, α, β Zp . αp Zp(β)[αp]

. xp − αp Zp(α
p, β)[x]

. Irr(α, Zp(α
p, β)) = xp − αp. [Zp(α, β) : Zp(α

p, β)] =
[Zp(α

p, β)(α) : Zp(α
p, β)] = p. xp − βp ∈ Zp(α

p, βp)[x] β
βp Zp(α

p) . xp − βp Zp(α
p, βp)[x]

Irr(β, Zp(α
p, βp)) = xp − βp. [Zp(α

p, β) :
Zp(α

p, βp)] = [Zp(α
p, βp)(β) : Zp(α

p, βp)] = deg(β, Zp(α
p, βp)) = p.

[Zp(α, β) : F ] = [Zp(α, β) : Zp(α
p, β)][Zp(α

p, β) : Zp(α
p, βp)] = p2.

2) θ θ ∈ Zp(α, β), Zp(α, β) = Zp(α
p, βp)(θ).

θ ∈ Zp(α
p, βp), Zp(α

p, βp, θ) = Zp(α
p, βp) = Zp(α, β). [Zp(α, β) :

F ] = p2. θ �∈ Zp(α
p, βp), θ ∈ Zp(α, β), ∃cij ∈

Zp, θ =
∑

i,j cijα
iβj (

∑
i,j cijα

iβj)−1 θp = (
∑

i,j cijα
iβj)p =∑

i,j cp
ij(α

p)i(βp)j ∈ Zp(α
p, βp). θp = ((

∑
i,j cijα

iβj)−1)p =

(
∑

i,j cp
ij(α

p)i(βp)j)−1 ∈ Zp(α
p, βp).

xp−θp ∈ Zp(α
p, βp)[x], θ . deg(θ, Zp(α

p, βp)) ≤
p. [Zp(α, β) : F ] = [F (θ) : F ] = deg(θ, Zp(α

p, βp)) = p2.
θ . Zp(α, β) F . .

5. F p �= 0,F (α, β) F α deg(α, F ) =
n, β deg(β, F ) = p. [F (α, β) : F ].

∵ β deg(β, F ) = p.
∴ Irr(β, F ) = (x − β)p.

∵ F (α) ,β .
∴ β∈F (α).

3.4.4 :
(x − β)p F (α)[x] .
∴ [F (α)(β) : F (α)] = p.
∴ [F (α, β) : F ] = [F (α)(β) : F (α)] · [F (α) : F ] = pn.
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6. E F E F
E F .

“⇐” F . F ,
∃α, β ∈ E, F (α, β) ⊆ E, F (α, β) F

F (α + xβ) ⊂ F (α, β)∀x ∈ F .
x1, x2 ∈ F, x1 �= x2. F (α + x1β) �= F (α + x2β).

( α, β ∈ F (α + x1β) = F (α + x2β) = F (α, β).
e F .

“⇒” E = F (α), Irr(α, F ) = p(x).
F ⊂ K ⊂ E, K F E .
Irr(α,K) = p1(x) | p(x), K(α) = E.
K ′ F P1(x) , K ′ ⊆ K.

Irr(α, K ′) | p1(x), [E : K] ≥ [E : K ′].
∴ K = K ′. K ′ E F .

7. K F Ch F = p �= 0, K F
Kp = {αp|α ∈ K} F K K.

8. K F Ch F = p �= 0, K0 K F
K0 F K . :

1) K0 K K K0

2) ∀α ∈ K − K0, ∃e ∈ N, αpe ∈ K0.

1)∀α, β ∈ K0, ∴ α, β .
∴ F (α, β) F
∴ α − β, αβ−1 ∈ F (α, β) ⊆ K0

∴ K0 K .
∃α ∈ K − k0 K0 K0(α) K0 ∵

K0 F K(α) F
∴ α F .
2)∀α ∈ K − K0, α F
E Irr(α, F ) Irr(α, F ) E :
Irr(α, F ) = (x − α)pe

(x − α1)
pe · · · (x − α)pe

.
h(x) = (x−αpe

)(x−αpe

1 ) · · · (x−αpe
) F [x] .

K F ∴ αpe ∈ K0.

9. K F Ch F = p �= 0, α ∈ K, e ≥ 0
αpe ∈ F , α F . K F

K F
1) α ∈ K F red(Irr(α, F )) = 1;
2) α ∈ K F α ∈ F ;
3) K0 F K K K0 .
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1)α ∈ K F
⇔ ∃e, Irr(α, F ) = (x − α)pe

⇔ red(Irr(α, F )) = 1;
2)α ∈ K F
Irr(α, F ) = (x − α).
∴ α ∈ F ;
3)∀α ∈ K0, α ∈ k,
∀α ∈ K − K0, ∃e ∈ N, αpe ∈ K0.( 8
∴ K K0 .

10. F p �= 0,E, K F F ⊂ E ⊂ K,
K F E F K E

.

“⇒” K F .
∵ α ∈ K, ∴ ∃e ≥ 0, αpe ∈ F ⊆ E,
∴ K E .
∵ α ∈ E ⊆ K, ∴ ∃e ≥ 0, αpe ∈ F,
∴ E F .
“⇐”∀α ∈ K, ∃e1 ≥ 0, αpe1 ∈ E,
∃e2 ≥ 0, (αpe1 )e2 = αp(e1+e2) ∈ F.
∴ K F .

11. K F Ch F = p �= 0, K0 F K
e ≥ 0 [E : F ] = [K0 : F ]pe.

12. K F Ch F = p �= 0, K F
E .

13. K F K F−
σ K F−

∀α ∈ K, α(α) = αi, αi Irr(α, F ) .
Irr(α, F ) α,

∴ K F− σ = id.

14. K F K0 F K K0 F
.

∀α ∈ K0, Irr(α, F ) K[x]
Irr(α, F ) = (x − α)(x − α1) · · · (x − αm), i �= j α �= αi �= αj.
αi(1 ≤ i ≤ m) K F .
∴ K0 F .
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Chapter 4

4.1

1. G 4. G 4 Klein K4 .
4 S4 . .

(i) G 4 G 4 .
(ii) G 4 ∀a ∈ G, a2 = e. ∀a, b ∈ G, (ab)2 =
e,, ab = (ab)−1 = b−1a−1 = ba, G Abel G ∼= K4.

2. G 6. G 6 S3 .
G 3 2

Abel a �= b ∈ G, a �= e, b �= e, 〈a, b〉 4
.

G 2 3 |G| .
G 2 a, 3 b.

1):a, b ab 6 G = 〈ab〉 6 .
2):a, b G 6 . G k 3 j 2

2k + j + 1 = 6, (k, j) = (2, 1) (1, 3). k = 2, G
3 {x, x−1, y, y−1}. xy 3 xy

2 yx xy = yx, 〈x, y〉 9
. (k, j) = (1, 3). G S6 ϕ, ϕ(b) =

(1, 2, 3), ϕ(a) = σ. G 3 σ(1, 2, 3)σ−1 =
(σ(1), σ(2), σ(3)), {σ(1), σ(2), σ(3)} = {1, 2, 3}. σ (1, 2, 3)

σ(1) = 1, σ(2) = 2, σ(3) = 3, σ(1) = 1, σ(2) =
3, σ(3) = 2.

α =

(
4 5 6

σ(4) σ(5) σ(6)

)

σ = (2, 3)α, σ2 = e, α2 = e.
〈σ, (1, 2, 3)〉 = {(1, 2, 3), (1, 3, 2), e, (2, 3)α, (1, 2)α, (3, 1)α} S3

64
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G ∼= S3.

3. G r = st H G t .

H = {gs|g ∈ G} = {h ∈ G|h′
= e}.

G = 〈g0〉, {gs|g ∈ G} = {gs
0, g

2s
0 , · · · , gts

0 }, {h ∈ G|ht =
e} = {gs

0, g
2s
0 , · · · , gts

0 }, {gs
0, g

2s
0 , · · · , gts

0 } G t
G t .

G = {gs|g ∈ G} = {h ∈ G|ht = e}

4. G a, b ∈ G. [a, b] = aba−1b−1 a, b .
{aba−1b−1|a, b ∈ G} G(1) G . :

1) α ∈ Aut G, α(G(1)) = G(1);
2) H � G. G/HAbel H ⊇ G(1).

1) α(G(1)) = α(〈{aba−1b−1|a, b ∈ G}〉) =
〈{σ(a)σ(b)σ(a)−1σ(b)−1|a, b ∈ G}〉 = G(1).
2) G/H Abel ⇔ (G/H)(1) = {e} ⇔ G(1) ⊆ H.

5. S G ϕ,ψ G H ϕ(x) =
ψ(x), ∀x ∈ S. ϕ = ψ.

∀a ∈ G, G = 〈S〉, a = y1y2 · · · yn, yi ∈ S y−1
i ∈

S. ϕ(x) = ψ(x), ∀x ∈ S, ϕ(x−1) = ψ(x−1),∀x ∈ S, ϕ(yi) =
ψ(yi),∀1 ≤ i ≤ n, ϕ(a) = ψ(a), ϕ = ψ.

6. H G H �= G. G = 〈G − H〉.
H �= G ∃a ∈ G, GH, aH ∩ H = ∅, 〈aH〉 ⊇

H, 〈G − H〉 ⊃ H ∪ (G − H) = G, G = 〈G − H〉.
7. G G 2 .

G k m m > 1 m kϕ(m)
ϕ . m ϕ(m)

. |G| 2 .

8. α ∈ S3 .

α =

(
1 2 3 4 5 6 7 8
3 6 5 4 8 2 7 1

)

α =

(
1 2 3 4 5 6 7 8
3 6 5 4 8 2 7 1

)
= (1358)(26).
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9. Sn = 〈{(1 2), (2 3), · · · , (n − 1 n)}〉.
. n = 2 . n = k .

n = k + 1

〈{(1 2), · · · , (k − 1 k)}〉 = Sk

(1 k)(k k + 1)(1 k) = (1 k + 1)

〈{(1 2), · · · , (k−1 k), (k k+1)}〉 = 〈{(1 2), · · · , (1 k), (1 k+1)}〉 = Sk+1

〈{(1 2), · · · , (n − 1 n)}〉 = Sn

n = k + 1 . n ∈ N .

10. (i1i2 · · · ir)−1 = (irir−1 · · · i1).

(i1 · · · ir)(ir ir−1 · · · i1) = e

11. ∀σ ∈ Sn,

σ(i1i2 · · · ir)σ−1 = (σ(i1)σ(i2) · · ·σ(ir)).

j = 1, 2, · · · , r − 1, (σ(i1i2 · · · ir)σ−1)(σ(ij)) =
σ(i1i2 · · · ir)(ij) = σ(ij+1),

j = r, (σ(i1i2 · · · ir)σ−1)(σ(ir)) = σ(i1i2 · · · ir)(ir) = σ(i1),
j = r + 1, · · · , n, (σ(i1i2 · · · ir)σ−1)(σ(ij)) = σ(i1i2 · · · ir)(ij) =

σ(ij),
∴ σ(i1i2 · · · ir)σ−1 = (σ(i1)σ(i2) · · ·σ(ir)).

12. G 2k, k k > 1. G 2 .
Cayley

G � LG

|G| = 2k 2 a ∈ G, ∀x ∈ G,La(x)2 = x,
La k k La LG

2 G .
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13. σ r .
1) σk

2) σk σk

1) σk ⇔ σk 1 r ⇔ σk

1 r ⇔ (k, r) = 1 r.
2) (k, r) = 1 ,σk r; (k, r) = r σk 1.

14. σ r k|r. σk k r/k
.

n = r/k, n ∈ N., σ = (α1α2 · · ·αr) =(
α1 α2 · · · αr−1 αr

α2 α3 · · · αr α1

)

σk =

(
α1 α2 · · · αr−k αr−k+1 · · · αr

αk+1 αk+2 · · · αr α1 · · · αk

)

σk = (α1αk+1α2k+1 · · ·α(n−1)k+1(=r−k+1))
(α2αk+2α2k+2 · · ·α(n−1)k+2(=r−k+2) · · · (αkα2k · · ·αnk(=r)),

n, r/k,
∴ σk k r/k .

4.2

1. �A1A2A3A4 s1, s2, s3, s4.
M1,M2,M3,M4. m1,m2. d1, d2.

O. G �A1A2A3A4 .
G

X = {Ai,Mi, si,mi, di, O}
. X .

�A1A2A3A4

�A1A2A3A4

X ∀g ∈ G, g R2 g X
P g(P ).

∴ X

{A1, A2, A3, A4} ∪ {M1,M2,M3,M4} ∪ {s1, s2, s3, s4} ∪ {m1,m2} ∪
{d1, d2} ∪ {O}.

G 8 a =

(
0 −1
1 0

)
O π/2 b = { m1

} a 4 b 2.
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2. G X Y X

FY = {g ∈ G|g(Y ) = Y }
X Z ∃g ∈ G Z = g(Y ) Z Y G

.
1) FY G
2) Fg(Y ) = ad g(FY );
3) G X Y [G : FY ] .

1) ∀g1, g2 ∈ FY , g1g
−1
2 (Y ) = g1(Y ) = Y , g1g

−1
2 ∈

FY , FY G .
2) ∀g1 ∈ FY gg1g

−1(g(Y )) = g(Y ), Fg(Y ) ⊇ ad g(FY ).
FY = Fg−1(g(Y )) ⊇ ad g−1(fG(Y )), Fg(Y ) ⊆ ad g(FY ), Fg(Y ) =

ad g(FY ).
3) T = {g(Y )|g ∈ G}. G T ∀Z ∈ T, g(Z) =
{g(z)|z ∈ Z}. Y FY , g T |G| <
∞, X Y |T | = [G : FY ].

3. G H n. H G N [G :
N ]|n!.

G G/H G Sn η,
ker η =

⋂
x∈G/H

Fx, FeH = H, N = ker η. N ⊂ H, N � G,

[G : N ]|n!.

4. p G H G [G : H] = p.
H � G.

p G G K, [G :
K] p, G N , N <
H, [G : H]|p!, [G : N ] = p, H = N , H � G.

5. G
H G [G : H] = m. G m.

H � G.
d = min{o(g)|o(g) g g ∈ G, g �= e}, d

d ≥ m. m = 1, H � G. m > 1, g ∈ G g∈H, s =
min{t|gt ∈ H}, [G : H] ≥ s, (s, o(g)) > 1, s ≥ d! m ≥ d,

m 3 H � G.

6. G
1) G = {e} G G .
2) C(G) = {e} G G .

1) Oe = {e} G G ⇔ G = {e}.
2) .
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7. S3,S4 .
S3 3 (1), (12), (123) C(1) =

{(1)}, C(12) = {(12), (13), (23)}, C(123) = {(123), (132)}.
8. S3 n

n = n1 + n2 + · · · + nq, n1 ≥ n2 ≥ · · ·nq ≥ 1

.
σ ∈ Sn,

σ(i1, · · · , ir)σ
−1 = (σ(i1), · · · , σ(ir))

σ, η ∈ Sn, σ η σ, η
. Sn n σ ∈ Sn, σ =

σ1σ2 · · ·σk, σ1, σ2, · · · , σk k . |σi| σi

k∑
i=1

|σi| = n

|σ1| ≥ |σ2| ≥ · · · ≥ |σk|. σ n

n = |σ1| + |σ2| + · · · + |σk|.
.

9. H G .
1) H G
2) Ch ⊆ H, h ∈ H;
3) Cq ∩ H = ∅, g∈H.

.

10. H G
1) ∀g ∈ G,H1 = gHg−1 G H .
2) G NG(H) = {g ∈ G|gHg−1 = H} G H �
NG(H). NG(H) H G H

. 3) G H [G : NG(H)].
4) H � G ⇐⇒ Na(H) = G.

1) ∵ ad g ∈ Int G, ∴ H G = ad gG gHg−1.
2) X = {gHg−1|g ∈ G}, G X

g(K) = gKg−1, ∀K ∈ X.
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NG(H) = FH , H � NG(H) .
3) 2 G H

|X| = [G : NG(H)].

4) H � G ⇔ |X| = 1 ⇔ [G : NG(H)] = 1 ⇔ G = NG(H).

11. H G H �= G . G �= ⋃
g∈G

gHg−1.

3 | ⋃
g∈G

gHg−1| ≤ [G : NG(H)](|H| − 1) + 1 ≤ [G :

H]|H| + 1 − [G : H] = |G| + 1 − [G : H] < |G|, G �= ⋃
g∈G

gHg−1.

12. H G .G

CG(H) = {g ∈ G|gh = hg,∀h ∈ H}
H G , H . :

1) CG(H) =
⋂

h∈H

CG(h);

2) CG(H) � NG(H).
.

13. H, K G .∀k ∈ K, kHk−1 H K- . H
K- [K : K ∩ NG(H)].

10 2 K FH = K∩NG(H), H
K− [K : K ∩ NG(H)].

14. θ G , θ(C(G)) = C(G).
.

15. Aut G G ,C(G) = {e}(e G ).
C(Aut G) = {idG}.

θ ∈ C(Aut G), ∀g ∈ G, af gθad g−1 = θ.
∀h ∈ G, ad gθad g−1(h) = θ(h), (gθ(g−1))θ(h)(gθ(g−1))−1 =

θ(h), θ(g) = g, θ = idG,

C(Aut G) = {idG}.

16. a G . I = {g ∈ G|α(g) = g−1}. :

1) |I| >
3

4
|G|, G Abel ;

2) |I| =
3

4
|G|, G 2 Abel .
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17. G X , ∀x1, x2, y1, y2 ∈ X, x1 �= x2, y1 �=
y2, ∃g ∈ G y1 = g(x1), y2 = g(x2). G X .

Π(X) = {X1, X2, · · · , Xk, · · · }
X , g(π(X)) = {g(X1), g(X2), · · · , g(Xk), · · · }, g(π(X)) =

π(X) π(X) = {X} π(X) = {{x}|x ∈ X}.
.

.
. i |Xi| > 1, x1, x2 ∈ Xi, ∀y �=

x1, x2, G X g, g(x1) = x1, g(x2) =
y, g(π(X)) = π(X), y ∈ xi, Xi = X, π(X) = {X}.
∀i, |Xi| = 1, π(X) = {{x}|x ∈ X}.

18. n ≥ 2 ,Sn {1, 2, · · · , n} .
Sn .

19. n ,An {1, 2, · · · , n} ?
n �= 2, 3 An {1, 2, · · · , n} .

n = 2 3 An {1, 2, · · · , n} .n =
1 .

n ≥ 4 ∀x1, x2, y1, y2 ∈ {1, 2, · · · , n}, x1 �= x2, y1 �= y2,
σ ∈ Sn y1 = σ(x1), y2 = σ(x2), x3, x4 x1, x2, x3, x4

σ1 = (σ(x3), σ(x4))σ, σ1, σ2 An, σ(x1) =
y1, σ(x2) = y2, An {1, 2, · · · , n} .

4.3 Sylow

1. p . p2 . ,
p2 .

C(G) �= {e}, p2 .
1) G p2 G p2 .
2) G p2 p . a �= e,

b∈〈a〉, G = 〈a〉 ⊗ 〈b〉 ∼= Zp ⊕ Zp.
p2 .

2. p ,G =< a, b, c > .a, b, c

ap = bp = cp = e, ab = ba, ac = ca, bc = cb

e G . :G p3 ,
p.
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3. p ,F pl−1 , F � G.
:“ p G

, H G , [G : H] = p, H � G”. p G
,F < G, [G : H] = |G|/|F | = pl/pl−1 = p.

F � G.

4. S4 Sylow 3− .
|S4| = 24 = 3 × 23, ∴ S4 Sylow 3− 3 ,

k . k ≡ 1(mod 3) k|8, k 1 4.(1 2 3) ∈
S4, (1 2 3) 3 ,∴ 〈(1 2 3)〉 = {(1), (1 2 3), (1 3 2)}

Sylow 3− .
(1 4) ∈ S4, Sylow (1 4)〈(1 2 3)〉(1 4)−1 =
{(1), (2 3 4), (2 4 3)} Sylow 3− .

,(2 4)〈(1 2 3)〉(2 4)−1 = {(1), (1 3 4), (1 4 3)}, (3 4)〈(1 2 3)〉(3 4)−1 =
{(1), (1 2 4), (1 4 2)} Sylow 3− .
∴ k = 4.
S4 Sylow 3− :

p1 = {(1), (1 2 3), (1 3 2)}, p2 = {(1), (2 3 4), (2 4 3)},
p3 = {(1), (1 3 4), (1 4 3)}, p4 = {(1), (1 2 4), (1 4 2)}

( : 4 3 (1 2 3), (1 2 4), (1 3 4), (2 3 4) .)

5. 56 148 .
G 56 K G Sylow 7− K ≡

1(mod 7) K|8, K = 1 8. K = 1, G K = 8, 7
8 × (7 − 1) = 48 G 8 G 8

Sylow 2− 8 Sylow 2− 56
. |G| = 148 = 22 × 37, Sylow37 148 .

6. G 353. G 125 .
Sylow G 125 Sylow 5−

125 .

7. G plm, p , p > m(m �= 1). G .
Sylow p− .

8. p, q ,p < q, p � (q − 1). pq .

Sylow p q .

9. 255 .

255 = 3 × 5 × 17, Sylow Sylow 17−
Sylow 5− 1 51 Sylow 3− 1 85 .
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Sylow 17− P17 = 〈a〉, Sylow 3− P3 = 〈b〉,Sylow 5−
P5 = 〈c〉. P17 P5 × P17 G

P5 × P17 a c . P5 × P17 85
64 Sylow 5− 51 5

4 × 51204 64 204<255, . Sylow 5− .
P3 × P5, P3 × P17 a b c

G = 〈abc〉 255 .

10. H G ,p |G| , p � [G : H]. H
G Sylow p− .

P � [G : H] H G Sylow p− P1, H �
G, gPg−1 ⊆ H, ∀g ∈ G, H G Sylow p− .

11. G plm, p ,(p,m) = 1, m < 2p. G Sylow
p− pl−1 .

G Sylow p− P , [G : P ] = m, P G
N [G : N ]|m!, [G : P ][P : N ]|m!, [P : N ] p

p||m!, [P : N ] = 1 p, G Sylow p−
pl−1 .

12. p G , P G Sylow p− .
NG(NG(P )) = NG(P ).

13 .

13. P G Sylow p− . G H ⊇ NG(P ). NG(H) =
H.

H k Sylow p− P, P2, P3, · · · , Pk. g ∈
NG(H), gHg−1 = H, gPg−1 ⊆ H, gPg−1 = Pj, h ∈
H hPh−1 = Pj, (h−1g)P (h−1g)−1 = P, h−1g ∈ NG(P ) ⊆
H, g ∈ H, NG(H) = H.

14. G Abel p− , [G : C(G)] ≥ p2.

G Abel p− g ∈ G, g �∈ CG(G).
〈g〉C(G) Abel [G : 〈g〉C(G)] ≥ p, [〈g〉C(G) : C(G)] ≥ p
[G : C(G)] ≥ p2.

15. P G Sylow p− N G . N ∩
P, PN/N N G/N Sylow p− .

H N Sylow p− g ∈ G gHg−1 ⊆
P . N � G, gHg−1 ⊆ N, gHg−1 ⊆ N ∩ P. |H| =
|N ∩ P |, |N ∩ P | = |H|, N ∩ P N Sylow p− .
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pl1|||N |, pl|| |G|, pl−l1|| |G/N |. PN/N ∼=
P/P ∩ N, pl−l1|| |PN/N |, PN/N PG/N Sylow p− .

pl−l1 || |PN/N |, pl−l1|| |P/P∩N |, pl1| |P∩N |, P∩
N N Sylow p− .

4.4

1. G e

(a) G

G = G0 ⊃ G1 ⊃ G2 ⊃ · · · ⊃ Gn−1 ⊃ Gn = {e}

a.Gi � Gi−1, 1 ≤ i ≤ n; b. Gi−1/Gi .

(b) G Gi−1/Gi .

1) n = p α1
1 p α2

2 · · · p αk
k , pi l(n) = α1 + · · · + αk.

(Gi/Gk)/(Gi+1/Gk) ∼= Gi/Gi+1, l(|G|) .
2) G Gi−1/Gi Abel Gi−1/Gi

Gi−1/Gi .

2. G Abel G 2 .

n = |G|, n = 2l0p l1
1 · · · p lk

k , 2, p1, · · · , pk

. G H, 2l0−1|| |H|. Pi G Sylow pi−
1 ≤ i ≤ k. G1 = HP1 · · ·Pk, [G : G1] = 2.

3. (1 2 3) A3 C(1 2 3).

A3 =< (1 2 3) >, Abel C(1 2 3) = {(1 2 3)}.
4. (1 2 3) A4 C(1 2 3).

(1 2 3) S4

{(1 2 3), (1 3 2), (1 2 4), (1 4 2), (1 3 4), (1 4 3), (2 3 4), (2 4 3)},
A C(1 2 3) ⊆ A.

A α C(1 2 3) ⇔ ∃σ ∈ A4, σ(1 2 3)σ−1 =
α, (σ(1) σ(2) σ(3)) = α.

(1 2 3) ∈ C(1 2 3).
(1 2 4) = (σ(1) σ(2) σ(3)) ⇒ σ = (3 4)∈A4, ∴ (1 2 4)∈C(1 2 3).
(1 4 2) = (σ(1) σ(2) σ(3)) ⇒ σ = (2 4 3) ∈ A4, ∴ (1 4 2) ∈ C(1 2 3).

(1 4 3), (1 3 2), (2 3 4)∈C(1 2 3),
(1 3 4), (2 4 3) ∈ C(1 2 3)

∴ C(1 2 3) = {(1 2 3), (1 4 2), (2 3 4), (2 4 3)}
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5. n ≥ 3, r, s {1, 2, · · · , n}

An =< {(r s t), t �= r, s} > .

n ≥ 3 An 3− An ⊇<
{(r s t), t �= r, s} > .

An ⊆< {(r s t), t �= r, s} > .
∀α ∈ An, α α = α1α2 · · ·αl.

αi 2 , i = 1, 2, · · · , l.

(1)

(i j)(i j) =id= (r s t0)
3, t0 �= r, s.

∴ (i j)(i j) ∈< {(r s t), t �= r, s} > .

(2) (i j)(i k) = (i j)(i r)(i r)(i k) = (i r j)(i k r) = (r i)(r j)(r k)(r i) =
(r i)(r s)(r j)(r k)(r s)(r s)(r i) = (r s i)(r j s)(r s k)(r i s) =
(r s i)(r s j)2(r s k)(r s i)2, i, j, k �= r, s, (i j)(i k) ∈< {(r s t), t �=
r, s} > .
(r j)(r k) = (r j)(r s)(r s)(r k) = (r s j)(r s k)2, j, k �= s.
(i r)(i k) = (i k r) = (r k)(r i) = (r k)(r s)(r s)(r i) = (r s k)(r s i)2,

k �= s.
(i r)(i s) = (i s r) = (r s)(r i)(r s i)2, (s j)(s k), (i s)(i k) ∈<
{(r s t), t �= r, s} > .

∀i, j, k, (i j)(i k) ∈< {(r s t), t �= r, s} > . (3)
(i k)(j l) = (i k)(i j)(j i)(j l), ∀i, k, j, l, (i k)(j l) ∈<
{(r s t), t �= r, s} > .

αi ∈< {(r s t), t �= r, s} >,
∴ α ∈< {(r s t), t �= r, s} >.

An ⊆< {(r s t), t �= r, s} > .

6. G Abel |G| ≥ 60.

G n n < 60, Abel . 2 3 5 7>
60 n 3 .
1 n n = pl. G Abel l > 1, C(G) �=
G, C(G) � G, G .
2) n 2 n = paqb, p < q, p, q .
A) p ≥ 3, 60 > n > 3a+b, a + b ≤ 3. a = 1 Sylow q−

. a = 2 n = 32 ∗ 5,Sylow 5−
G .

B) p = 2. q > 7, pa < 60/11 < q, Sylow q− .G
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. q ≥ 7, q = 3, 5, 7. a = 1 Sylow q−
G . a ≥ 2 n 22×3, 22×32, 22×

5, 22 × 7, 23 × 3, 23 × 5, 23 × 7.
n = 22 × 5 22 × 7 Sylow q− G .
n = 22 × 3 3 G .
n = 22 × 32 23 × 3 Sylow 3− 4 1 .
4 X = {P1, P2, P3, P4} G Sylow 3−
G X G S1×1 σ, G/Kerσ

S4 . n = 22 × 32, |G/Kerσ| ≤ |S4| = 24,
Kerσ �= {e}. G X Kerσ �= G, Kerσ G

. G . n = 23 × 3, Kerσ �= {e}, G
Kerσ = {e}, G ∼= S4, A4 � G G .

n = 23 × 5 Sylow 5− G .
n = 23 × 7 G .

|G| 2 G .
3) n 3 . n/2 × 3 × 5 ≤ 1, n < 3 × 5 × 7,

n = 2qr, 2, q, r . 2||n, G H
[G : H] = 2, G .

|G| < 60, G . G Abel
|G| ≥ 60.

7. G 60 G A5 .

H G X = {gHg−1|g ∈ G}, G X
. G . n =

[G : NG(H)] = |X|, G Sn n ≥ 5, [G :
H] ≥ 5. n = 5, G Sn G ∼= A5.

G Sylow 2− n2 3 5 15 n2 ≥
5 : n2 = 5, G ∼= A5, n2 = 15, 5 6 × (5 − 1) = 24

2 Sylow 2− {e}, 2 A. CG(A)
Sylow 2− 4|CG(A), |CG(A)| > 4, |G : CG(A)| ≥ 5,

|CG(A)| = 12, [G : CG(A)] = 5. G NG(CG(A)) =
CG(A), [G : NG(CG(A))] = 5 G ∼= A5. G ∼= A5.

8. G =SL(3,Z2), Z2 1 3 . G
168 .

Z2 1 SL(3,Z2) =GL(3,Z2). |
GL (n,Zp)| =

n−1∏
i=1

(pn − pi), |G| = (23 − 1)(23 − 2)(23 − 22) = 168 =

23 × 3 × 7.
Z2 3 x, x − 1, x2 + x +

1, x3 + x + 1, x3 + x2 + 1. Z2 n
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SL(3,Z2) 6⎛
⎝ 1 0 0

0 1 0
0 0 1

⎞
⎠

⎛
⎝ 1 1 0

0 1 0
0 0 1

⎞
⎠

⎛
⎝ 1 1 0

0 1 1
0 0 1

⎞
⎠

⎛
⎝ 0 0 1

1 0 1
0 1 0

⎞
⎠

⎛
⎝ 0 0 1

1 0 0
0 1 1

⎞
⎠

⎛
⎝ 1 0 0

0 0 1
0 1 1

⎞
⎠

A1, A2, A3, A4, A5, A6, (x − 1), (x −
1)2, (x − 1)3, x3 + x + 1, x3 + x2 + 1, (x − 1)(x2 + x + 1).

G A1, A2, · · · , A6 6 . Ai

A1, A2, · · · , A6 1 2 4 7 7 3.
235 8 〈{P (1 × i, j)|1 ≤ i, j ≤ 3, i �= j}〉 = G.

2 2 2 3 .
H � G, H �= G H 2 . 2

|H| |3 × 7. |C(A2)| = 8, |C(A3)| = 4, |C(A6)| = 3.
2 168/8 21 ,4 42 3 56 7

168 − 21 − 42 − 56 − 1 = 48 . Sylow p−
H 3 56 3 H 7 48 .
|H| ≤ 21, |H| = 1. G .

9. G G e C(G) = {e}. :C(Aut G) =
{id}.

2.15 .

10. G Abel A = Aut G. A
. Aut A = Int A.

4.5

1. p, q p < q. A p B q G A B
.

(a) G A B

(b) q p 1 G pq

(c) q ≡ 1(mod p), A B G. G
Abel .

1) N � G, N ∼= B. G Sylow p− P P ∩
N = {e}, PN = G. G A B .
2) q �≡ 1(mod p), Sylow p− P , P �
G, PN = G. G pq .
3)
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2. A B m,n A B
.

3. A C(A) = {1}, Aut A = Int A, A .
B A .

C(A) = {1}, CG(A) ∩ A = {e}, ∀g ∈ G, adg ∈
Aut A; Aut A = Int A, a ∈ A, adg = ada, a−1g ∈ CG(A).

G = CG(A)A. CG(A) CG(A) � G,
.

4. N1, N2, · · · , Nk G G N1, N2, · · · , Nk

(a) G = N1N2 · · ·Nk;

(b) Ni � G, 1 ≤ i ≤ k;

(c) (
∏
j �=i

Nj) ∩ Ni = {1}, 1 ≤ i ≤ k.

1 2 ∀g ∈
G, g = n1n2 · · · gk, ni ∈ Ni . mi ∈ Ni, g =
n1n2 · · · gk = m1m2 · · ·mk.(∗)

m −1
1 n1 = m2m3 · · ·mkn

−1
k n −1

k−1 · · ·n −1
2 = (m2 · · ·mk)(n2 · · ·nk)

−1.
∵ Ni � G, 1 ≤ i ≤ k,
∴ N2N3 · · ·Nk � G, m2 · · ·mk ∈ N2N3 · · ·Nk,
n2 · · ·nk ∈ N2N3 · · ·Nk, (n2 · · ·nk)

−1 ∈ N2 · · ·Nk,
∴ (m2 · · ·mk)(n2 · · ·nk)

−1 ∈ N2 · · ·Nk,
m −1

1 n1 ∈ N1, ∴ m −1
1 n1 ∈ N1 ∩ (

∏
j �=1

Nj) = {1}.
n1 = m1. (∗) n1,m1, n2 =

m2, n3 = m3, · · · , nk = mk

∴ g .
∵ G N1, N2, · · · , Nk

∴ 1,2 . ∀g ∈ G, g = n1n2 · · ·Nk . a ∈ N1∩(
∏
j �=1

Nj).

ni ∈ Ni, i = 1, 2, · · · , k a = n1 = n2 · · ·nk, a = n1 1 · 1 · 1 · · · · 1︸ ︷︷ ︸
k−1

=

1 · n2n3 · · ·nk, n1 = n2 = · · · = nk = 1, ∴ a = 1
N1 ∩ (

∏
j �=1

Nj) = {1}. Ni ∩ (
∏
j �=i

Nj) = {1}, 1 ≤ i ≤
k. 3 .

5. G = N1N2 · · ·Nk. (
∏
j �=i

Nj) ⊆ CG(Ni).
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Ni ∩ Nj = {e}, Ni � NiNj, Nj � NiNj, Ni Nj

(
∏

j �=i Nj) ⊆ CG(Ni).

6. G = A ⊗ B, N � B.

(a) N G

(b) G/N A × (B/N) .

(a) ∀g ∈ G,n ∈ N , G = A ⊗ B ∃a ∈ A, b ∈ B. g = ab.
∴ gng−1 = abnb−1a−1, ∵ N � B, ∴ bnb−1 ∈ N ⊆ B.

G = A ⊗ B a(bnb−1) = (bnb−1)a,
∴ gng−1 = bnb−1aa−1 = bnb−1aa−1 = bnb−1 ∈ N,
∴ N � G

(b) f : A × (B/N) −→ G/N, f((a, bN)) = abN.
(a, b1N) = (a, b2N), b −1

1 a−1ab2 ∈ N , (ab1)
−1(ab2) ∈

N, ∴ ab1N = ab2N,
∴ f .

f((a1, b1N)) = f((a2, b2N)), a1b1N = a2b2N,
(a1b1)

−1a2b2 ∈ N, ∃n1 ∈ N, b −1
1 a −1

1 a2b2 = n1.
∵ G = A ⊗ B, ∴ b −1

1 (a −1
1 a2) = (a −1

1 a2)b
−1

1 ,
(a −1

1 a2)(b
−1

1 b2) = 1n1. 1 ∈ A, n1 ∈ N ⊆ B. G
a −1

1 a2 = 1, b −1
1 b2 = n1, a1 = a2, b

−1
1 b2 ∈ N

∴ b1N = b2N , (a1, b1N) = (a2, b2N),∴ f .
∀gN ∈ G/N, ∃a ∈ A, b ∈ B, g = ab, gN = abN

(a, bN),∴ f .
f((a1, b1N)(a2, b2N)) = f((a1a2, b1b2N)) = a1a2b1b2N

A B a1a2b1b2N = a1b1a2b2N = a1b1N · a2b2N
f((a1, b1N)(a2, b2N)) = f((a1, b1N))f((a2, b2N)), ∴ f .

f A × B/N G/N G/N � A × B/N .

7. A,B G G = AB. G/(A∩B) = A/(A∩B)⊗
B/(A ∩ B).

A,B G A/(A ∩ B), B/(A ∩ B) G/(A ∩
B) (A/(A ∩ B)) ∩ (B/(A ∩ B)) = (A ∩ B)/(A ∩ B) =
{id}, A/(A ∩ B) × B/(A ∩ B) = G/(A ∩ B), G/(A ∩ B) = A/(A ∩
B) ⊗ B/(A ∩ B).

课后答案网 www.khdaw.com 
 

 

若侵犯了您的版权利益，敬请来信通知我们！  ℡ www.khdaw.com

kh
da

w.co
m

kh
da

w.co
m



80

8. A,B G , A∩B = {1}. G (G/A)× (G/B)
.

fG −→ G/A × G/Bf(g) = (gA, gB), f .
(g1A, g1B) = (g2A, g2B), g1A = g2A, g1B = g2B, ∴ g −1

1 g2 ∈ A∩B,
∴ g −1

1 g2 = 1, ∴ g1 = g2.
f f(g1g2) = (g1g2A, g1g2B) = (g1A, g1B)(g2A, g2B) =

f(g1)f(g2).
∴ f . f : G −→ f(G) .
∴ G � f(G).

f(G) G/A × G/B .

9. A,B G , G = AB; ab = ba, ∀a ∈ A, b ∈ B.
A × B G .

σ : σ(a, b) = ab .

10. Y X G,A, B P (X), P (Y ), P (X −
Y ) �” 1.2 7 . G A × B .

f : G −→ A × B, f(M) = (M ∩ Y, M − Y ). f .
f(M) = f(N), (M ∩ Y, M − Y ) = (N ∩ Y, N − Y ), M ∩ Y =

N ∩ Y, M − Y = N − Y .
M = (M ∩ Y ) ∪ (M − Y ) = (N ∩ Y ) ∪ (N − Y ) = N,

∴ f .
∀A1 ∈ A,B1 ∈ B, M = A1 ∪B1, M ∈ G, f(M) = (M ∩Y, M −

Y ) = (A1, B1).
∀(A1, b1) ∈ A × B, A1 ∩ B1. f .

∀M,N ∈ G, f(M � N) = ((M � N)∩Y, (M � N)−Y ) = ((M ∩Y ) �
(N ∩ Y ), (M − Y ) � (N − y) =
(M ∩ Y, M − Y ) � (N ∩ Y, N − Y ) = f(M) � f(N).

f .
∴ f .
∴ G � A × B.

11. G |G| = p a1
1 p a2

2 · · · p ak
k , p1, p2, · · · , pk

. Sylow pi− Pi � G. G = P1 ⊗ P2 ⊗ · · · ⊗ Pk.

G = (
s⊗

i=1

Ni) ⊗ (
t⊗

i=1

Mi), G = N1 ⊗ · · · ⊗ Ns ⊗
· · · ⊗ Mt.
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4.6

1. n ≤ 4 Sn n ≥ 5 Sn .

60 Abel
60 . n ≤ 4 |Sn| < 60, Sn .

n ≥ 5 An Sn .

2. GL(2,Z2),GL(2,Z3) .

|GL(2,Z2)| = |(22−1)(22−2)| <
60, |GL(2,Z3)| = (32 − 1)(32 − 3) < 60, GL(2,Z2),GL(2,Z3)

.

3. G pqr, p, q, r . G .

pq G Sylow q−
Sylow r− , G G Sylow q−

Sylow p− Sylow r− pq Sylow q−
r r q pq(r − 1) + r(q − 1) ≥

pqr − pq + rp > pqr = |G|, . pqr .

4. (a) H, K G HK G
.

(b) R G H G
. H ⊆ R, G/R .

(a) H � G,K � G ⇒ HK � G. 49 1.7.3 HK/K �
H/H ∩ K.
∵ H ∴ H/H ∩ K . HK/K

.
K HK HK G .

(b) R H G 1 HK G
H � R, R � HR, R G

∴ H ⊆ R.
π : G −→ G/R ∴ ker π = R. π

G R G/R
.

K ⊇ R,K � G, K K π|K(K). π|K K
π|K(K) .

∴ π|K(K) . ∵ π ∴ G/R
π|K(K). K ⊇ R, K � G. π|K(K) = K/R
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. R K . G R G/K
. K G/K

K �= R. K1 G R
K1 � R, ∵ G ∴ K1 � G. R G

.
∴ G/R .

5. G .

(a) G

(b) ∀H � G, ∃H1 � H H/H1 Abel K �= {1};
(c) ∀H � G,G/H Abel K �= {1}.

1) ⇒ 2) ⇒ 3) .
3) ⇒ 1) :

G H G/H .
3 G = H, G .

6. H G . NG(H) = H.

NG(H) �= H, g ∈ NG(H), g �∈ H. H � NG(H),
〈g〉H . 〈g〉H/H ∼= 〈g〉/(〈g〉 ∩ H), 〈g〉H/H
〈g〉H 〈g〉H ⊃ H, H . NG(H) = H.

7. n n n = 2k, k ∈
N.

n 2 p, Abel H : |H| = 2p.
H H . n = 2pk,

k K G = H × K, H G
n n = 2k. n = 2k G .

8. G .H G . NG(H) �= H.

G k ∈ N, Tk �= H, H ⊃ Tk+1.
[Tk, H] ⊆ [Tk, G] = Tk+1, Tk ⊂ NG(H), H �= NG(H). G

.

9. G .M G . M � G. G Sylow
.

∵ M G ∴ M G G
M NG(M) . NG(M) �= G M � NG(M) �
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G, M G .
∴ NG(M) = G, M � G.

G Sylow P , 163 12 NG(NG(P )) =
NG(P ).(∗)

NG(P ) �= G, NG(P ) G G ∴ NG(P )
NG(NG(P )) (∗) .

∴ NG(P ) = G. P � G, G Sylow .

10. G ∀H � G,C(G/H) �= {1}.
G H �= G H �

G C(G/H) �= {1}.
∀H � G,H �= G, C(G/H) �= {1}. |G| < +∞, G

G .

4.7 Jordan-Hölder

1. Z

Z ⊃ 20Z ⊃ 60Z ⊃ {0},

Z ⊃ 49Z ⊃ 245Z ⊃ {0}
.

Z ⊃ 20Z ⊃ 60Z ⊃ {0} Z ⊃ 49Z ⊃ 245Z ⊃ {0}
Z ⊃ 4Z ⊃ 20Z ⊃ 60Z ⊃ 2940Z ⊃ {0},Z ⊃ 49Z ⊃ 245Z ⊃

980Z ⊃ 2940Z ⊃ {0}. .

2. Z60 .

.

3. G

G = G1 ⊃ G2 ⊃ · · · ⊃ Gr = {1}.

Gi/Gi+1 Si, i = 1, 2, · · · , r − 1. G S1S2 · · ·Sr−1.

.

4. Abel G G .

Abel
.
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5. G G .

G G = G1 ⊃ G2 . . . Gr = 1,
Gi/Gi+1 Abel 1 ≤ i ≤ r − 1.

G G .

6. G = G1 ⊃ G2 ⊃ · · · ⊃ Gr = {1} G 1
N G .

G1 ⊇ G2N ⊇ · · · ⊇ Gr−1N ⊇ GrN ⊇ Gr = {1}

G .

Gi/Gi+1 GiN/Gi+1N ϕ: ϕ(gGi+1) = gGi+1N, ∀g ∈
Gi. Gi/Gi+1 GiN/Gi+1N = {1} . G1 ⊇ G2N ⊇
. . . Gr−1N ⊇ GrN = {1}. G .

7. ϕ G H .

G = G1 ⊃ G2 ⊃ · · · ⊃ Gr = {1}

G .

H = H1 ⊇ ϕ(G2) ⊇ · · · ⊇ ϕ(Gr) = {1}

H .

G H ϕ Gi/Gi+1 ϕ(Gi)/ϕ(Gi+1) ϕ
: ϕ(gGi+) = ϕ(g)ϕ(Gi+1),∀g ∈ Gi. Gi/Gi+1

ϕ(Gi)/ϕ(Gi+1){1} . H = H1 ⊇ ϕ(G2) ⊇ . . . ⊇ ϕ(Gr) =
{1} H .

8. R- M

L1 ⊆ L2 ⊆ · · · ⊆ Ln ⊆ · · ·

n Ln+i = Ln, i = 1, 2, · · · . M
M Noether .
R- M

L1 ⊇ L2 ⊇ · · · ⊇ Ln · · ·

n Ln+i = Ln, i = 1, 2, · · · . M
M Artin .

R- M M Noether Artin .
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R− M M M
Noether Artin . R− Noether Artin

M1 = M . M M1 M2 M1 ⊇ M2

M1/M2 M R
M = M1 ⊇ M2 ⊇ . . . ⊇ Mr = {0}, Mi/Mi+1, i = 1, 2, . . . , r −

1 M .

4.8

1. S, T G gSg−1 ⊆ S, ∀g ∈ G.

(a) < S > �G;

(b) <
⋃

g∈G

gTg−1 > G T .

1) .

2) g(
⋃

g∈G

(gTg−1))g−1 =
⋃

g∈G

(gTg−1),∀g ∈ G,

〈 ⋃
g∈G

(gTg−1)〉 G T .

2. X = {x1, x2, x3}, {x2
1, x

2
2, x

2
3} F (X)

K F (X) .

F (X)/K G1 = {x1
k1x2

k2x3
k3|0 ≤ k1, k2, k3 ≤ 1}

x1, x2, x3 ∈ G1, F (X)/K = G1, [F (X) : K] ≤ 8.
F (X) Z2 ⊕ Z2 ⊕ Z2 ϕ

ϕ(x1) = (1, 0, 0), ϕ(x2) = (0, 1, 0), ϕ(x3) = (0, 0, 1).

ker ϕ ⊇ {x1
2, x2

2, x3
2}, ker ϕ ⊇ K, [F (X) : K] ≥ 8

[F (X) : K] = 8.

3. S4 = 〈(1 2), (1 3), (1 4)〉, X = {x1, x2, x3}. S4

x2
i , (xixj)

3, (xixjxk)
2. i, j, k .

4. S4 = 〈(1 2), (1 3), (1 4)〉, X = {x1, x2, x3}, S4

x2
i , (xixi+1)

3, (xixj)
2., j > i + 1.

5. 3 Sn, .

6. 4 Sn, .
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Chapter 5

5.1

1. R η R(n)

1) η R(n)

2) η R(n) η R(n) ?

1) R(n) {u1, u2, · · · , un}

(η(u1), · · · , η(un)) = (u1, u2, · · · , un)A, A ∈ Mn(R).

η vi ∈ R(n), 1 � i � n η(vi) = ui

(v1, v2, · · · , vn) = (u1, u2, · · · , un)B, B ∈ Mn(R)
(u1, u2, · · · , un) = (η(v1), · · · , η(un))B = (u1, u2, · · · , un)AB

AB = In det A · det B = 1 = detB · det A det A R
η R(n) .

2) η R(n) R R
η R = Z; η : η(m) = 2m, m ∈ Z(n) η

η

2. R M N R- Hom(M,N) M N
η ξ ∈ Hom(M,N) (ξ + η)(x) = ξ(x) + η(x) ξ + η

a ∈ R (aη)(x) = η(ax) aη
1) ξ + η aη ∈ Hom(M,N)
2) R Hom(M,N) Hom(M,N) R-
3) M N m n R- Hom(M, N)

mn R-

1) ∀x, y ∈ R- M a ∈ R, (ξ + η)(ax) = ξ(ax) + η(ax) =
a(ξ(x)+η(x)) = a((ξ+η)(x)); (ξ+η)(x+y) = ξ(x)+ξ(y)+η(x)+η(y) =

86
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(ξ + η)(x) + (ξ + η)(y) ξ + η ∈ Hom(M,N). aη ∈ Hom(M,N)

2) Hom(M,N) R-

3) Rn×m R n × m R
n × m

{u1, u2, · · · , un}, {v1, v2, · · · , vn} M,N η ∈
Hom(M,N) :

(η(u1), · · · , η(um)) = (v1, v2, · · · , vn)M(η), M(η) ∈ Rn×m.

η → M(η) η → M(η) Hom(M,N) Rn×m

Hom(M,N) mn R-

3. R M n R- u1, u2, · · · , un

f1, f2, · · · , fn ∈ M K =< f1, f2, · · · , fn > M
K n R-

det(crdf1, crdf2, · · · , crdfn) �= 0

∀x = x + K ∈ M/K

det(crdf1, crdf2, · · · , crdfn) · x = 0.

K n R- {v1, v2, · · · , vn} K
K λ : λ(vi) = fi, 1 � i � n λ λ

{fi, 1 � i � n} K K n R-
⇐⇒ x ∈ Rn×1, x �= 0, (f1, f2, · · · , fn)X �= 0.

A = (crdf1, crdf2, · · · , crdfn) K n R- ⇐⇒
AX �= 0, ∀X �= 0, X ∈ Rn×1 R R F .

det A �= 0 ⇐⇒ AX �= 0, ∀X �= 0, X ∈ F n×1.
det A �= 0 ⇒ AX �= 0, ∀X �= 0, X ∈ Rn×1. ∀X �= 0, X ∈

Rn×1 AX �= 0 X ∈ F n×1, X �= 0 F R
X = (b1c

−1
1 , · · · , bnc

−1
n )′ X · c1 · · · cn �= 0 X · c1 · · · cn ∈

Rn×1 AX = A(X · c1 · · · cn) · (c1 · · · cn)−1 �= 0 det A �= 0.

R A ∈ Mn(R), det A �= 0 ⇐⇒
∀X �= 0, X ∈ Rn×1, AX �= 0. K n R-

det(crdf1, crdf2, · · · , crdfn) �= 0 x =
(u1, u2, · · · , un)X, X ∈ Rn×1, det A · x = (u1, u2, · · · , un)(A · A∗) · X =
((u1, u2, · · · , un)A)(A∗ · X) = (f1, f2, · · · , fn)(A∗ · X) A∗

A det A · x ∈ K x = x + K ∈ M/K
det(crdf1, crdf2, · · · , crdfn) · x = 0.
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4. R M n R- f ∈ EndRM f
f EndRM

“=⇒” f, , g ∈ EndRM , f �= 0, g �= 0. f · g = 0.
∀x ∈ M, f(g(x)) = 0. ∵ f ∴ f(0) = 0. g �= 0 ∴

∃x0 ∈ M , g(x0) �= 0. f(g(x0)) = 0. f(0) = f(g(x0)), g(x0) �=
0 f . ∴ f EndRM .

“⇐=” f f {ui} A

. ∃P,Q PAQ =

(
Ir 0
0 0

)
, K =

(
0 ∗ )

, 0 ∈
Rn×r, ∗ �= 0, K ∈ Rn×n, PAQK = 0, P−1, ∴ A(QK) = 0.

f �= 0, ∴ A �= 0. QK = 0, Q−1 K = 0 K
. QK �= 0, g ∈ EndRM , QK g {ui} .
f �= 0, g �= 0, f · g = 0. f EndRM .
f . .

5. p Qp = {m/pk|m ∈ Z} Qp Q
Z ⊆ Qp Qp/Z Z- f f(x) = p x ∀x ∈

Qp/Z
1) f ∈ EndZ(Qp/Z)
2) f
3) f EndZ(Qp/Z)
4) Qp/Z Z-

1) a ∈ Z, x, y ∈ Qp/Z : f(x + y) = p(x + y) =
f(x) + f(y), f(ax) = p(ax) = af(x) f ∈ EndZ(Qp/Z).

2) f(
1

p
+ Z) = f(0 + Z) f .

3) EndZ(Qp/Z) .

λ ∈ EndZ(Qp/Z) d = sup{l| 1
pl

+ Z ∈ λ(Qp/Z)}

d = ∞ λ . d < +∞ Qp/Z =
∞⋃

k=1

〈 1

pk
+ Z〉

{l|ϕ(
ml

pl
+ Z) =

1

pd
+ Z, p � ml} l1, l2 ∈ N

l2 > l1 ϕ(
ml2

pl2
+Z) =

1

pd
+Z, ϕ(

ml1

pl1
+Z) =

1

pd
+Z (ml2 , p

l2) =

1 n ∈ Z n · ml2 ≡ 1 (mod pl2) ϕ(
ml1

pl1
+ Z) =

ϕ(ml1 ·pl2−l1 ·n·(ml2

pl2
+Z)) =

ml1 · n
pd−(l2−l1)

+Z �= 1

pd
+Z d = ∞

λ . EndZ(Qp/Z) λ, μ, λ · μ
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λ · μ �= 0 EndZ(Qp/Z)
EndZ(Qp/Z) .

4) Qp/Z Z- {mk

plk
+ Z|mk ∈ Z, lk ∈ N, 1 � k �

n} Qp/Z . d = max{plk |1 � k � n} 1

pd+1
+ Z �∈

〈mk

plk
+ Z|1 � k � n〉 Qp/Z Z- .

6. M R- f ∈ EndRM
1) f f EndRM
2) 1)

1) g, f �= 0, g, f ∈ EndRM , g · f = 0, x ∈
M, (g · f)(x) = g(f(x)) = 0. f f(x) x

M . y ∈ M, g(y) = 0. g = 0.
. f EndRM .

2) Z(1) Z- , ∀n ∈ Z(1), f(n) = 2n. g �= 0, g · f = 0, ∀n ∈
Z(1), (g · f)(n) = g(f(n)) = g(2n) = 2g(n) = 0. g(n) = i, ∀n ∈ Z(1).

g = 0. . f EndRM f .

7. M R- x1, x2, · · · , xn ∈ M R

n a1, a2, · · · , an

n∑
i=1

aixi �= 0

R I R I R- n >
2 x1, x2, · · · , xn ∈ I

a1 = −x2, a2 = x1, ai = 0, i � 3
n∑

i=1

aixi = 0

x1, x2, · · · , xn .

8. R R R- R

I R , I R- ,
I = 〈a〉, a ∈ R, R .

5.2

1. V F
1) x1, x2, · · · , xn Fxi i =
1, 2, · · · , n
2) x1, x2, · · · , xn V V = Fx1 ⊕ Fx2 ⊕ · · · ⊕ Fxn
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1) Fxi, 1 � i � n ⇐⇒ 1 � k � n,
∑
i�=k

aixi =

akxk ⇐⇒ ai = 0, 1 � i � n ⇐⇒ x1, x2, · · · , xn .

2) x1, x2, · · · , xn V ⇐⇒ F = 〈x1, x2, · · · , xn〉 = Fx1 + · · · +
Fxn x1, x2, · · · , xn ⇐⇒ F = Fx1

⊕ · · ·⊕ Fxn.

2. R- M Mi(1 � i � n) M =
n∑

i=1

Mi M1 ∩

M2 = 0, (M1 + M2) ∩ M3 = 0, · · · , (
n−1∑
i=1

Mi) ∩ Mn = 0 M =

n⊕
i=1

Mi

. n = 2 . n = k

. n = k + 1
n−1⊕
i=1

Mi (
n−1⊕
i=1

Mi)
⋂

Mn = 0

(
n−1⊕
i=1

Mi)
⊕

Mn = M M =
n⊕

i=1

Mi.

3.

1) n = pe p e > 0 Z- Zn

2) Z Z Z- ?

1) 〈1̄〉 = Zn Zn

Zn = A
⊕

B x̄ ∈ A, ȳ ∈ B x̄ + ȳ = 1̄
(x, p) = 1 a ∈ Z ax = 1̄ A = Zn

2) Z Z A,B
x ∈ A, y ∈ B xy ∈ A

⋃
B A

⋃
B �= Φ Z

. Zn ⇐⇒ n . 1) Zn

n n
a, b ∈ N (a, b) = 1, n = a · b. A = {ta|t ∈ Z} = 〈ā〉, B = 〈b̄〉

A
⋃

B = 0 (a, b) = 1 u, v ∈ Z ua + vb = 1
A

⊕
B = Z.

4. M = M1 ⊕ M2 M1 � M/M2,M2 � M/M1

M1 M/M2 ϕ : ϕ(x) = x + M2 M1 �
M/M2. M2 � M/M1.

5. Z- Qp/Z 5.1 5

Qp/Z = A ⊕ B,A,B . Qp/Z ϕA, ϕB :
ϕA(x + y) = x, x ∈ A, y ∈ B; ϕB(x + y) = y, x ∈ A, y ∈ B.

ϕA · ϕB = ϕB · ϕA = 0, EndZ(Qp/Z) ! Qp/Z .
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6. R- M M =
n⊕

i=1

Mi Ni Mi 1 � i �

n N =
n∑

i=1

Ni

1) N =
n⊕

i=1

Ni

2) M/N �
n⊕

i=1

Mi/Ni

1) x ∈ Ni ∩ (N1 + N2 + · · · + Ni−1 + Ni+1 + · · · + Nn)
x ∈ Mi ∩ (M1 + M2 + · · ·+ Mi−1 + Mi+1 + · · ·+ Mn). M

M =
n⊕

i=1

Mi x = 0 Ni ∩ (N1 + N2 + · · · + Ni−1 + Ni+1 +

· · · + Nn) = 0 N =
n∑

i=1

Ni N =
n⊕

i=1

Ni

2)
n⊕

i=1

Mi/Ni M1/N1 × M2/N2 × Mn/Nn.

m ∈ M m m = m1 + m2 + · · · + mn mi ∈ Mi i =
1, 2, · · · , n. ϕ:

M −→ M1/N1 × M2/N2 × Mn/Nn

m �−→ (m1 + M1,m2 + M2, · · · ,mn + Mn)

m ϕ . M1/N1 × M2/N2 × Mn/Nn

(x1 + N1, x2 + N2, · · · , xn + Nn) xi ∈ Mi i = 1, 2, · · · , n.

x =
n∑

i=1

xi ∈ M ϕ .

m,n ∈ M,m, n m =
n∑

i=1

mi, n =

n∑
i=1

ni mi, ni ∈ Mi, i = 1, 2, · · · , n. ϕ(m + n) = ϕ(
n∑

i=1

(mi + ni)) =

((m1 + n1) + N1, (m2 + n2) + N2, · · · , (mn + nn) + Nn) = (m1 +
N1, · · · ,mn + Nn) + (n1 + N1, · · · , nn + Nn) = ϕ(m) + ϕ(n).

m ∈ M, m =
n∑

i=1

mi,mi ∈ Mi, i = 1, 2, · · · , n,

a ∈ R,ϕ(am) = ϕ(
n∑

i=1

ami) = (am1 + N1, · · · , amn + Nn) =

a(m1 + N1, · · · ,mn + Nn) = aϕ(m). ϕ ϕ .

ϕ(m) = (m1 + N1, · · · ,mn + Nn) = (0 + N1, · · · , 0 + Nn) ⇔ m1 ∈
N1, · · · ,mn ∈ Nn ⇔ m ∈ N, kerϕ = N M/N �
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M1/N1 × M2/N2 × · · · × Mn/Nn. � M/N �
n⊕

i=1

Mi/Ni

7. R- M 4.7 f ∈ EndRM
n ∈ N

M = Imfn ⊕ kerfn.

: Imfk ⊇ Imfk+1, kerfk ⊆ kerfk+1. R-
M , N , kerfN = kerfN+1, ImfN =

ImfN+1, n1, n2 � N , : kerfn1 = kerfn2 , Imfn1 =
Imfn2 . ∀x ∈ M , y ∈ M , f2N(y) = fN(x), fN(x − fN(y)) =
0, x−fN(y) ∈ kerfN , fN(y) ∈ ImfN , x ∈ ImfN +kerfN . x ∈
ImfN ∩ kerfN , y ∈ M , fN(y) = x, fN(x) = 0, f2N(y) =
0, kerfN = kerf 2N x = 0, M = ImfN ⊕ kerfN .

: f , Imfk = M, k ∈ N, kerfk ⊆ kerfk+1,
kerf = 0, f , .

8. M R- f ∈ EndRM M = Imf ⊕ kerf

Imf = Imf2.

y ∈ Imf, x ∈ M, f(x) = y. M = Im ⊕
kerf, x x = x1 + x2, x1 ∈ Imf, x2 ∈ kerf. y = f(x) =
f(x1 + x2) = f(x1) + f(x2) = f(x1). x1 ∈ Imf, x

′
1 ∈

M, f(x
′
1) = x1, y = f 2(x

′
1) ∈ Imf 2, Imf ⊆ Imf 2.

y ∈ Imf 2, x ∈ M, f 2(x) = y. f(x) ∈ M, y = f(f(x)) ∈
Imf, Imf 2 ⊆ Imf, Imf = Imf2, .

5.3

1. N Z(3) N f1 = (1, 0,−1), f2 =
(2,−3, 1), f3 = (0, 3, 1), f4 = (3, 1, 5) N

D .
N D(n) , N = 〈x1, x2, · · · , xk〉, fi = (ai1, · · · , ain), 1 �

i � k. N .

d1 = (a11, a21, · · · , ak1), u1, u2, · · · , uk ∈ D d1 =
k∑

i=1

ai1ui, e1 =
k∑

i=1

fiui, d1|ai1, ai1 = bi1d1,

N = 〈e1, f1−d1 ·b11, · · · , fk−d1 ·bk1 = 〈e1〉⊕〈f1−d1 ·bi1, · · · , fk−d1 ·bk1〉
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.

, e1 = f1, N = 〈e1〉⊕ 〈(0, 1, 8), (0, 3, 1), (0,−3, 3)〉, e2 =
〈(0, 1, 8)〉, N = 〈e1〉⊕ 〈e2〉⊕ 〈(0, 0,−23), (0, 0, 27)〉, e3 = 〈(0, 0, 1)〉, N =
〈e1〉 ⊕ 〈e2〉 ⊕ 〈e3〉, {e1, e2, e3} N .

: N ,
. N = Z(3), {f1, f2, f3, f4}

, {fi, fj, fk}, N ϕ : ϕ(1, 0, 0) = fi, ϕ(0, 1, 0) =

fj, ϕ(0, 0, 1) = fk. M(ϕ) = (f T
i , f T

j , f
T )

k , M(ϕ)
. ! {fi, fj, fk} !

2. Q[λ](3) f1 = (2λ − 1, λ, λ2 + 3), f2 = (λ, λ, λ2), f3 = (λ +
1, 2λ, 2λ2 − 3) N

e1 = f3 − f2 = (1, λ, λ2 − 3), 〈f1, f2, f3〉 = 〈e1〉 ⊕
〈(0, λ − λ2,−λ3 + λ2 + 3λ), (0, 2λ − 2λ2,−2λ3 + 2λ2 + 6λ)〉 = 〈e1〉 ⊕
〈(0, λ − λ2,−λ3 + λ2 + 3λ)〉. {(1, λ, λ2 − 3), (0, λ − λ2,−λ3 + λ2 +
3λ)} 〈f1, f2, f3〉 .

3. N = {(x1, x2, x3)|(x1, x2, x3) ∈ Z(3), x1 + 2x2 + 3x3 = 0, x1 + 4x2 +
9x3 = 0} N

x1 = 3x3, x2 = −3x3, N {(3,−3, 1)}.
: .

4. R M,N R- f ∈ HomR(M,N)
1) N TorM ⊆ kerf
2) M Imf ⊆ TorN

1) x ∈ TorM, a ∈ R∗, ax = 0, af(x) =
f(ax) = 0(∵ f ∈ HomR(M,N)) f(x) N N

f(x) = 0, x ∈ kerf, TorM ⊆ kerf.

2) y ∈ Imf, x ∈ M f(x) = y M
a ∈ R∗ ax = 0. ay = af(x) = f(ax) = 0,

y N y ∈ TorN,Imf ⊆ TorN.

5. V F V �= 0 V dim V =
1 F � Z2

dim V � 2, {α1, α2, · · · , αn}, n � 2.
{α1, α2 + α2, α3, · · · , αn} . , ki ∈ F, i =

1, 2, · · · , n.
k1α1 +k2(α1 +α2)+ · · ·+knαn = 0, α1, α2, · · · , αn k1 =

k2 = · · · = kn = 0, α1, α2 + α2, α3, · · · , αn V
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x x =
n∑

i=1

tiαi = (t1 − t2)α1 + t2(α1 + α2) + · · · + tnαn. x

{α1, α2 + α2, α3, · · · , αn} {α1, α2 + α2, α3, · · · , αn}
. V α1 + α2 = α2 ⇒ α1 = 0 ⇒

α1, · · · , αn . dim V = 1. 0 �= α ∈ V V
f ∈ F ∗, fα ∈ V fα �= 0. fα α

α = f−1fα, α fα α fα . fα V
fα = α(V .). ⇒ f = 1. F

1 F = {0, 1}. z2 = {0̄, 1̄} F � Z2.

6. V Zp n 1 � m � n V m

1

m!

m−1∏
l=0

(pn − pl).

m . k pk

, k + 1 pn − pk ,
m−1∏
i=0

(pn − pi) . m

1

m!

m−1∏
i=0

(pn − pi).( Zp n

, n , Zp n
1

m!

m−1∏
i=0

(pn − pi)).

5.4

1. R N R- f N N f ∈
EndRN ∃λ ∈ R f(x) = λx, ∀x ∈ N

“=⇒” N = Rx0, f N → N λ ∈
R, λx0 ∈ N, f(x0) = λx0. x ∈ N, ∃r ∈ R, x = rx0. f ∈
EndRN, f(x) = f(rx0) = rf(x0) = rλx0 = λ(rx0) = λx. ∃λ ∈
R f(x) = λx, ∀x ∈ N.

“⇐=” ∀ y ∈ N, (x + y) = λx + λy = f(x) + f(y).∀ r ∈ R, ∀x ∈
N, f(rx) = λrx = r(λx) = rf(x). f ∈ EndRN, .

2. D p. i. d. M D- M =
t⊕

i=1

Dxi ann x1 ⊆
ann x2 ⊆ · · · ⊆ ann xt 1 � i � j � t fij ∈
Hom(Dxi, Dxj) fij(xi) = xj
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fij : Dxi → Dxj. ∀ dxi ∈ Dxi, fij(dxi) = dxj. d =
1, fij(xi) = xj. d1xi = d2xi d1 − d2 ∈ ann xi ⊆ ann xj. d1xj =
d2xj, fij(d1xi) = fij(d2xi). fij .∀ d1xi, d2xi ∈ Dxi, fij(d1xi +
d2xi) = (d1 + d2)xj = fij(d1xi) + fij(d2xi).∀ d1xi ∈ Dxi, ∀ d1 ∈
D, fij(d1dxi) = d1dxj = d1fij(dxi) fij ∈ Hom(Dxi, Dxj),

fij(xi) = xj, .

f
′
ij ∈ Hom(Dxi, Dxj), f

′
ij(xi) = xj, ∀ dxi ∈ Dxi f

′
ij(dxi) =

df
′
ij(dxi) = df

′
ij(xi) = dxj = fij(dxi). f

′
ij = fij .

3. D p. i. d. M p- M(p)
M(p) D/〈p〉

M(p) M , .

:M(p) =
m⊕

i=1

Dyi, ann yi = 〈p〉. M(p)

D/〈p〉 Abel M(p) : a · x = ax. ,
M(p) D/〈p〉 {y1, y2, · · · , ym} . M(p)

D/〈p〉 .

4. D p. i. d. M D M D-
p1, p2, · · · , pk M p n1

1 , p n2
2 , · · · , p nk

k

5.4.7, 5.4.8, 5.4.9 .

5. M Q[λ] M =
4⊕

i=1

Q[λ]xi, ann xi (λ −
1)3, (λ2 + 1)2, (λ − 1)(λ2 + 1)4, (λ + 2)(λ2 + 1)2 M

Q Q[λ] Euclid Q[λ] p. i. d.
x1, x2, x3, x4 M M p. i. d.Q[λ]

.

y1 = x1 ann y1 = ann x1 = 〈(λ − 1)3〉. y2 = x2 ann y2 =
ann x2 = 〈(λ2 + 1)2〉. y3, y4 ∈ M.

x3 = y3+y4,Q[λ]x3 = Q[λ]y3

⊕
Q[λ]y4, ann y3 = 〈λ−1〉, ann y4 = 〈(λ2+1)4〉;

y5, y6 ∈ M.

x4 = y5+y6,Q[λ]x4 = Q[λ]y5

⊕
Q[λ]y6, ann y5 = 〈λ+2〉, ann y6 = 〈(λ2+1)2〉;

M =
6⊕

i=1

Q[λ]yi ann yi {(λ −
1)3, λ − 1, (λ2 + 1)2, (λ2 + 1)4, (λ2 + 1)2, λ + 2},

课后答案网 www.khdaw.com 
 

 

若侵犯了您的版权利益，敬请来信通知我们！  ℡ www.khdaw.com

kh
da

w.co
m

kh
da

w.co
m



96

d1 = 1 × (λ2 + 1)2 × 1 = (λ2 + 1)2, d2 = (λ − 1) × (λ2 + 1)2 × 1 =
(λ−1)(λ2+1)2, d3 = (λ−1)3×(λ2+1)4×(λ+2) = (λ−1)3(λ2+1)4(λ+2).

{d1, d2, d3} d1 = (λ2 + 1)2, d2 = (λ − 1)(λ2 +
1)2, d3 = (λ − 1)3(λ2 + 1)4(λ + 2).

6. D p. i. d. M D
1) M M = Dz, ann z = 〈p〉, p 1.6

6
2) M M M = Dz, ann z =
〈pn〉, n ∈ N p

1) M , M = Dz, 〈a〉 = ann z, ann M = 〈a〉.
a b, D(bz) = Dz, a = bc, ann M = 〈c〉, c ∼

a, a , .

M = Dz, ann, z = 〈p〉,p . M1 M ,
M1 x = λz, (a, p) = 1, uλ + vp = 1, z = (uλ +

vp)z = ux, M1 = M ; M .

2) 5.4.7 ” ” .

7. D p. i. d. M D- M � D(n)/K N M

rank M = n − rank K = rankN + rank(M/N).

:

M p. i. d. D ,{x1, x2, · · · , xr} M
, r = rankM .

M , 5.3.2 :η(M) ∼= M , η(M) ⊆ N(
5.3.2). r(N) � r(M), r(M) � r(N), r(M) = r(N) = r.

M , M = M/TorM ,N = 〈x1, x2, · · · , xr〉 = Dx1⊕· · ·⊕
Dxr. {x1, x2, · · · , xr} N + TorM/TorM , M

. r = rankM = rankM . .

.

{x1, x2, · · · , xr} N ,
M , M ,
{x1, · · · , xr, · · · , xs}. {xr+1, · · · , xs} M/N ,

0 ar+1, · · · , as ar+1xr+1 + · · · + asxs = 0, ar+1xr+1 +
· · · + asxs ∈ N , {x1, · · · , xr, ar+1xr+1 + · · · + asxs} N
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, ! xr+1, · · · , xs M/N ,
.

rankM = s = r + (s − r) = rankN + rank(M/N)

M = D(n), N = K, n = rankD(n) = rank +
rank(D(n)/K), rankM = n − rankK.

8. D p. i. d. M D M M
d1, d2, · · · , ds di|di+1, 1 � i � s − 1 M

d1, d2, · · · , dt dj|dj+1, 1 � j � t − 1 t �
s dj|ds−t+j, 1 � j � t

5.5

1. n = p m1
1 p m2

2 · · · p ms
s , p1, p2, · · · , ps mi ∈ N

γ(n) n Abel :

1) γ(n) =
s∏

i=1

γ(p mi
i )

2) γ(p mi
i ) = ρ(mi) ρ(mi) mi

1) n Abel G, Pi Sylow pi- , G =
m⊕

i=1

Pi, γ(n) =

s∏
i=1

γ(p mi
i ).

2) Pi =
⊕

ZKti
,

∑
Kti = mi, γ(p mi

i ) = ρ(mi).

2. 1) ρ(m), 1 � m � 7.
2) k � 12 nk γ(nk) = k.
3) ∀n ∈ N, γ(n) �= 13.
4) γ(n), n = 360, 1000, 1001, 1000000.

1) ρ(1) = 1, ρ(2) = 2, ρ(3) = 3, ρ(4) = 5, ρ(5) = 7, ρ(6) =
11, ρ(7) = 15.

2) γ(1) = 1, γ(2) = 2, γ(3) = 3, γ(4) = 5, γ(5) = 7, γ(6) =
11, γ(7) > 12, n1 = 1, n2 = 2, n3 = 3, n5 = 4, n7 = 5, n11 = 6,

.

3) n = p m1
1 p m2

2 · · · p ms
s , p1, p2, · · · , ps

m1, · · · ,ms . γ(n) = 13, γ(n) =
s∏

i=1

ρ(mi) = 13.

13 mi ρ(mi) = 13. ρ(m) m
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ρ(6) < ρ(mi) < ρ(7) 6 < mi < 7 mi .
∀n ∈ N, γ(n) �= 13.

4) 360 = 23 × 32 × 5 γ(360) = ρ(3) × ρ(2) × ρ(1) = 6.

1000 = 23 × 53 γ(1000) = ρ(3) × ρ(3) = 9.

1001 = 7 × 11 × 13 γ(1001) = ρ(1)3 = 1.

1000000 = 26 × 56 γ(1000000) = ρ(6) × ρ(6) = 121.

3. Abel p-

, .

4. Abel G p2, p8 G p2 ?

p2 :Zp

⊕
Zp Zp2 , Zp

⊕
Zp 1 ,Zp2 p2 +

p , p2 + p + 1.

5. p2 + p + 1 p Abel p-

p2 + p + 1 p , p3 − 1 p . G =
Zpk1

⊕ · · ·⊕Zpkl , G p pl − 1, l = 3 ,G p2 +
p + 1 p .

6. A F n A A

diag(N1, N2, · · · , Ns),

Ni ⎛
⎜⎜⎜⎜⎜⎜⎝

0 0 0 · · · 0 0
1 0 0 · · · 0 0
0 1 0 · · · 0 0
· · · · · · · ·
0 0 0 · · · 0 0
0 0 0 · · · 1 0

⎞
⎟⎟⎟⎟⎟⎟⎠

.

V F n A A
A. V A F [λ]- “

V =
s⊕

i=1

P [λ]xi,

ann xi = 〈di(λ)〉, di(λ)|di+1(λ) di(λ) i =
1, 2, · · · , s. A I diag(N1, N2, · · · , Ns),

Ni di(λ) .
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di(λ) = λni + a
(i)

ni−1λ
ni−1 + · · · + a

(i)
1 λ + a

(i)
0 . Ni

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

0 0 · · · 0 −a
(i)

0

1 0 · · · 0 −a
(i)

1

0 1 · · · 0 −a
(i)

2

· · · · · · ·
0 0 · · · 0 −a

(i)
ni−2

0 0 · · · 1 −a
(i)

ni−1

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

.

“⇐=” A I
−a

(i)
0 = · · · = −a

(i)
ni−1 = 0. di(λ) = λni , i =

1, 2, · · · , s mathcalA ds(λ) λns . A
λns Ans = 0 A .

“=⇒” A n An = 0. A
ds(λ) ds(λ)|λn, ds(λ) = λns , ns � n, −a

(s)
0 =

· · · = −a
(s)

ns−1 = 0. di|ds(λ), i = 1, 2, · · · , s − 1, −a
(i)

0 =

· · · = −a
(i)

ni−1 = 0, i = 1, 2, · · · , s − 1. A I
diag(N1, N2, · · · , Ns), Ni

⎛
⎜⎜⎜⎜⎜⎜⎝

0 0 0 · · · 0 0
1 0 0 · · · 0 0
0 1 0 · · · 0 0
· · · · · · · ·
0 0 0 · · · 0 0
0 0 0 · · · 1 0

⎞
⎟⎟⎟⎟⎟⎟⎠

.

A

diag(N1, N2, · · · , Ns),

Ni ⎛
⎜⎜⎜⎜⎝

0 1 0 · · · 0 0
0 0 1 · · · 0 0
· · · · · · · ·
0 0 0 · · · 0 1
0 0 0 · · · 0 0

⎞
⎟⎟⎟⎟⎠ .

.

7. C n A
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“=⇒” A diag{λ1, λ2, · · · , λn} A Jordan
λi �= λj i �= j {λ − λ1, λ −

λ2, · · · , λ − λn}. d(λ) A

“⇐=” A A
{d1, d2, · · · , ds}

∵ di|ds, i = 1, 2, · · · , s − 1. ∴ di i = 1, 2, · · · , s − 1.
A A Jordan

A . .

8. A,B C n A,B

rank(aIn − A)k = rank(aIn − B)k, ∀a ∈ C, k ∈ N.

A,B , Mn(C) P , PAP−1 = B,
rank(aIn − B)k = rankP (aIn − A)kP−1 = rank(aIn − A)k, ∀a ∈

C, k ∈ N. m ⎛
⎜⎜⎜⎜⎝

0 0
1

. . .

. . . . . .

0 1 0

⎞
⎟⎟⎟⎟⎠

Cm. A,B {λ1, λ2, · · · , λn} A,B
Jordan A,B λ1 Jordan l Jordan
k1 � k2 � · · · � kl A,B ki Jordan

ni, mi. n −
l∑

i=1

ni = rank(λ1In − A) = rank(λ1In − B) =

n −
l∑

i=1

mi

l∑
i=1

ni =
l∑

i=1

mi. n −
s∑

i=1

ni · ki − ks+1

l∑
i=s+1

ni =

rank(aIn − A)ks+1 = rank(aIn − B)ks+1 = n −
s∑

i=1

mi · ki − ks+1

l∑
i=s+1

mi

(ns − ms) · ks + (
l∑

i=s+1

ni −
l∑

i=s+1

mi)ks+1 = 0 (ns − ms)(ks −
ks+1) = 0 ns = ms, 1 � s � l.

A,B λi Jordan A,B .

9. Zp p p⎛
⎜⎜⎜⎜⎝

0 0 0 · · · 0 1
1 0 0 · · · 0 0
0 1 0 · · · 0 0
· · · · · · · ·
0 0 0 · · · 1 0

⎞
⎟⎟⎟⎟⎠ .
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⎛
⎜⎜⎜⎜⎝

1 0 0 · · · 0 0
1 1 0 · · · 0 0
0 1 1 · · · 0 0
· · · · · · · ·
0 0 0 · · · 1 1

⎞
⎟⎟⎟⎟⎠ .

xp − 1 =
(x − 1)p (x − 1)p

(x − 1)p

10. R n
diag(B1, B2, · · · , Bk) Bi⎛

⎜⎜⎜⎜⎝

r 0 0 · · · 0 0
1 r 0 · · · 0 0
0 1 r · · · 0 0
· · · · · · · ·
0 0 0 · · · 1 r

⎞
⎟⎟⎟⎟⎠ .

⎛
⎜⎜⎜⎜⎝

C 0 0 · · · 0 0
I2 C 0 · · · 0 0
0 I2 C · · · 0 0
· · · · · · · ·
0 0 0 · · · I2 C

⎞
⎟⎟⎟⎟⎠ .

C =

(
0 −b
1 a

)
a2 < 4b, I2 =

(
1 0
0 1

)
.

R n n V A.
R[λ] 2 λ−λi, λ2−aλ+ b (a2 < 4b). A

R[λ]- V V =
t⊕

i=1

R[λ]yi ann yi = 〈(λ − λi)
ri〉 〈(λ2 − aλ + b)ri〉 (a2 < 4b), 1 �

i � t. Vi = R[λ]yi A . ann yi = 〈(λ − λi)
ri〉

yi, (A− λiid)yi, · · · , (A− λiid)ri−1 · yi

Vi A|Vi
.

ann yi = 〈(λ2 − aλ + b)ri〉 B = A2 − aA + bid

yi,Ayi,Byi,AByi,B2yi,AB2yi, · · · ,Bri−1yi,ABri−1yi

Vi A|Vi
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5.6

1. Z

1)

⎛
⎜⎜⎝

6 2 3 0
2 3 −4 1
−3 3 1 2
−1 2 −3 5

⎞
⎟⎟⎠ 2)

⎛
⎝ 1 2 3 −2

2 −2 1 3
3 0 4 1

⎞
⎠ .

1) 2)

2)

⎛
⎝ 1 2 3 −2

2 −2 1 3
3 0 4 1

⎞
⎠ 2×1+1−−−−→

⎛
⎝ 3 0 4 1

2 −2 1 3
3 0 4 1

⎞
⎠ 1×(−1)+3−−−−−−→

⎛
⎝ 3 0 4 1

2 −2 1 3
0 0 0 0

⎞
⎠ −−−−→

2×1+1⎛
⎝ 3 0 4 1

0 −2 1 3
0 0 0 0

⎞
⎠ −−−−→

2×1+4

⎛
⎝ 3 0 4 1

0 −2 1 1
0 0 0 0

⎞
⎠ −−−−−−→

4×(−1)+3⎛
⎝ 3 0 3 1

0 −2 0 1
0 0 0 0

⎞
⎠ −−−−−−→

1×(−1)+3

⎛
⎝ 3 0 0 1

0 −2 0 1
0 0 0 0

⎞
⎠ −−−−−−→

4×(−3)+1⎛
⎝ 0 0 0 1

−3 −2 0 1
0 0 0 0

⎞
⎠ −−−−−−→

1×(−1)+2

⎛
⎝ 0 0 0 1

−3 1 0 1
0 0 0 0

⎞
⎠ −−−−→

2×3+1⎛
⎝ 0 0 0 1

0 1 0 1
0 0 0 0

⎞
⎠ −−−−−−→

2×(−1)+4

⎛
⎝ 0 0 0 1

0 1 0 0
0 0 0 0

⎞
⎠ −−→

[1,4]

⎛
⎝ 1 0 0 0

0 1 0 0
0 0 0 0

⎞
⎠ .

2. Q[λ] 4

A =

⎛
⎜⎜⎝

λ − 17 8 12 −14
−46 λ + 22 35 −41
2 −1 λ − 4 4
−4 2 2 λ − 3

⎞
⎟⎟⎠

P,Q PAQ

A =

⎛
⎜⎜⎝

λ − 17 8 12 −14
−46 λ + 22 35 −41
2 −1 λ − 4 4
−4 2 2 λ − 3

⎞
⎟⎟⎠ −−−−→

[2×1+1]
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⎛
⎜⎜⎝

λ − 9 8 12 −14
λ − 24 λ + 22 35 −41

1 −1 λ − 4 4
−2 2 2 λ − 3

⎞
⎟⎟⎠ −−−−−−−−−−−−−−−−−−→

[1×1+2][1×(4−λ)+3][1×(−4)+4]

⎛
⎜⎜⎝

λ − 9 λ − 1 −λ2 + 13λ − 24 −4λ + 22
λ − 24 2λ − 2 −λ2 + 28λ − 61 −4λ + 55

1 0 0 0
−2 0 2λ − 6 λ + 5

⎞
⎟⎟⎠ [1,3]−−→

⎛
⎜⎜⎝

1 0 0 0
λ − 24 2λ − 2 −λ2 + 28λ − 61 −4λ + 55
λ − 9 λ − 1 −λ2 + 13λ − 24 −4λ + 22
−2 0 2λ − 6 λ + 5

⎞
⎟⎟⎠ [1×(24−λ)+2][1×(9−λ)+3][1×2+4]−−−−−−−−−−−−−−−−−−−−→

⎛
⎜⎜⎝

1 0 0 0
0 2λ − 2 −λ2 + 28λ − 61 −4λ + 55
0 λ − 1 −λ2 + 13λ − 24 −4λ + 22
0 0 2λ − 6 λ + 5

⎞
⎟⎟⎠ [3×(−1)+2]−−−−−−→

⎛
⎜⎜⎝

1 0 0 0
0 λ − 1 15λ − 37 33
0 λ − 1 −λ2 + 13λ − 24 −4λ + 22
0 0 2λ − 6 λ + 5

⎞
⎟⎟⎠ −−−−−−−→

[2×(−15)+3]

⎛
⎜⎜⎝

1 0 0 0
0 λ − 1 −22 33
0 λ − 1 −λ2 − 2λ − 9 −4λ + 22
0 0 2λ − 6 λ + 5

⎞
⎟⎟⎠ −−−−−−−−−−−→

[4×1+3][3×(−3)+4]

⎛
⎜⎜⎝

1 0 0 0
0 λ − 1 11 0
0 λ − 1 −λ2 − 6λ + 13 3λ2 + 14λ − 17
0 0 3λ − 1 −8λ + 8

⎞
⎟⎟⎠ −−−→

[3× 1
11

]

⎛
⎜⎜⎝

1 0 0 0
0 λ − 1 1 0
0 λ − 1 1

11
(−λ2 − 6λ + 13) 3λ2 + 14λ − 17

0 0 1
11

(3λ − 1) −8λ + 8

⎞
⎟⎟⎠ −−−−−−−−−→

[3×(1−λ)+2][2,3]

⎛
⎜⎜⎝

1 0 0 0
0 1 0 0
0 1

11
(−λ2 − 6λ + 13) 1

11
(λ − 1)(λ2 + 6λ − 2) 3λ2 + 14λ − 17

0 1
11

(3λ − 1) 1
11

(3λ − 1)(1 − λ) −8λ + 8

⎞
⎟⎟⎠

[2× 1
11

(−λ2−6λ+13)+3][2× 1
11

(3λ−1)+4]−−−−−−−−−−−−−−−−−−−−−−−→
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⎛
⎜⎜⎝

1 0 0 0
0 1 0 0
0 0 1

11
(λ − 1)(λ2 + 6λ − 2) 3λ2 + 14λ − 17

0 0 1
11

(3λ − 1)(1 − λ) −8λ + 8

⎞
⎟⎟⎠ −−−→

[3×11]

⎛
⎜⎜⎝

1 0 0 0
0 1 0 0
0 0 (λ − 1)(λ2 + 6λ − 2) 3λ2 + 14λ − 17
0 0 (3λ − 1)(1 − λ) −8λ + 8

⎞
⎟⎟⎠ −−−−−−−−−−−−→

[4× 1
8
(1−3λ)+3][3×8]

⎛
⎜⎜⎝

1 0 0 0
0 1 0 0
0 0 −(λ − 1)2(λ + 1) 3λ2 + 14λ − 17
0 0 0 −8λ + 8

⎞
⎟⎟⎠ [4× 3

8
λ+3]−−−−−→

⎛
⎜⎜⎝

1 0 0 0
0 1 0 0
0 0 −(λ − 1)2(λ + 1) 17λ − 17
0 0 0 −8λ + 8

⎞
⎟⎟⎠ [4× 17

8
λ+3]−−−−−−→

⎛
⎜⎜⎝

1 0 0 0
0 1 0 0
0 0 −(λ − 1)2(λ + 1) 0
0 0 0 −8λ + 8

⎞
⎟⎟⎠ −−−−−−−−−−→

[3×(−1)][4×(− 1
8
)]

⎛
⎜⎜⎝

1 0 0 0
0 1 0 0
0 0 (λ − 1)2(λ + 1) 0
0 0 0 λ − 1

⎞
⎟⎟⎠ −−−−−−−−−−→

[3×(−1)][4×(− 1
8
)]

⎛
⎜⎜⎝

1 0 0 0
0 1 0 0
0 0 (λ − 1)2(λ + 1) 0
0 0 0 λ − 1

⎞
⎟⎟⎠ [3,4]−−→

[3,4]

⎛
⎜⎜⎝

1 0 0 0
0 1 0 0
0 0 λ − 1 0
0 0 0 (λ − 1)2(λ + 1)

⎞
⎟⎟⎠ .

P =

⎛
⎜⎜⎝

1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

⎞
⎟⎟⎠

⎛
⎜⎜⎝

1 0 0 0
0 1 0 0
0 0 1 17

8

0 0 0 1

⎞
⎟⎟⎠

⎛
⎜⎜⎝

1 0 0 0
0 1 0 0
0 0 1 3

8
λ

0 0 0 1

⎞
⎟⎟⎠ ·
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⎛
⎜⎜⎝

1 0 0 0
0 1 0 0
0 0 1 0
0 1

11
(1 − 3λ) 0 1

⎞
⎟⎟⎠

⎛
⎜⎜⎝

1 0 0 0
0 1 0 0
0 1

11
(λ2 + 6λ − 13) 1 0

0 0 0 1

⎞
⎟⎟⎠

⎛
⎜⎜⎝

1 0 0 0
0 1 −1 0
0 0 1 0
0 0 0 1

⎞
⎟⎟⎠·

⎛
⎜⎜⎝

1 0 0 0
0 1 0 0
0 0 1 0
2 0 0 1

⎞
⎟⎟⎠

⎛
⎜⎜⎝

1 0 0 0
0 1 0 0

9 − λ 0 1 0
0 0 0 1

⎞
⎟⎟⎠

⎛
⎜⎜⎝

1 0 0 0
24 − λ 1 0 0

0 0 1 0
0 0 0 1

⎞
⎟⎟⎠

⎛
⎜⎜⎝

0 0 1 0
0 1 0 0
1 0 0 0
0 0 0 1

⎞
⎟⎟⎠

=

⎛
⎜⎜⎝

0 0 1 0
−1 1 15 0

1
11

(3λ − 1) 1
11

(1 − 3λ) 1
11

(37 − 45λ) 1
1
88

(λ2 + 175) −1
88

(λ2 + 87) −1
88

(15λ2 + 22λ + 139) 1
8
(3λ + 17)

⎞
⎟⎟⎠ .

Q = · · · =

⎛
⎜⎜⎝

1 −1
11

(λ + 15) −1
8
(3λ + 41) λ2 + 8λ − 9

1 −1
11

(λ + 30) −1
8
(3λ + 86) λ2 + 23λ − 22

0 1
11

3
8

−λ − 5
0 1

11
1
4

2λ − 6

⎞
⎟⎟⎠ .

3. C3[λ] = {f(λ)|f(λ) ∈ C[λ], deg f(λ) � 3} D
D(f(λ)) = f ′(λ) D Jordan

{1, λ, λ2, λ3} C3[λ] D A⎛
⎜⎜⎝

0 1 0 0
0 0 2 0
0 0 0 3
0 0 0 0

⎞
⎟⎟⎠

λI − A A Jordan . A
A ∼ A′ D {u1, u2, u3, u4} A′

{u1, u2, 2u3, 6u4} ⎛
⎜⎜⎝

0
1 0

1 0
1 0

⎞
⎟⎟⎠

D Jordan 4 Jordan .

4. ⎛
⎝ λ + 1 2 −6

1 λ −3
1 1 λ − 4

⎞
⎠
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D3(A) = det A = (λ − 1)3, D2(A) = λ − 1, D1(A) = 1.
d1 = D1(A) = 1. d2 = D2/D1 = λ − 1. d3 = D3/D2 = (λ − 1)2.

{1, λ − 1, (λ − 1)2}.
5. A R 7 (λ2 + 2)(λ + 3)3 A

ds(λ) = (λ2 + 2)(λ + 3)3

5 .
(1) d1(λ) = λ2 + 2, d2(λ) = (λ2)(λ + 3)3

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 −2
1 0

0 −54
1 0 −54

1 0 −45
1 0 −29

1 −9

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

(2) d1(λ) = (λ + 3)3, d2(λ) = (λ2 + 2)(λ + 3)3

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 −9
1 −6

0 −54
1 0 −54

1 0 −45
1 0 −29

1 −9

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

(3) d1(λ) = λ + 3, d2(λ) = λ + 3, d3(λ) = (λ2 + 2)(λ + 3)3

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

−3
−3

0 −54
1 0 −54

1 0 −45
1 0 −29

1 −9

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
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6. χA, ΔA A
A Jordan

1) χA = (λ − 7)5, ΔA = (λ − 7)2

2) (λ − 3)4(λ − 5)4, ΔA = (λ − 3)2(λ − 5)2.

A {d1(λ), d2(λ), · · · , ds(λ)} χA =
s∏

i=1

di(λ), ΔA = ds(λ) = (λ − 7)2.
s−1∏
i=1

di(λ) = (λ − 7)3, ds(λ) =

(λ − 7)2 di(λ)|di+1, i = 1, 2, · · · , s − 1.
1) d1(λ) = λ − 7, d2(λ) = (λ − 7)2, d3(λ) = (λ − 7)2

{λ − 7, (λ − 7)2, (λ − 7)3} Jordan

⎛
⎜⎜⎜⎜⎝

7
7
1 7

7
1 7

⎞
⎟⎟⎟⎟⎠

2) d1(λ) = λ − 7, d2(λ) = λ − 7, d3(λ) = λ − 7, d4(λ) = (λ − 7)2

{λ − 7, λ − 7, λ − 7, (λ − 7)2} Jordan

⎛
⎜⎜⎜⎜⎝

7
7

7
7
1 7

⎞
⎟⎟⎟⎟⎠

7. α, β, γ ∈ R α = 0

A =

⎛
⎝ 2 0 0

α 2 0
β γ −1

⎞
⎠ .

A ⇐⇒ A (λ − λi)
⇐⇒ A (λ − λi) .

D1(λI3 −A) = 1, D3(λI3 −A) = (λ− 2)2(λ + 1) α = 0
(λ − 2)|D2(λI3 − A) di di

A .
A d3 = D3/D2 (λ −

2)|D2.

( −α 0
−β λ + 1

)
= (−α)(λ + 1) α = 0.
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8. D Euclid c, k ∈ D c �= 0
1) A ∈ Mn(D) A P (i, j), P (c, i), P (k · i, j)

2) P (i, j) P (c, i), P (k · i, j)
1) A P (i, j), P (c, i), P (k · i, j)

.
A P1, P2, · · · , Pk, Q1, Q2, · · · , Qk

P1 · · ·PkAQ1 · · ·Qk = In

A = P −1
k P −1

k−1 · · ·P −1
1 Q −1

1 Q −1
k A

P (i, j), P (c, i), P (k · i, j) .

2) P (i, j) = P (−1, i)P (−j, i)P (1 · i, j)P (−i, j).

9. F A ∈ Mn(F ) A P (k · i, j)
A k ∈ F .

P (k · i, j) 1 A
det A = 1 1 .

10. D p. i. d. ai ∈ D, i = 1, 2, · · · , n d a1, a2, · · · , an

Mn(D) Q

(a1, a2, · · · , an)Q = (d, 0, · · · , 0).

d = (a1, a2, · · · , an) P,Q1

P (a1, a2, · · · , an)Q1 = (d, 0, · · · , 0) P = (C)
(a1, a2, · · · , an)(Q1C) = (d, 0, · · · , 0). Q = CQ1 .

11. D p. i. d. ai ∈ Di = 1, 2, · · · , n (a1, a2, · · · , an) = 1
Mn(D) A row1A = (a1, a2, · · · , an).

(a1, a2, · · · , an) = 1 Q
(a1, a2, · · · , an)Q = (1, 0, · · · , 0) (a1, a2, · · · , an) =

(1, 0, · · · , 0)Q−1 A = InQ
−1 row1A =

(a1, a2, · · · , an), A = Q−1

12. D Euclid A ∈ Mn(D) det A �= 0 Mn(D)
P

PA =

⎛
⎜⎜⎜⎜⎝

d1 ∗
d2

. . .

0 dn

⎞
⎟⎟⎟⎟⎠ ,
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di �= 0 δ(entji(PA)) < δ(di), j < i.

. n = 1 , n = k . n =
k + 1 5.6.1 P1

P1A =

(
d1 α
0 Q

)

det A �= 0 d1 det Q = P1A �= 0 det Q �= 0.
P0

P0Q =

⎛
⎜⎝

d2 ∗
. . .

0 dn

⎞
⎟⎠

δ(entji(P0Q)) < δ(di), 2 � j < i � n, di �= 0. P2 =

(
1 0
0 P0

)

P2P1A =

(
d1 α
0 P0Q

)
. α = (a12, a13, · · · , a1n) d2 �= 0

q2, r2 a12 = q2d2 + r2 δ(r2) < δ(d2) P2P1A
P (−q2 · 2, 1) P (−q2 · 2, 1)P2P1A

n .
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Chapter 6

Galois

6.1 Galois

1. K x3 − 2 ∈ Q[x] Gal(K/Q)
Gal(K/Q) � S3.

θ = e2π
√−1/3. [K : Q] = [K : Q(θ)][Q(θ) : Q] ≤ 6.

[Q(θ) : Q]|[K : Q], 2|[K : Q]; [Q( 3
√

2) : Q]|[K : Q], 3|[K :
Q], |Gal(K/Q)| = 6. (3t+1)|2 t = 0 G = Gal(K/Q)

3 G1, [K : Q(θ)] = 3, Inv G1 = Q(θ).
τ ∈ G1, 〈τ〉 = G1, τ

τ(θ) = θ, τ(
3
√

2) = θ
3
√

2.

Q(θi−1 3
√

2), 1 ≤ i ≤ 3, 3 [K : Q(θi1 3
√

2)] =
2, G 3 2 Sylow G 3 2

G 3 2 Pi = Inv −1Q(θi−1 3
√

2),
τi ∈ Pi,

1 ≤ i ≤ 3, 〈τi〉 = G, τi

τi(θi−1
3
√

2) = θi−1
3
√

2, τi(θ) = θ2.

Gal(K/Q)

G G1 = 〈τ〉 Pi = 〈τi〉, 1 ≤ i ≤ 3 id
6 3 2 1

Q Q(θ) Q(θi−1 3
√

2) K

X = {P1, P2, P3}, G X
G S|X| η, G/kerη S3 G

110
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id, G1, G G
X ker η = id G � S3.

2. K = Q(
√

2,
√

3,
√

5). Gal(K/Q)

θ ∈ Gal(K/F ), θ(x) = ±x, x ∈ {√2,
√

3,
√

5}, θ2(x) =
x, θ2(x) = x, ∀x ∈ K. θ2 = e G = Gal(K/Q) Abel

[K : Q] = 8, |G| = 8. G � Z2 ⊕ Z2 ⊕ Z2. G 7 2
7 4

Inv −1Q(
√

3,
√

5), Inv −1Q(
√

2,
√

5), Inv −1Q(
√

3,
√

2)
σ, τ, η, G = 〈σ〉 ⊗ 〈τ〉 ⊗ 〈η〉. Gal(K/Q)

G id 〈σ〉 〈τ〉
20 1 2 2

Q K Q(
√

3,
√

5) Q(
√

2,
√

5)

〈η〉 〈στ〉 〈ση〉 〈ητ〉 〈ηστ〉
2 2 2 2 2

Q(
√

2,
√

3) Q(
√

6,
√

5) Q(
√

3,
√

10) Q(
√

2,
√

15) Q(
√

6,
√

15)

〈τ, η〉 〈σ, η〉 〈σ, τ〉 〈στ, η〉 〈ση, τ〉 〈τη, σ〉 〈στ, ση〉
4 4 4 4 4 4 4

Q(
√

2) Q(
√

3) Q(
√

5) Q(
√

6) Q(
√

10) Q(
√

15) Q(
√

30)

3. r x3 + x2 − 2x − 1 ∈ Q[x] r2 − 1
Q(r) Q , Gal(Q(r)/Q)

r2−1 r2−1 �= r. r, r2−1, 1/(r3−r)
Q(r) Q x3+x2−2x−1 Q(r) Q

[Q(r) : Q] = 3,
|Gal(Q(r)/Q)| = 3. σ ∈ Gal(Q(r)/Q), σ

σ(r) = r2 − 1.

Gal(Q(r)/Q) = 〈σ〉.
4. F p xp − x − a ∈ F [x]

K xp − x − a Gal(K/F )
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α ∈ K xp−x−a xp−x−a =
p−1∏
k=0

(x−α−k).

xp − a − x ∈ F [x], |Gal(K/F )| = p. σ ∈ Gal(K/F ),
σ(α) = α + 1. Gal(K/F ) = 〈σ〉.

xp − x − a ∈ F [x] K = F, Gal(K/F ) = id.

5. K F K1, K2 K1

∨
K2

K1 K2 K1 K2 G1, G2 G =
Gal(K/F )
1) Inv (G1 ∩ G2) = Inv G1

∨
Inv G2;

2) Inv (〈G1, G2〉) = Inv G1 ∩ Inv G2.

6. σ1, σ2, . . . , σn K i �= j σi �= σj.
1) K F = {x ∈ K|σi(x) = x, 1 ≤ i ≤ n} K
2) σi(1 ≤ i ≤ n) K
3) σ1, σ2, . . . , σn

4) [K : F ] ≥ n.

1)
2) F σi(1 ≤ i ≤ n) F K

3) σ1, σ2, . . . , σn s
σ1, . . . , σs σ1, . . . , σs+1

σs+1

σs+1 = a1σ1 + . . . + asσ, ai ∈ F, 1 ≤ i ≤ s.

σs+1 �= σ1, a ∈ K σs+1(a) �= σ1(a),

σs+1(ax) = a1σ1(ax) + . . . + asσ(ax),

σs+1 = a1 · σ1(a)

σs+1(a)
σ1 + . . . + as · σs(a)

σs+1(a)
σ.

a1 · σ1(a)
σs+1(a)

�= a1, σs+1 σ1, . . . , σn

4) F1 = Inv (Gal(K/F )) K F1 Galois
[K : F ] < n, [K : F1] ≤ [K : F ] < n; [K : F1] = |Gal(K/F1)| =
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|Gal(K/F )|, |Gal(K/F )| ≥ n, [K : F1] ≥ n, [K : F ] ≥
n.

7. K F G = Gal(K/F ).
|Gal(K/F )| = [K : Inv (Gal(K/F ))].

K Inv (Gal(K/F )) Galois

F1 = Inv (Gal(K/F )). Gal(K/F1) = Gal(K/F ),
K F1 Galois

8. K F K1, K2

1) K1

∨
K2 = K ⇐⇒ Gal(K/K1)

⋂
Gal(K/K2) = id;

2) K1 F Gal(K/K2) Gal(K/K1)

1) K F Galois K K1, K2

Galois Ki = Inv (Gal(K/Fi)), i = 1, 2. 5(1)

2) Hi = Gal(K/Ki), i = 1, 2, H1 ∩ H2 = id.
K1 F H1 � G. H1H2/H1 �

H2, Gal(K1/F ) = G/H1, Gal(K/K2) Gal(K1/F )

9. K F G = Gal(K/F ). E
E K E F

1) Gal(K/E) =
⋂

σ∈G

σGal(K/E)σ−1;

2) E =
∨

σ∈G

σ(E).

1) Galois E K E F
⇔ Gal(K/E) Gal(K/E) G Gal(K/E) =⋂

σ∈G

σGal(K/E)σ−1.

2) 5(1) E =
Inv (Gal(K/E)) =

∨
σ∈G

Inv (σGal(K/E)σ−1) =
∨

σ∈G

σ(E).

6.2

1. F Ch F �= 2. x1, x2, . . . , xn

p1, p2, . . . , pn x1, x2, . . . , xn

Gal(F (x1, x2, . . . , xn)/F (p1, p2, . . . , pn)) Sn Inv An =
F (p1, p2, . . . , pn, Δ). Δ =

∏
i<j

(xi − xj).
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F1 = F (p1, p2, . . . , pn). Ch F �= 2, Δ /∈ F1, Δ2 ∈
F1, [F1(Δ) : F1] = 2. [Gal(K/F1) : Gal(K/F1(Δ)] =
2, Gal(K/F1(Δ)) = An. Inv An = F (p1, p2, . . . , pn, Δ).

2. G F Galois K, Gal(K/F ) � G.

F1 Galois K Gal(K/F1) �
Sn, n = |G|. G Sn F

Gal(K/F ) � G.

3. F f(x) ∈ F [x] K f(x)
u1, u2, . . . , un, (n = deg f(x)) F =

F (u1, u2, . . . , un), K f(x) ∈ F [x]
Gal(K/F ) Gal(K/F )

K = K(u1, u2, . . . , un). ∀σ ∈
Gal(K/F ), σ K σ, σ ∈
Gal(K/F ). Gal(K/F ) Gal(K/F ) ϕ : ϕ(σ) = σ.

ϕ Gal(K/F ) � Gal(K/F ).

4. a1, a2, . . . , an, f(x) v1 =

u1a1 + u2a2 + . . . + unan. σ ∈ Sn σ(v1) =
n−1∑
i=1

uiaσ(i).

1) τ, σ ∈ Sn, τ = σ ⇐⇒ τ(v1) = σ(v1).
2) f(x) =

∏
σ∈Sn

(x − σ(v1)). f(x) ∈ F [x],

F [u1, u2, . . . , un]
3) f(x) F [u1, u2, . . . , un]
f(x) = f 1(x)f(x2) . . . , f 1(v1) = 0 σ ∈ Gal(K/F ) ⇐⇒
f 1(v1) = 0.f 1 f(x) Galois K = F (v1).

5. p f(x) ∈ Z[x]. f(x) Zp

f(x). f(x) G(f,Zp) G(f,Q)

6. G(x5 − x − 1,Q) = S5.

7. G(2x5 − 5x4 + 5,Q).
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8. f(x) = x7 + 22x5 − 776x3 + 2688x − 2. G(f,Q) = S7.

6.3

1. m,n ∈ N, (m,n) = 1. ϕ(mn) = ϕ(m)ϕ(n).

s = ϕ(m), t = ϕ(n), x1, x2, . . . , xs m m s
y1, . . . , yt n n t

(m,n) = 1, nxi + myj, 1 ≤ i ≤ s, 1 ≤ j ≤ t, mn
mn k a, b ∈ Z am + bn = k,

(a, n) = (b,m) = 1. xi, yj xi ≡ b( mod m), yi ≡ a( mod n),
nxi + myi ≡ k( mod mn). ϕ(mn) = ϕ(m)ϕ(n).

2. p ϕ(pk) = pk−1(p − 1),

ϕ(pk1
1 pk2

2 . . . pks
s ) =

s∏
i=1

(pi − 1)pki
i .

p1, p2, . . . , pn

3. N μ(n)

μ(n) =

⎧⎨
⎩

1 , n = 1;
0 , n > 1, ;

(−1)l , n = p1p2 . . . pl, p1, p2, . . . , pl ;

μ(n) Mobius
1) (m,n) = 1, μ(mn) = μ(m)μ(n);
2)

∑
d|n

μ(d) = δ1n.

1)
2) n = 1, n > 1, n = plm, (m, p) = 1.∑

d|n
μ(d) =

l∑
k=0

(
∑
d|m

μ(dpk)) = δ1n.

4. Φn(x) =
∏
d|n

(x2 − 1)μ(n/2).

xd − 1 =
∏
k|d

Φk(x),

∏
d|n

(xd − 1)μ(n
d
) =

∏
k|n

Φk(x)l(k), l(k) =
∑
k|d

μ(n
d
) =

∑
d|n

k

μ( n
kd

) = δ1n
k
,

Φn(x) =
∏
d|n

(xd − 1)μ(n
d
).
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5. (m,n) = 1. xmn − 1 ∈ Q[x] (xm − 1)(xn − 1) ∈ Q[x]

xmn − 1 ∈ Q[x], (xm − 1)(xn − 1) ∈ Q[x]
E, F (xm − 1)|(xmn − 1), (xn − 1)|(xmn − 1), E ⊇ F . [E :

Q] = ϕ(mn) = ϕ(m)ϕ(n) = [F : Q], E = F .

6. (m,n) = 1. G(xmn − 1,Q) G(xm − 1,Q) G(xn − 1,Q)

θ1 m θ2 n θ1
nθ2

m mn
σ ∈ G(xm − 1,Q), τ ∈ Gal(xn − 1,Q),

Gal(xmn − 1,Q) σ ⊗ τ : σ ⊗ τ(θ1
nθ2

m) = σ(θ1)
nτ(θ2)

m.
G(xm−1,Q)⊗G(xn−1,Q) G(xmn−1,Q) ϕ : ϕ(σ, τ) = σ⊗τ.

ϕ G(xm − 1,Q) ⊗ G(xn − 1,Q) G(xmn − 1,Q)

7. n = pk1
1 pk2

2 , . . . , pkt
t , i

Un = U
p

k1
1
× U

p
k2
2
× . . . × U

p
kt
t

.

G(xn − 1,Q) Un

(n,m) = 1, Umn � Um × Un. Un = U
p

k1
1
× U

p
k2
2
×

. . . × U
p

kt
t

.

8. F p > 0, p �= n. xn − 1 F

9. F p p �= Ch F, a ∈ F, xp − a F [x]
F

ξ xp − a θ p xp − a ∈ F [x]
xp − a = h(x)k(x), 1 ≤ deg h(x) < p. h(x)

ξkθt, (k, p) = 1, u uk ≡ 1( mod p). (ξkθt)
u ∈ F,

ξθtu ∈ F, ξθtu xp − a xp − a F

10. xp − a Q[x] G(xp − a,Q) Zp

{σkl|k �= 0} σkl(y) = ky + l,∀y ∈ Zp.

11. p F p �= Ch F, F p a ∈ F, xp −
a F

xp − a F G(xp − a, F ) p
|G(xp − a, F )| = 1 p. 9
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xp − a F |G(xp − a, F )| > 1, G(xp − a, F ) �
Zp.

xp − a F |G(xp − a, F )| = 1, G(xp − a, F ) �
{id}.

6.4

1. Q
1) x3 − 2x + 4 = 0;
2) x3 − 15x + 4 = 0.

2. xi, 1 ≤ i ≤ 4 F
4∏

i=1

(x − xi) = x4 − t1x
3 +

t2x
2−t3x+t4 yi = xi−t1/4 xi, f(y) = y4+py2+8y+r =

0.
1) p, q, r t1, t2, t3, t4
2) G(f(y), F (t1, t2, t3, t4)) = S4.
3) S4

S4 ⊃ A4 ⊃ K4 ⊃ Z ⊃ id, Z = id, (12)(34).

Inv S4 = F (t1, t2, t3, t4);
Inv A4 = F (t1, t2, t3, t4,

√
D);

Inv K4 = F (t1, t2, t3, t4,
√

D)(θ1) = F (t1, t2, t3, t4, θ1, θ2, θ3),
θi z3 − 2pz2 + (p2 − 4r)z + q2 = 0 1 ≤ i ≤ 3.
Inv Z = F (t1, t2, t3, t4,

√
D, θ1,

√−θ1);
D = 16p4r − 4p3q2 − 12qp2r2 + 144q2r − 27q4 + 256r3.
4) xi, 1 ≤ i ≤ 4.

1) p, q, r t1, t2, t3, t4
p = t2 + 3

16
t1

2,
q = −t3 + t1t2

2
− 3

16
t1

3,

r = t4 − t1t3
4

+ t12t2
16

− 3t14

256
.

2) E = F (t1, t2, t3, t4). G(
4∏

i=1

(x − xi), E) = G(f(y), E),

G(f(y), F (t1, t2, t3, t4)) = S4.
3) D = Δ2, Δ =

∏
i<j

4(xi − xj). Δ /∈ E, D =

Δ2 ∈ E, Inv A4 = E(
√

D).∏
1≤i<j≤4

(y − yi − yj) ,
∏

1≤i<j≤4

(y − yi − yj) ∈
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E(y).
∏

1≤i<j≤4

(y − yi − yj) = [y2 − (y1 + y2)
2][y2 − (y1 + y3)

2][y2 −
(y1 + y4)], [y + (y1 + y2)

2][y + (y1 + y3)
2][y + (y1 + y4)] ∈ E(y),

h(y), h(y) = z3 − 2pz2 + (p2 − 4r)z +
q2, E(

√
D, θ1) ⊂ Inv K4, E(θ1, θ2, θ3) ⊂ Inv K4. [E(

√
D, θ1) :

E) = 6 = [Inv K4 : E], E(
√

D, θ1) = Inv K4;
E(θ1, θ2, θ3) h(y) ∈ E(y) E(θ1, θ2, θ3) E

Gal(F (x1, x2, x3, x4)/E(θ1, θ2, θ3)) S4

S4, 2 K4, A4, E(θ1, θ2, θ3) = Inv K4.√−θ1 /∈ Inv K4, (
√−θ1)

2 ∈ Inv K4, E(
√

D, θ1,
√−θ1) ⊂

Inv Z, E(
√

D, θ1,
√−θ1) = Inv Z.

4) E(θ1, θ2, θ3) = Inv K4E(
√

D, θ1

y1 = θ1+θ2+θ3

2
, θ1, θ2, θ3;

x1 = y1 + t1
4
, x1. x2, x3, x4.

6.5

1. Q

K0 = Q ⊂ K1 ⊂ K2 ⊂ . . . ⊂ Kn

[Ki : Ki−1] = 2, 1 ≤ i ≤ n, Q Km Kn ⊂
Km,
K0 = Q ⊂ K1 ⊂ K2 ⊂ . . . Km, [Kj : Kj−1] = 2.

6.4.1

2. a
2a3.

2a3

3
√

2, deg( 3
√

2,Q) = 3 !

3. π Q
π.

deg(π,Q) = ∞
4. n ∈ N, n = 2mpk1

1 pk2
2 . . . pks

s . pi, 1 ≤ i ≤ s
n pi Fermat

ki = 1, i = 1, 2, . . . , s.

pm G G

G = G1 ⊃ G2 ⊃ . . . ⊃ Gs = {id},
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|Gi/Gi+1| = p. 1

γ ∈ C ⇔ Q K, γ ∈
K, 2n = [K : Q]. ⇔ G(Irr(γ,Q),Q) = 2n.

n n θ. [Q(θ) :
Q] = ϕ(n),Q(θ) Q n

ϕ(n) 2 i Fermat ki = 1, i =
1, 2, . . . , s.

5.

6.5.3
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