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Abstract: Closed-form solutions were developed to optimize kinematics design of a 2-degree-of-freedom (2-

DOF) planar parallel manipulator. The optimum design based on the workspace was presented. Meanwhile,

a global, comprehensive conditioning index was introduced to evaluate the kinematic designs. The optimal

parallel manipulator is incorporated into a 5-DOF hybrid machine tool which includes a 2-DOF rotational mill-

ing head and a long movement worktable. The results show that the planar parallel manipulator-based ma-

chine tool can be successfully used to machine blades and guide vanes for a hydraulic turbine.
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Introduction

Parallel mechanisms are capable of very fast and accu-
rate motion, possess higher average stiffness character-
istics throughout their workspace, have lower inertia,
and can manipulate heavier payloads than their serial
counterparts. Therefore, parallel mechanisms have
been studied extensively by numerous researchers in
manufacturing, primarily as platforms for computer
numerical control machining. The Gough-Stewart plat-
form was the most popular parallel kinematic machine
configuration when parallel kinematic machine were
first developed. Applications within the robotics com-
munity range from high-speed manipulation™ to force-
torque sensing!®. But the Gough-Stewart platform has
some disadvantages for manufacturing applications
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such as its relatively small useful workspace, com-
plex direct kinematics, and design difficulties.

Parallel manipulators with less than 6 DOFs are
relatively easy to design and their kinematics can be
described in closed form. Therefore, parallel manipula-
tors with less than 6 DOFs, especially 2 or 3 DOFs,
have increasingly attracted attention!®®!. Parallel ma-
nipulators with 2 or 3 translational DOFs play impor-
tant roles in industry and can be applied in parallel
kinematics machinest®, pick and place applications”,
and other fields. Most existing 2-DOF planar parallel
manipulators are the well-known five-bar mechanism
with prismatic actuators or revolute actuators®®!. The
manipulator output is the translational motion of a
point on the end-effector and the end-effector orienta-
tion cannot remain constant.

The kinematic design methodology is one of the key
parts of kinematic design theory for parallel mecha-
nisms. The optimum design can be based on various
evaluation criteria involving stiffness™™®, dexterity, or a
global conditioning index™'2. Hence, there has not
been one widely accepted design method. Huang et
al.l”! presented a hybrid method based on a condition-
ing index, while Liu et al.* gave a global stiffness
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index similar to the global conditioning index.

This paper describes the analysis of a planar parallel
manipulator with two translational DOFs which differs
from the conventional five-bar mechanism in that a par-
allelogram structure is used in each chain. The kinemat-
ics are analyzed to get an optimum kinematic design by
minimizing a global, comprehensive conditioning index.
The results give the optimal link lengths.

A 5-DOF hybrid machine tool was developed with a
serial-parallel architecture with a parallel manipulator
combined with a 1-DOF translational worktable and a
2-DOF rotational milling head. The hybrid machine
tool using the planar parallel manipulator has been
used to mill the blades and guide vanes of a hydraulic
turbine to show that the hybrid machine tool is suitable
for the manufacturing industry

1 Structure Description

The 2-DOF parallel manipulator is shown in Fig. 1.
The mechanism is composed of a gantry frame, a mov-
ing platform, two active sliders, and two kinematic
chains. Each chain is built as a parallelogram. As de-
signed, the manipulator is over-constrained since one
parallelogram link and another single link are enough

for the moving platform to posses 2 translational DOFs.

Two parallelogram chains were used to increase the
stiffness and make the structure symmetric.

Fig. 1 Kinematic model

Counterweights P, and P, (see Fig. 1) were added

to the mechanism to improve the load capacity and ac-
celeration of the actuator. The sliders are driven inde-
pendently by two servo motors on the columns to slide
along the guide ways mounted on the columns, thus
moving platform with a 2-DOF purely translational
motion in a plane.
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2 Kinematics and Singularities

2.1 Inverse kinematics

Since the motions of two links of each kinematic chain
are identical due to the parallelogram structure, the
chain model can be simplified as a link AB, (i=1,2)

as illustrated in Fig. 1. The base coordinate system
O-xy is attached to the base with its y axis vertical

through the midpoint of B,B,. A moving coordinate
system O'-x'y" is fixed on the moving platform. r,
and r, are the position vectors of the joint positions
A and B, respectively. 2r is the moving platform

width and 2R is the width between the two columns.
The position vector of the origin O" with respect to
the coordinate system O-xy is defined as

=[x y]' (1)
The position vector of joint position A in O'-xy’

is
ro=[-r o] @)
no=[r of ©)

Then the position vector of A in the base coordi-
nate system O-xy can be expressed as
Iy =l +7, 4
The position vector of each joint position B, in
O-xy is
r, =[-R y,]" (5)

r,=[R Y] 6)

Thus, the constraint equation associated with the i-th
kinematic chain can be written as

ry —rg =hn, 1=12 @)

where |, and n; denote the length and the unit vector

of the i-th link, respectively.
Taking the 2-norm of both sides of Eq. (7) gives

y,=y* If—(x—r+R)2 (8)

Y, =y £4/lZ —(x+1-R)’ )

For the configuration shown in Fig. 1, the inverse
solutions of the kinematics are

Y, =Y+ If—(x—r+R)2 (10)
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y, =Y+ I22—(x+r—R)2 (11)

From Egs. (10) and (11), the solutions for the direct
kinematics of the manipulator can be expressed as

= —2y) £y f2+4(@2 +1)(12 - y2 - f2)

2(a® +1)
(12)
where
S Vil TS el ' e
2(R-r) 4(R-r) 4R-r)
f=R-r+b+c, x=ay+b+c (13)

For the configuration as shown in Fig. 1, the “£” of
Eq. (12) should be only “—".

Equations (7)-(13) show that the direct and inverse
kinematics of the manipulator can be described in
closed form.

2.2 Singularity analysis

Taking the derivatives of Eq. (10) and Eq. (11) with re-
spect to time gives

- X-r+R ;

Vi=Y- — X (14)
I7 —(x—r+R)

. X+r—R ,

Y.=Y- 2X (15)
17 —(x+r—R)

Equations (14) and (15) can be rearranged in matrix

form as
Y, y

where J is the Jacobian expressed as

B X—-r+R 1
I2-(x—r+R)
S| ( ) an
B X+r—-R 1
12— (x+r-R)’

Because singularities lead to a loss of controllability
and degradation of the natural stiffness of the manipu-
lators, they must be avoided in the task workspace.
Singularities can be classified as direct kinematic sin-
gularities, inverse kinematic singularities, and com-
bined singularities!®, and can be distinguished by the
manipulator Jacobian. When one of the links is hori-
zontal, the manipulator experiences an inverse kine-
matic singularity.

Direct kinematic singularities occur when one link
of a chain and a link of the other chain are collinear.
Since |, +1, >2R, combined singularities cannot oc-

cur in this manipulator. Figure 2 shows one example of

each kind of singularity. In practical applications, sin-
gularities are avoided by limiting the task workspace.

Fig. 2 Singular configurations

3 Workspace Analysis

The workspace for the 2-DOF planar parallel manipu-
lator is a region of the plane derived by the workspace
of the reference point O' of the moving platform.

Equations (10) and (11) can be rewritten as
(x—r+R) +(y-y,)* =1 (18)

(x+r=R)" +(y-y,)" =12 (19)
Therefore, the reachable workspace of the reference
point O' is the intersection of the sub-workspaces

associated with the two kinematic chains as shown in
Fig. 3.

I -
B, /; I B,
= B B, =
£ O O, T B
= i > d i o0
£ 1 £
f Qs AN 7 Q1- ::I
- | jl_l ‘J -
. !

Fig. 3 Manipulator workspace

The task workspace is a part of the reachable work-
space. In practical applications, the task workspace is
usually defined as a rectangular area in the reachable
workspace.
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Let the maximum limit of the angles « and g,
which are the angles between link AB, (i=12) and
the vertical axis, be denoted by «,, and S, . Let
Yimex and Y, .. represent the maximum and mini-
mum positions of the i-th slider. O" reaches point Q
when slider B, reaches its lower limit and the value of
a is the maximum, namely y, =y, i, and o = aqy -

Similarly, O" reaches point Q, when vy, =y, . and

ﬂ = ﬂmax :

A vertical line through Q, intersects with the upper
bound of the reachable workspace at point Q,. Q, is
directly above Q, (see Fig. 3). The region Q,Q,Q,Q,

then makes up the task workspace, as a rectangle of
width b and height h, denoted by W, .

4 Optimal Kinematic Design
4.1 Optimal design based on the workspace

The objective of this section is to determine the ma-
nipulator parameters for a desired workspace. The
scope of optimal design can be stated as: given r, b,
and h of W,, determine R, I, |,, and the total jour-

ney |yi,max — Yimin| OF the slider.

From Egs. (10), (11), and (17), the manipulator per-
formance is related to R—r but not to r or R
alone. Practically, r should be as small as possible
since smaller values of r lead to smaller manipulator
volumes. Usually, r depends on the shaft, bearing,
and tool dimensions on the moving platform. Therefore,
r should be given by the designer.

When the moving platform reaches the lower limit,
as shown in Fig. 4, the following parametric relation-
ships can be obtained

sing,_ =3+P=" (20)

Il
d-r
IZ
where d is the distance from the left column to the
left limit of the task workspace.
In practical applications, |, should equal I, to

improve the system performance and stiffness. There-
fore

Sinﬂmin = (21)

min (b — r)
SN @, —SIN ﬂmin

d- SiN &, I +5in B

(22)
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Fig. 4 Optimal design of the manipulator

Thus,
b

R= > +d (23)

For 1, =1,, when the moving platform moves from

point Q to Q, along the x axis, the sliding dis-
tance of the slider in the guide way should be

Yo, =\/If _(R%_r)z ‘J'f—(R—%—r)z

(24)
When the moving platform travels from point Q,
to Q, along the y direction, the sliding distance of

the slider is
Ye, =h (25)
Hence, the total journey |yi,max ~Yimn| Of the slider
is
Yimax = Yimin| = Y, T Y, (26)

Because the optimum design based on the task
workspace does not consider the dexterity and stiffness
of the manipulator, the link lengths are not optimal.
The optimal lengths of the links and |y; .. = ¥imn

for the slider are determined in the next subsection.

4.2 Global, comprehensive index

The condition number of the Jacobian is used as the
local performance index for evaluating the velocity,
accuracy, and rigidity mapping characteristics between
the joint variables and the moving platform. The condi-
tion number « is defined as
1<xk=22<w @7)
O-l
where o, and o, are the minimum and maximum sin-
gular values of the Jacobian associated with a given
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posture. o, and o, can be determined by solving the
characteristic equation

det(c’1-J"J)=0 (28)
where I denotes a unit matrix of order 2. For the
parallel manipulator studied here,

2+sz+t2+\/(sz+t2)2+83t+4 29)
K=
2+sz+t2—\/(sz+t2)2+83t+4
where s:ﬂ and t:u'
y_yl y_yz

Since « varies with the mechanism configuration,
a global performance index is used as the performance
measure in the optimal kinematic design,

7= o KW, / [ o W, (30)
Note that 7 itself cannot give a full description of

the overall global kinematic performance due to its in-
ability to describe the difference between the maxi-
mum and minimum values of «. Huang et al.l”? pro-
posed a global, comprehensive condition index as the
objective function in kinematic designs. The objective
function can be expressed as

n=\1"+W,7)’ @31)
where 77 = max(x)/min(x) with max(x) and min(x)
representing the maximum and minimum values of «
in the task workspace and w, representing the weight
placed upon the ratioof 7 to 7.

7 and 77 can be numerically calculated by
M N
_ 1 >k, ﬁ=w (32)
M x N m=1 n=1 mln(Kmn)

where «,,, is the value of « evaluated at node
(m, n) of (M-1) X(N-1) equally meshed W,.

n

5 Applications
5.1 XNzD2415 hybrid machine tool

A 2-DOF planar parallel manipulator was combined
with a worktable having a translational DOF in the z
axis and a milling head with two rotational DOFs
about the x and z axes to create a 5-DOF hybrid
serial-parallel machine tool (XNzZD2415). With the
two-axis milling head, the tool can obtain any desired
orientation in the task workspace, which provides high
dexterity. The worktable can move freely along the z
axis, which enables the machine tool to manufacture
long workpieces.

The task workspace W, of the parallel manipulator

is designed as a rectangle b=1600 mm in width and
h= 1000 mm in height. The manipulator also has
Ay =807, B, =10°, and r =75 mm. The singular-
ity analysis shows that singularities cannot occur in the
task workspace of the parallel manipulator.

The optimal design based on the task workspace re-
sults in R=1217.4 mm. The other design parameters

are then calculated by minimizing the objective func-
tion 7. Figure 5 shows that 7 has a minimum value

of 1.916 when 1, =2060 mm for w, =0.1. Based on
Eqg. (26), it can be obtained that |y, ..~ VYimn!| IS
2345.2 mm.

3.0r

1.5 1 1 1 |
1800 2000 2200 2400 2600
{/mm

Fig. 5 Minimization of » for various link lengths

The condition number of the Jacobian of the parallel
manipulator in the machine tool is shown in Fig. 6. The
distribution of the condition number is symmetrical
about the x axis. The good kinematic performance is
achieved by balancing the conflict between 7 and

n.

Condition number

! 2800 400 0 400 800

x/mm
Fig. 6 Condition number of the Jacobian of XNZD2415
machine tool

The machine tool was built by Tsinghua University
and was used in the Harbin Electric Machinery Co, Ltd
in China to mill a series of blades and guide vanes for
hydraulic turbine generator sets. The prototype is
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shown in Fig. 7.

Fig. 7 XNZzZD2415 hybrid machine tool

5.2 XNzZD2430 heavy duty machine tool

After the successful application of XNzZD2415 for
various machining tasks, Harbin Electric Machinery
Co needed another hybrid machine tool to machine
very large blades and guide vanes for hydraulic turbine
generator sets.

Another heavy duty machine tool (XNZD2430) was
then built based on the 2-DOF parallel manipulator.
The new is similar to the first machine in structure
with a much larger new workspace of XNZD2430 and
some other modifications including two additional
cover sheets fixed on the columns and an auxiliary tray
fixed on top of the milling head. The sides of the cover
sheets contact the auxiliary tray which is covered with
copper sheet. The auxiliary tray contacts the two cover
sheet and slides between them as the milling head
moves. Therefore, the cover sheets limit the deforma-
tion of the milling head and improve the machine tool

stiffness normal to the plane of the manipulator motion.

Four brackets are also added to the new machine tool
to improve the stiffness.

Two additional non-rotating milling heads were de-
signed to replace the 2-DOF milling head for mounting
on the side or underside of the moving platform. This
heavy duty machine tool is then a 3-DOF machine
which can machine vertically or horizontally.

The task workspace W, of the new parallel
manipulator was designed as a rectangle b =3000 mm
in width and h= 1800 mm in height with ¢, =79°,

B.in =5 . The manipulator can not reach singular con-
figurations in the task workspace.
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The optimal design based on the task workspace re-
sults in R=23425mm. 7 has a minimum value

when 1, =3550 mm and w, =0.1. |V o = Yimn |

can then be determined from Eq. (26). The main design
parameters are listed in Table 1.

Table 1 Results of optimization for XNZD2430 ma-

chine tool
Parameters Values
Iy 3550 mm
I, 3550 mm
r 550 mm
Vi max = Yi,min | 4010.7 mm
1.99

i

The distribution of x« for the optimal design is
shown in Fig. 8. The distribution shows that the condi-
tion number is also symmetrical with respect to the x
axis and the kinematic performance is optimal.

Condition number

1.8 L I 1 L |
—1500 —1000 —500 0 500 1000 1500

x/mm
Fig. 8 Condition number of the Jacobian of XNZD2430
machine tool

The XNZD2430 machine tool shown in Fig. 9 is
currently being built by Tsinghua University with the
machine’s dynamics and controls to be tested soon.

Auxiliary tray __| f

Cover sheet — |
Manipulator - _
Milling head —_ [=

Bracket —_
Worktable ~

Column—/ /4

Fig. 9 Prototype of XNZD2430 machine tool
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6 Conclusions

The kinematic design of a 2-DOF planar parallel ma-
nipulator has been investigated. The investigation is
shown as follows.

(1) The distance between the two columns is deter-
mined by the optimum design based on the workspace.

(2) A global, comprehensive performance index,
which includes both the mean and the range of the
condition number of the Jacobian in the task work-
space, can be used to effectively optimize the kine-
matic design.

(3) The planar parallel manipulator-based machine
tool was successfully used to machine blades and
guide vanes for a hydraulic turbine. Another heavy
duty machine tool based on the parallel manipulator is
being built for larger machining tasks.
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