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= ( ?�J/;93�Bb��ZF`J/;Mg#S℄
§1.1 ty��Bv$Æyu<�5Z,�br℄|N�r� — e��� ybr, 'n?ur℄Æar� Fu-

bini E(-yH<r	66YWÆ-y
ZJ�,�M�, ;lE":q� 1.1 +�p Ω ⊂ R
n, f ^ Ω �	M	'eTX%RNjp Ω′ ⊂ Ω, RW

∫

Ω′

f(x)dx = 0,_^ Ω * f ≡ 0.q� 1.2 +�p Ω ⊂ R
n, f ^ Ω �	M	'eTX%RN v ∈ C∞

0 (Ω), RW
∫

Ω

f(x)v(x)dx = 0,_^ Ω * f ≡ 0.q� 1.3 ( Stokes /)+ Ω ⊂ R
m 1PaW|di!Z, TX C1 N m ?H�eg3 ~v, D�Nn[O/A�

∫

Ω

div~v dx =

∫

∂Ω

~v · ~n dS, (1.1)�g ~n 1 ∂Ω *NI�<XH�,dS 1 ∂Ω *N�n[6	J m = 1, 2, 3 ,, /(1.1)}[91�U��<�i/,Green/h0`/	
§1.2 �	7

1.1 [K7� l Z`hoDGZ!(, Lh (x = 0) Æ, l�OwZ%Y", G$E^+�Z%���	aVCG$)k^m�(ZÆ/�wdu<	a C$wd�5K�%. $�g℄��Z�n5� ρ(x), $ZqwQ℄��Z�n5� T (x), l uZ{u.�R�7gLZ�w�g5� f0(x, t).

� 1.1��tYd}e�mVC u Z %�� (.�� 1.1)	�6K/i$ [a, b], /Ti [t1, t2], l [a, b] ×

[t1, t2] L�X$Z %1j	vTBp%u.Zd}e��eO2:

1



2

t = t2TZd} − t = t1TZd} =
�wl [a, b] × [t1, t2]�4PZA} +

qwlp%u.4PZA}0
∫ b

a

ρut|t=t2 dx−
∫ b

a

ρut|t=t1 dx =

∫ t2

t1

∫ b

a

f0 dxdt+

∫ t2

t1

[T (b) sinαb − T (a) sinαa] dt.tY
sinαa =

ux√
1 + u2

x

∣∣∣∣
x=a

≈ ux|x=a, sinαb =
ux√

1 + u2
x

∣∣∣∣
x=b

≈ ux|x=b,eY
∫ b

a

∫ t2

t1

ρ(x)utt dt dx =

∫ b

a

ρ(x) [ut(x, t2) − ut(x, t1)] dx

=

∫ t2

t1

∫ b

a

f0 dxdt+

∫ t2

t1

[T (b)ux(b, t) − T (a)ux(a, t)]dt

=

∫ t2

t1

∫ b

a

f0 dxdt+

∫ t2

t1

∫ b

a

(T (x)ux)x dxdt.�[ Fubini E(-yH<rO/ a, b, t1, t2 Z�R8�eY
ρ(x)utt = (T (x)ux)x + f0(x, t). (1.2)l��
, $�g ρ(x) = ρ ℄6n, qw T (x) = (l − x)ρg, �w�g f0(x, t) = 0. PF (1.2) YY$Zwdu<:

utt = g[(l − x)ux]x.

1.2 K�!$l	
%�wd, ;N	Z!w_ug:{�	aVC$Z�wdu<	a U���
℄!$, xO ρ(x) = ρ0 (6n), T (x) = T0 (6n), f0(x, t) = −γut , '
 γ > 0 ℄!w�n, }�"Z!w_ugu.)t. PF (1.2) YY
ρ0utt = (T0ux)x − γut.H5 a2 = T0/ρ0, k

2 = γ/ρ0, LYe2:
utt = a2uxx − k2ut.

1.3 `h!�l�w%Y"B�Zu.%Æ/�wd	aVCÆKL�qa%���x	 Zu<
(�� 1.2)	

a b 

u(x,t) 

x 

T
a
 T

b
 � 1.2



3a C�Zwd�5K�%. ��g℄��Z�n, 5� ρ(x). �Z�L�-Q℄��Z�n, 5�
S(x). ���ZL�xfqw� T (x) = ES(x)ux, '
 E ℄E`�}. l u Z{u.�R�7gLZ�w�g℄ f0(x, t). l [a, b] × [t1, t2] L�X�Zwd1j. �Zd} %�

∆P =

∫ b

a

ρ(x)S(x) [ut(x, t2) − ut(x, t1)] dx =

∫ b

a

ρ(x)S(x)

(∫ t2

t1

utt dt

)
dx.A}�k|+y: qwl u u.ZA} I1 ��wl u u.ZA} I2,

I1 =

∫ t2

t1

(ES(x)ux|x=b − ES(x)ux|x=a)dt

=

∫ t2

t1

∫ b

a

(ES(x)ux)x dxdt,

I2 =

∫ t2

t1

∫ b

a

f0(x, t)dxdt.Zd}e� I1 + I2 = ∆P, O/ a, b, t1, t2 Z�R8, eY
ρ(x)S(x)utt = (ES(x)ux)x + f0(x, t). (1.3)U���
Z�℄`h!�, xO ρ(x) = ρ (6n), S(x) = S0 (6n). Cz�PF (1.3) YY�ZÆ/�wdu<:

ρutt = (Eux)x + f(x, t).

1.4 [Kd�6� (�� 1.3), '�� h, �g�E`�}y#�6n ρ � E. a|�'�wdu<�
E

[(
1 − x

h

)2

ux

]

x

= ρ
(
1 − x

h

)2

utt.

� 1.3a l 1.3 �ZK��5
, 6 ρ(x) = ρ (6n), �w�g f0(x, t) = 0. tYB[2�Zur, eVC�Z�L�-_��Z��:

S(x) = S0

(
1 − x

h

)2

,'
 S0 �d�6�Z\�-. PF (1.3) YYd�6�Z�wdu<:

E

[(
1 − x

h

)2

ux

]

x

= ρ
(
1 − x

h

)2

utt.

1.5 aVC��Z�wdu<, $y#k (1) �OÆl�rL�(2) �O+yfW�wZ%Y�(3)�OÆlT8}=L, vJ�1j2CN�A	



4a 6K/i�� D, KTi [t1, t2], 5 D Z�O� ∂D. l ∂D L�6K/i dS, dS LfWZ�+qw� T dS ~n, �qwl u �LZ�X℄ TdS~n · ∇u = T∇u · ~n dS. UG�+qw4PZA}�
∫ t2

t1

∫

∂D

T∇u · ~n dS dt =

∫ t2

t1

∫

D

∇ · (T∇u)dxdy dt.H5�w�g� f1, m�w4PZA}�
∫ t2

t1

∫

D

f1 dxdy dt.d}Zn}℄
∫

D

ρut|t2 dxdy −
∫

D

ρut|t1 dxdy =

∫

D

∫ t2

t1

ρutt dt dxdy.�[e��Y
∫ t2

t1

∫

D

ρutt dxdy dt =

∫ t2

t1

∫

D

∇ · (T∇u)dxdy dt+

∫ t2

t1

∫

D

f1 dxdy dt,Z D, t1, t2 Z�R8Y
ρutt = ∇ · (T∇u) + f1, +u utt = a2∆u+ f.B��A℄ u(x, y, 0) = ϕ(x, y), ut(x, y, 0) = ψ(x, y), (x, y) ∈ Ω.�O�Ay#℄

(1) u(x, y, t) = g(x, y, t), (x, y) ∈ ∂Ω, t ≥ 0,

(2)
∂u

∂~n
= g(x, y, t), (x, y) ∈ ∂Ω, t ≥ 0,

(3) αu+
∂u

∂~n
= 0, (x, y) ∈ ∂Ω, t ≥ 0.

1.6 l��.wdT, ;N (1) h_Æ�(2) h_�Z�(3) h_ÆlT8}=L	aVC�Z�wdu<, $2CvJ�1j"kWZ�O�A	a 5E`�}� E, �g� ρ, �Z�L��-� S. 6K/i�7 [a, b], KTi [t1, t2]. l a, b _EZqwy#� ESux(a, t) � ESux(b, t), /�xfZqw�� ESux(b, t) − ESux(a, t), A}�
∫ t2

t1

[ESux(b, t) − ESux(a, t)]dt =

∫ t2

t1

∫ b

a

(ESux)x dxdt.l t1 � t2 TfZd}y#� ∫ b

a

ρSut|t1 dx � ∫ b

a

ρSut|t2 dx. �[e��,

∫ t2

t1

∫ b

a

(ESux)x dxdt =

∫ b

a

ρSut|t2 dx−
∫ b

a

ρSut|t1 dx =

∫ b

a

∫ t2

t1

ρSutt dt dx.Z a, b, t1, t2 Z�R8Y
ρSutt = (ESux)x.�O�Ay#�:



5

(1) u(0, t) = u(l, t) = 0;

(2) ux(0, t) = ux(l, t) = 0;

(3) (αu − βux)|x=0 = (αu + βux)|x=l = 0.

1.7 [K��W� r, (�g� ρ Z`hd��	;N�d��Z�K�L�LZ�g℄)�Z, d��Z/�_Æ�Q	[>E(, /	 �l>E(�. 5d��Z�>℄ c, >FV�n℄ k, Q	Z�g℄ u0�6n�, >E(�n℄ k1. aVC�gy) u 	 ZÆyu<	a d��l�u. [a, b] i�Z4`5� V . �Xl4` V /Ti [t1, t2] �>}Z %1j. Z�}e�~,[t1, t2] Ti� V 
n:Z>}[^ [t1, t2] Ti���O ∂V �F V Z>}. l [t1, t2] Ti�
V 
�gQ�n:Z>}℄

Q =

∫ b

a

Scρ (u|t=t2 − u|t=t1) dx =

∫ b

a

∫ t2

t1

Scρut dt dx.���O ∂V �F V Z>} Q∗ ��|+y — d��+Z>FVO/_�OS7>E(x�bZ>}:

Q∗ =

∫ t2

t1

S(kux|x=b − kux|x=a)dt+

∫ t2

t1

∫ b

a

lk1(u0 − u)dxdt

=

∫ t2

t1

∫ b

a

Skuxx dxdt+

∫ t2

t1

∫ b

a

lk1(u0 − u)dxdt.'
 S = πr2 ℄d��L�-,l = 2πr ℄d�L�Æ7. kZ Q = Q∗ / a, b, t1, t2 Z�R8, eY
ut =

k

cρ
uxx +

2k1

crρ
(u0 − u).

1.8 *��+J��lnhQ	
lK, �g� u(x, y, z, t), 	 Nernst �, 0y�idug_�gZ~g:{��u.)t
~v = −D∇u, '
 D �lK�n	NQ	Zg �n� c	aVC u x	 ZÆyu<	a B	lKZe���
[t1, t2] Ti� V 
n:ZB	Z	} m1 [^ [t1, t2] Ti���O ∂V�F V ZB	Z	} m2. P~
m1 =

∫

V

(cu|t=t2 − cu|t=t1)dxdy dz =

∫

V

∫ t2

t1

(cu)t dt dxdy dz,

m2 = −
∫ t2

t1

∫

∂V

~v · ~n dS dt =

∫ t2

t1

∫

∂V

D
∂u

∂~n
dS dt

=

∫ t2

t1

∫

V

∇ · (D∇u)dxdy dz dt.�[ m1 = m2 / t1, t2, V Z�R8Y
(cu)t = ∇ · (D∇u).

1.9 K`hd Zz�"�e℄_>Z	Nl t = 0 T'�g�℄ r Z�n,r �d LZ_�d 
3Z℄q	a|�d LZ�g u(r, t) 	 ZÆyu<℄
ut = a2

(
urr +

1

r
ur

)
.



6*o 2d LkW^ r1 ≤ r ≤ r2 Z4` Ω (�� 1.4).

r
1
 

r
2
 

O 

S
1
 S

2
 Ω 

� 1.4Z�}e�~, l [t1, t2] Ti Ω 
n:Z>} Q [^���O ∂Ω = S1

⋃
S2 �F Ω Z>} Q∗. 5d Z�>���gy#� c � ρ (z�e℄6n). U� t = 0 T�g�℄ r Z�n, xO u = u(r, t) �℄ r, tZ�n. ^℄

Q =

∫

Ω

(cρu|t=t2 − cρu|t=t1)dxdy

= cρ

∫ 2π

0

∫ r2

r1

(u|t=t2 − u|t=t1)r dr dθ

= 2πcρ

∫ t2

t1

∫ r2

r1

rut dr dt.5>FV�n� k, m>��g�
~q = −k(ux, uy) = −k(urrx, urry) = −kur(cos θ, sin θ) , −kur~n0,l�O S1 L,�r. ~n = −(cos θ, sin θ) = −~n0. l�O S2 L,�r. ~n = (cos θ, sin θ) = ~n0. ZGY [t1, t2]Ti����O ∂Ω �F Ω Z>}℄

Q∗ =

∫ t2

t1

∫

∂Ω

(−~q · ~n)dS dt =

∫ t2

t1

∫

∂Ω

kur~n0 · ~n dS dt

=

∫ t2

t1

∫ 2π

0

(krur|r=r2
− krur|r=r1

)dθ dt

= 2π

∫ t2

t1

∫ r2

r1

k(rur)r dr dt.tY Q = Q∗ / t1, t2, r1, r2 Z�R8, �Y
cρrut = k(rur)r.H5 a2 =

k

cρ
, LYeO2:

ut = a2

(
urr +

1

r
ur

)
.

1.10 `h!V(, ÆR�7Z`!� R, �O�Z`� I, V("�_Æ��g��gZQ	S7>E(	aVCV(LZ�g u 	 ZN�� (NBX�g�|h�ge℄�g).



7a #VC�g ux	 ZÆyu<. Y l "ZV(Z7g,S "ZV(Z�L�-, ρ"ZV(�g,L"ZV(�L�Æ7,c "ZV(�>, R "ZV(R�7gZ`!,I "Z��V(Z`�-g,k "ZV(�+Z>FV�n, k1 "ZV(_Æ�Q	Z>E(�n,γ "ZV(k`�4P>}Z�b�.2V(l [a, b] i/Ti [t1, t2] �>} %1j. l [t1, t2] Ti�V(n:Z>}℄
Q =

∫ b

a

cρS (u|t=t2 − u|t=t1) dx.l [t1, t2] Ti��F [a, b] iZ>}��|+y — V(�+Z>FVO/_�O>E(x4PZ>}:

Q1 =

∫ t2

t1

S(kux|x=b − kux|x=a)dt+

∫ t2

t1

∫ b

a

k1L(0 − u)dxdt.l [t1, t2] Ti�`�4PZ>}�V(�bZ+y�
Q2 =

∫ t2

t1

∫ b

a

γI2R dxdt.Z�}e� Q = Q1 +Q2, / t1, t2, a, b Z�R8Y
cρSut = kSuxx − k1Lu+ γI2R.H5 a2 =

k

cρ
, b =

k1L

cρS
, u0 =

γI2R

cρS
, LYeO2:

ut − a2uxx + bu = u0.ktYB��A/�O�A, eYE"N��




ut − a2uxx + bu = u0, 0 < x < l, t > 0,

u(0, t) = u(l, t) = 0, t ≥ 0,

u(x, 0) = 0, 0 ≤ x ≤ l.

1.11 |�|�� }ZpK(8$Æyu<T�e� (!, zZp5()� 	HY℄q, Te� (!,△ = a2
12 − a11a12 Z{�( 	*o NbpK(8$Æyu<�

a11uxx + 2a12uxy + a22uyy + b1ux + b2uy + cu = f. (1.4)le�� } (
x = x(ξ, η), y = y(ξ, η), + ξ = ξ(x, y), η = η(x, y)�",(1.4) Y :
a∗11uξξ + 2a∗12uξη + a∗22uηη + b∗1uξ + b∗2uη + c∗u = f∗,$/�n[E"��

a∗11 = (∇ξ)TA∇ξ, a∗22 = (∇η)TA∇η, a∗12 = (∇ξ)TA∇η = (∇η)TA∇ξ,



8'

A =

(
a11 a12

a12 a22

)
, ∇ξ = (ξx, ξy)T , ∇η = (ηx, ηy)T .^℄

A∗ ,

(
a∗11 a∗12

a∗12 a∗22

)
=

(
(∇ξ)TA∇ξ (∇ξ)TA∇η

(∇η)TA∇ξ (∇η)TA∇η

)
= JAJT .vs,J = (∇ξ,∇η)T ℄ Jacobi Zx. LY|�67�YY

−∆∗ = |A∗| = |A| × |J |2 = −∆ × |J |2.U� |J |2 6= 0,  ∆∗ _ ∆ ��.

1.12 !j"lu<Zp5

(1) x2uxx − y2uyy = 0;

(2) uxx + (x+ y)2uyy = 0;

(3) uxx + xyuyy = 0;

(4) xuxx + 4uyy = f(x, y).a (1) ∆ = x2y2. U xy = 0 T ∆ = 0, u<�"�5u<�U xy 6= 0 T ∆ > 0, u<�o55u<.

(2) ∆ = −(x+ y)2. U x + y = 0 T ∆ = 0, u<�"�5u<�U x+ y 6= 0 T ∆ < 0, u<�	d5u<.

(3) ∆ = −xy. U xy = 0 T ∆ = 0, u<�"�5u<�U xy > 0 T ∆ < 0, u<�	d5u<�U
xy < 0 T ∆ > 0, u<�o55u<.

(4) ∆ = −4x. U x = 0 T ∆ = 0, u<�"�5u<�U x > 0 T ∆ < 0, u<�	d5u<�U
x < 0 T ∆ > 0, �u<o55u<.

1.13 %>"�u<�!�6Y

(1) uxx + 4uxy + 5uyy + ux + 2uy = 0;

(2) uxx + yuyy = 0;

(3) uxx − 4uxy + 4uyy = ey;

(4) uxx + uxy + uyy + ux = 0.a (1) ∆ = −1, u<�	d5u<, kWZ}yu<℄
dy2 − 4dxdy + 5dx2 = 0.�zyN�|�u<:

dy

dx
= 2 ± i,NY|J}y( (-y5():

y − 2x± ix = C±.



9>6 (
ξ = y − 2x, η = x,e�bu<%>�
uξξ + uηη + uη = 0.

(2) ∆ = −y. U y = 0 T ∆ = 0, u<�"�5u<, !�6Y� uxx = 0; U y > 0 T ∆ < 0, u<�	d5u<, kWZ}yu<℄
dy2 + ydx2 = 0.NY|J}y(:

2
√
y ± ix = C±.>6 (

ξ = 2
√
y, η = x,e�bu<%>�

uξξ + uηη − 1

ξ
uξ = 0.U y < 0 T ∆ > 0, u<�o55u<, kWZ}yu<℄

dy2 + ydx2 = 0.NY|J}y(:

−2
√−y ± x = C±.>6 (

ξ = x− 2
√−y, η = x+ 2

√−y,e�bu<%>�
uξη = − 1

2(ξ − η)
(uξ − uη).

(3) ∆ = 0, u<�"�5u<, kWZ}yu<℄
dy2 + 4dxdy + 4dx2 = 0.NYKJ-y5(


y + 2x = C.>6 (
ξ = y + 2x, η = y,



10e�bu<%>�
4uηη = eη.

(4) ∆ = − 3
4 , u<�	d5u<, kWZ}yu<℄

dy2 − dxdy + dx2 = 0.NY|J-y5(:

y −
(

1

2
±

√
3

2
i

)
x = C±.>6 (

ξ = x− 2y, η = x,e�bu<%>�
3uξξ + uηη + uξ + uη = 0.

1.14 ;"�u<Z�N

(1) uxx − 3uxy + 2uyy = 0;

(2) uxx − uxy = 0;

(3) x2uxx + 2xyuxy + y2uyy + xyux + y2uy = 0.a (1) ∆ = 1
4 > 0, u<�o55u<, kWZ}yu<℄

dy2 + 3dxdy + 2dx2 = 0.NY|J-y5(:

y + x = C1, y + 2x = C2.>6 ( ξ = y + x, η = y + 2x, e�bu<%>:
uξη = 0.Gu<Z�N℄

u = f(ξ) + g(η).'bYbu<�N�
u = f(x+ y) + g(2x+ y).

(2) ∆ = 1
4 > 0, u<�o55u<, kWZ}yu<℄

dy2 + dxdy = 0.NY|J-y5(:

y + x = C1, y = C2.



11>6 ( ξ = y + x, η = y, e�bu<%>�
uξη = 0.ZGYbu<Z�N�

u = f(ξ) + g(η) = f(x+ y) + g(y).

(3) ∆ = (xy)2 − x2y2 = 0, u<�"�5u<, kWZ}yu<℄
x2dy2 − 2xydxdy + y2dx2 = 0.NYKJ-y5(

y

x
= C.>6 ( ξ = y/x, η = y, e�bu<%>�

uηη + uη = 0, 0 (eηuη)η = 0.Gu<Z�N℄
u = f(ξ)e−η + g(ξ),bu<Z�N�

u = f
(y
x

)
e−y + g

(y
x

)
.

1.15 |�|�� }ZpK(86�no55u<+	d5u<KeOT�� }Z (/�n ( u = eλξ+µηv, Cz%>: vξξ ± vηη + hv = f Z6Y	*o ��NT~XpK(86�no55u<+	d5u<eOT�� }Z (%�E"6Y
uξξ ± uηη = Auξ +Buη + Cu+ f0,'
 A,B,C �6n, "�|�zl�n ( u = eλξ+µηv ", eO%>: vξξ ± vηη + hv = f Z6Y	�G�9;�n λ, µ 0e. �W|�Z)t8, O"R|�	d5u<.5 s = λξ + µη, m[
uξ = es(λv + vξ), uη = es(µv + vη),

uξξ = es(λ2v + 2λvξ + vξξ),

uηη = es(µ2v + 2µvη + vηη).PF	d5u<eY
es(vξξ + vηη) = es(A− 2λ)vξ + es(B − 2µ)vη + es(C +Aλ+Bµ− λ2 − µ2)v + f0.



12�G�
λ =

A

2
, µ =

B

2
, h = −C − 1

4
(A2 +B2), f = e−

1
2
(Aξ+Bη)f0,�eCu<%>� vξξ + vηη + hv = f ./ 1. TX4"IYB

uξξ − uηη = Auξ +Buη + Cu+ f0,^g37k u = e
1
2
(Aξ−Bη)v D, �QjvA

vξξ − vηη − hv = fNJ/, �g h = C + 1
4 (A2 −B2), f = e−

1
2
(Aξ−Bη)f0.

2. TX�CIYB
uηη = Auξ +Buη + Cu+ f0,N A 6= 0, \_A>==[YB. ^g37k u = exp

(
−B

2 + 4C

4A
ξ +

B

2
η

)
v D, �QjvA

vηη = Avξ + fNJ/, �g f = exp

(
B2 + 4C

4A
ξ − B

2
η

)
f0.

1.16 N h, a �{6n, |�u<
(
1 − x

h

)2

utt = a2

[(
1 − x

h

)2

ux

]

x

, x 6= hZ�NeO"Z:
u(x, t) =

F (x− at) +G(x+ at)

h− x
,'
 F, G ��RZpHx=eÆ�n	$VC�u<O[B� u(x, 0) = ϕ(x), ut(x, 0) = ψ(x) ZNZ"LY, '
 ϕ, ψ ��y�$ZN~�n.*o %�n ( v(x, t) = (h− x)u(x, t), CPD| v 	 u<

vtt − a2vxx = 0.l ( ξ = x− at, η = x+ at �", Llu<e%>�
vξη = 0.Gu<Z�N�

v = F (ξ) +G(η) = F (x− at) +G(x+ at),'
 F,G ��RZpHx=eÆ�n. bu<Z�NeO"Z:
u(x, t) =

F (x− at) +G(x+ at)

h− x
.



13tYB��AeOC
F (x) +G(x) = (h− x)ϕ(x), F (x) −G(x) = −1

a

∫ x

0

(h− ξ)ψ(ξ)dξ + C.ZGNC
F (x) =

1

2
(h− x)ϕ(x) − 1

2a

∫ x

0

(h− ξ)ψ(ξ)dξ +
C

2
,

G(x) =
1

2
(h− x)ϕ(x) +

1

2a

∫ x

0

(h− ξ)ψ(ξ)dξ − C

2
.B���ZN�

u(x, t) =
1

2
[ϕ(x + at) + ϕ(x − at)] +

at

2(h− x)
[ϕ(x − at) − ϕ(x+ at)]

+
1

2a(h− x)

∫ x+at

x−at

(h− ξ)ψ(ξ)dξ.



=F( Mi*mH
§2.1 ty��Yyq }r3NN��,Y℄�xGsZNt��;Z�{E�n�oa,ov��{E�n�V7LY℄��}y���Z}y�n�	UG, tYyq }r3N(8$Æyu<N��ZdG��, ℄;�N��kWZ}y���Z}y��}y�n	"��CpKu<Z}y���:

{
X ′′ + λX = 0, 0 < x < l,

x = 0 / x = l EZ�O�A,l(��O�A"Z}y��}y�n

1. �O�A℄ X(0) = X(l) = 0 T, }y� λn =

(nπ
l

)2

, }y�n Xn(x) = sin
nπx

l
;

2. �O�A℄X(0) = X ′(l) = 0T,}y� λn =
( (2n− 1)π

2l

)2

,}y�nXn(x) = sin
(2n− 1)π

2l
x;

3. �O�A℄X ′(0) = X(l) = 0T,}y� λn =
( (2n− 1)π

2l

)2

,}y�nXn(x) = cos
(2n− 1)π

2l
x;

4. �O�A℄ X ′(0) = X ′(l) = 0 T, }y� λn =
(nπ
l

)2

, }y�n Xn(x) = cos
nπx

l
;

5. �O�A℄ X(0) = X ′(l) + σX(l) = 0 T, }y� λn =
(γn

l

)2

, }y�n Xn(x) = sin
γnx

l
,'
 γn ℄u< tan γ = − γ

σl
Z^ n �{�;

6. �O�A℄ X ′(0) = X ′(l)+σX(l) = 0T, }y� λn =
(γn

l

)2

, }y�n Xn(x) = cos
γnx

l
,'
 γn ℄u< cot γ =

γ

σl
Z^ n �{�;

7. �O�A℄ X ′(0) − σX(0) = X(l) = 0 T, }y� λn =
(γn

l

)2

, }y�n Xn(x) =

γn

σl
cos

γnx

l
+ sin

γnx

l
, '
 γn ℄u< tan γ = − γ

σl
Z^ n �{�;

8. �O�A℄ X ′(0) − σX(0) = X ′(l) = 0 T, }y� λn =
(γn

l

)2

, }y�n Xn(x) =

γn

σl
cos

γnx

l
+ sin

γnx

l
, '
 γn ℄u< cot γ =

γ

σl
Z^ n �{�;

9. �O�A℄ X ′(0) − σ1X(0) = X ′(l) + σ2X(l) = 0 T, }y� λn =
(γn

l

)2

, }y�n
Xn(x) =

γn

σ1l
cos

γnx

l
+ sin

γnx

l
, '
 γn ℄u< cot γ =

1

(σ1 + σ2)l

(
γ − σ1σ2l

2

γ

) Z^ n �{�.�R, �[^s�1j,λ0 = 0 ,℄}y�,n I 0 aX4n, 'z1j n e℄I 1 aX4n.Kv5(d
^:4j. k^N��





utt − a2uxx = f(x, t), 0 < x < l, t > 0,

x = 0 / x = l EZ�O�A,
u(x, 0) = ϕ(x), ut(x, 0) = ψ(x), 0 ≤ x ≤ l,

14



15^U>6�n w(x, t), W�l ( u(x, t) = v(x, t) +w(x, t) ", �n v(x, t) 	 E")H�O�AZN��:






vtt − a2vxx = f(x, t) − (wtt − a2wxx), 0 < x < l, t > 0,

x = 0 / x = l EZ)H�O�A,
v(x, 0) = ϕ(x) − w(x, 0), vt(x, 0) = ψ(x) − wt(x, 0), 0 ≤ x ≤ l.(��O�AkWZ�n w(x, t) Z6r�:

1. �O�A� u(0, t) = u1(t), u(l, t) = u2(t) T, e6
w(x, t) = u1(t) +

x

l
(u2(t) − u1(t));

2. �O�A� u(0, t) = u1(t), ux(l, t) = u2(t) T, e6
w(x, t) = u2(t)x + u1(t);

3. �O�A� ux(0, t) = u1(t), u(l, t) = u2(t) T, e6
w(x, t) = u1(t)(x − l) + u2(t);

4. �O�A� ux(0, t) = u1(t), ux(l, t) = u2(t) T, e6
w(x, t) =

u2(t) − u1(t)

2l
x2 + u1(t)x;

5. �O�A� u(0, t) = u1(t), (ux + σu)(l, t) = u2(t) T, e6
w(x, t) =

u2(t) − σu1(t)

1 + σl
x+ u1(t);

6. �O�A� ux(0, t) = u1(t), (ux + σu)(l, t) = u2(t) T, e6
w(x, t) = u1(t)x +

1

σ
[u2(t) − (1 + σl)u1(t)];

7. �O�A� (ux − σu)(0, t) = u1(t), u(l, t) = u2(t) T, e6
w(x, t) =

u1(t) + σu2(t)

1 + σl
x+

u2(t) − lu1(t)

1 + σl
;

8. �O�A� (ux − σu)(0, t) = u1(t), ux(l, t) = u2(t) T, e6
w(x, t) = u2(t)x+

1

σ
[u2(t) − u1(t)];

9. �O�A� (ux − σ1u)(0, t) = u1(t), (ux + σ2u)(l, t) = u2(t) T, e6
w(x, t) =

σ1u2(t) + σ2u1(t)

σ1 + σ2 + σ1σ2l
x+

u2(t) − (1 + σ2l)u1(t)

σ1 + σ2 + σ1σ2l
.



16yq }r℄3Nn?�ru<Z,�ur	tYyq }r3Nn?�ru<ZK�*�℄

1. k^�Zx)Hu<ZB�����#��O�A)H%�
2. 2)WZ)Hu<ZB�����NT℄)H�O�A��yq } ( N u(x, t) = X(x)T (t))�VC|�6Æyu<�
3. �[)H�O�A�N�A�O/�^ X Z6Æyu<�;C}y���	<!3C}y�

λn O/kWZ}y�n Xn(x);

4. �3CZ}y� λn PF�^ T Z6Æyu<�NC Tn(t)��[K�+|�Q�n	E�℄>FVu<Y�[K�Q�n�E�℄$wdu<Y�[|�Q�n��
5. 6�∑

n

Xn(x)Tn(t), ktYB��A;b:�n�YYW)Hu<O[)H�O�AZB����Z6YN	IoYW)Hu<ZB�����eO℄x)H�O�A�Z6YN�
6. tY)H%br3Nx)Hu<ZB����./ TXP1J/N�ak7�NWyEK�=[YB

auxx + buxy + cuyy + dux + euy + fu = 0, (2.1)�g a, b, c, d, e h f R1-3, PQH^J'
u(x, y) = eαxeβyN7�[�J/N{, �g α h β �Q1℄3.[VL, tY

ux = αu, uxx = α2u, uy = βu, uyy = β2u, uxy = αβu,C'OF (2.1) ~,u(x, y) = eαxeβy ℄ (2.1) ZNU/RU
aα2 + bαβ + cβ2 + dα+ eβ + f = 0.U a 6= 0 T, �R� β, eOILY
NC|�� α1 � α2 (e�℄|�). U c 6= 0 T, �R� α, eOILY
NC|�� β1 � β2 (e�℄|�).fueOtY�M�, ;"�u<Z }yq6YZN:	d5u<: uxx + uyy = 0;"�5u<: ut = uxx;o55u<: utt = uxx.

§2.2 �	7
2.1 3N"�}y���
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(1)

{
u′′ + λu = 0, 0 < x < l,

u′(0) = u(l) = 0;

(2)

{
u′′ + λu = 0, 0 < x < 2π,

u(0) = u(2π), u′(0) = u′(2π);

(3)

{
u′′ + λu = 0, 0 < x < l,

u′(0) = u′(l) = 0.a (1) U λ ≤ 0 T, Y u ;u<|�$-yY
−
∫ l

0

(u′(x))2 dx+ λ

∫ l

0

u2(x)dx = 0.ZG�C, U λ < 0 T,u(x) ≡ 0�U λ = 0 T,u′(x) ≡ 0. kZ u(l) = 0 ~,u(x) ≡ 0. UG, U λ ≤ 0 T, ���x�N, xO λ ≤ 0 (℄}y�.U λ > 0 T, 5 λ = β2, β > 0. u<Z�N℄
u(x) = C1 cosβx+ C2 sinβx.Z u′(0) = 0 �~ C2 = 0. kZ u(l) = 0 �~

C1 cosβl = 0.GW u(x) ℄x�N, U/RU cosβl = 0, 0 β =
(2n− 1)π

2l
. ^℄

λn =

(
(2n− 1)π

2l

)2

, n = 1, 2, · · ·℄'}y�,un(x) = cos
(2n− 1)π

2l
x ℄kWZ}y�n	

(2) _�� (1) ptZy�~, U λ < 0 T,u(x) ≡ 0, xO λ < 0 (℄}y�.U λ = 0 T,u′(x) ≡ 0. GT��[x�N u(x) = u0 (6n). UG λ0 = 0 ℄}y�, e6}y�n
u0 = 1.U λ > 0 T, 5 λ = β2, β > 0. u<Z�N℄

u(x) = C1 cosβx+ C2 sinβx.�[�O�A~
{
C1 = C1 cos 2πβ + C2 sin 2πβ,

C2 = C2 cos 2πβ − C1 sin 2πβ.ZG�~ cos 2πβ = 1, UG β = n, n = 1, 2, · · · . xO}y�� λn = n2, n = 1, 2, · · · , kW}y�n�
un(x) = C1 cosnx+ C2 sinnx. �Le~,λn = n2, un,1(x) = sinnx, un,2(x) = cosnx, n = 0, 1, · · · .

(3) �^�� (1) Zy�~,λ < 0 (℄}y�.



18U λ = 0 T,u′(x) ≡ 0. GT[x�N u(x) = u0 (6n). UG λ0 = 0 ℄}y�, kWZ}y�ne6� u0 = 1.U λ > 0 T, 5 λ = β2, β > 0. u<Z�N℄
u(x) = C1 cosβx+ C2 sinβx.tY�O�AYC C2 = 0, −C1β sinβl = 0. GW u [x�N, �[ C1 6= 0, sinβl = 0. ZGYW

β =
nπ

l
, n = 1, 2, · · · . GT,λn =

(nπ
l

)2

, un(x) = cos
nπx

l
. �Le~, }y��}y�ny#℄

λn =
(nπ
l

)2

, un(x) = cos
nπx

l
, n = 0, 1, · · · .

2.2 |�"��n�l�Z4=L℄{EZ

(1) 1, cosx, cos 2x, cos 3x, · · · , 0 ≤ x ≤ π;

(2) sinπx, sin 2πx, sin 3πx, · · · , −1 ≤ x ≤ 1;

(3) 1, 1 − x, 1 − 2x+
1

2
x2 O[9�n r(x) = e−x, x ≥ 0.*o (1) k m,n ≥ 0, [
∫ π

0

cosmx cosnxdx =






π

2
, n = m 6= 0,

π, n = m = 0,

0, n 6= m.UG�n�l4= [0, π] L{E.

(2) k m,n ≥ 1, [
∫ 1

−1

sinmπx sinnπxdx =

{
1, n = m,

0, n 6= m.vq��n�l�Z4=L{E.

(3) 5 u1 = 1, u2 = 1 − x, u3 = 1 − 2x+
1

2
x2, %<

∫ ∞

0

u2
i e

−x dx > 0, i = 1, 2, 3,

∫ ∞

0

u1u2e
−x dx = Γ(1) − Γ(2) = 0,

∫ ∞

0

u1u3e
−x dx = Γ(1) − 2Γ(2) +

1

2
Γ(3) = 0,

∫ ∞

0

u2u3e
−x dx = Γ(1) − 3Γ(2) +

5

2
Γ(3) − 1

2
Γ(4) = 0.UG, �n�l�Z4=LO9�n r(x) = e−x {E.

2.3 l4= [0, l] L�}y���





d

dx

(
k(x)

dy

dx

)
− q(x)y(x) + λρ(x)y(x) = 0,

y(0) = y(l) = 0,



19'
 k(x) > k0 ≥ 0, q(x) > q0 ≥ 0, ρ(x) > ρ0 ≥ 0. a|'}y� λ > 0, $/kW^(�}y�Z}y�nO9�n ρ(x) {E	*o #|}y��{. lu<|��;O y, $I 0 W l -yY
ky

dy

dx

∣∣∣
l

0
−
∫ l

0

k
(dy

dx

)2

dx−
∫ l

0

qy2 dx+ λ

∫ l

0

ρy2 dx = 0.Z�O�A~, ky
dy

dx

∣∣∣
l

0
= 0. UG

λ

∫ l

0

ρy2 dx =

∫ l

0

k
(dy

dx

)2

dx+

∫ l

0

qy2 dx > 0.ZGY}y� λ > 0.k|kW^(�}y�Z}y�nO9�n ρ(x) {E	;N|�(�Z}y� λ1 � λ2 kWZ}y�ny#� y1 � y2. ��
d

dx

(
k(x)

dy1
dx

)
− qy1 + λ1ρy1 = 0, (2.2)

d

dx

(
k(x)

dy2
dx

)
− qy2 + λ2ρy2 = 0. (2.3)l (2.2) Y|��;O y2, l (2.3) Y|��;O y1, $I 0 W l -yY

k
dy1
dx

y2

∣∣∣
l

0
−
∫ l

0

k
dy1
dx

dy2
dx

dx−
∫ l

0

qy1y2dx+ λ1

∫ l

0

ρy1y2 dx = 0,

k
dy2
dx

y1

∣∣∣
l

0
−
∫ l

0

k
dy1
dx

dy2
dx

dx−
∫ l

0

qy1y2 dx+ λ2

∫ l

0

ρy1y2 dx = 0.tY�O�A�~,k
dy1
dx

y2

∣∣∣
l

0
= k

dy2
dx

y1

∣∣∣
l

0
= 0. L�Z|Y)?Y

∫ l

0

ρy1y2dx = 0.

2.4 N"�$wdu<ZN��

(1)






utt = uxx, 0 < x < 2, t > 0,

u(0, t) = u(2, t) = 0, t ≥ 0,

u(x, 0) =
1

2
sinπx, ut(x, 0) = 0, 0 ≤ x ≤ 2;

(2)





utt − a2uxx = 0, 0 < x < l, t > 0,

ux(0, t) = u(l, t) = 0, t ≥ 0,

u(x, 0) = cos
π

2l
x, 0 ≤ x ≤ l,

ut(x, 0) = cos
3π

2l
x+ cos

5π

2l
x, 0 ≤ x ≤ l;

(3)





utt = a2uxx, 0 < x < 1, t > 0,

u(0, t) = u(1, t) = 0, t ≥ 0,

u(x, 0) = ϕ(x), ut(x, 0) = ψ(x), 0 ≤ x ≤ 1,



20'
 ψ(x) = x(1 − x), ϕ(x) =

{
x, 0 ≤ x ≤ 1/2,

1 − x, 1/2 < x ≤ 1,
;

(4)





utt = a2uxx, 0 < x < π, t > 0,

u(0, t) = ux(π, t) = 0, t ≥ 0,

u(x, 0) = x3, ut(x, 0) = 0, 0 ≤ x ≤ π.a (1) yq }, � u(x, t) = X(x)T (t). PFu<Y
T ′′(t)

T (t)
=
X ′′(x)

X(x)
= −λ,0

X ′′ + λX = 0, T ′′ + λT = 0.tY�O�A u(0, t) = u(2, t) = 0 �~�X(0) = X(2) = 0. xO�kWZ}y����
{
X ′′ + λX = 0, 0 < x < 2,

X(0) = X(2) = 0.zZ}y�℄ λn =
(nπ

2

)2

, kWZ}y�n℄ Xn(x) = sin
nπx

2
. C λ = λn PF T Zu<NC

Tn(t) = Cn cos
nπt

2
+Dn sin

nπt

2
, n = 1, 2, · · · .x3��Z6YN℄

u(x, t) =

∞∑

n=1

sin
nπx

2

(
Cn cos

nπt

2
+Dn sin

nπt

2

)
.�[B��AY

u(x, 0) =

∞∑

n=1

Cn sin
nπx

2
=

1

2
sinπx,

ut(x, 0) =

∞∑

n=1

nπ

2
Dn sin

nπx

2
= 0.ZG;C�n

Dn = 0, Cn =

{
1
2 , n = 2,

0, n 6= 2.b��ZNY℄
u(x, t) =

1

2
cosπt sinπx.

(2) yq }, � u(x, t) = X(x)T (t). PFu<Y
T ′′(t)

a2T (t)
=
X ′′(x)

X(x)
= −λ,0

X ′′ + λX = 0, T ′′ + λa2T = 0.



21tY�O�A ux(0, t) = u(l, t) = 0 �~�X ′(0) = X(l) = 0. xO�kWZ}y���℄
{
X ′′ + λX = 0, 0 < x < l,

X ′(0) = X(l) = 0,'}y��kWZ}y�n℄
λn =

(
(2n− 1)π

2l

)2

, Xn(x) = cos
(2n− 1)πx

2l
, n = 1, 2, · · · .C λ = λn PF T Zu<NC

Tn(t) = Cn cos
(2n− 1)πat

2l
+Dn sin

(2n− 1)πat

2l
, n = 1, 2, · · · .b:Y6YN

u(x, t) =

∞∑

n=1

cos
(2n− 1)πx

2l

(
Cn cos

(2n− 1)πat

2l
+Dn sin

(2n− 1)πat

2l

)
.tYB��A;C�n

Cn =
2

l

∫ l

0

cos
(2n− 1)πx

2l
cos

πx

2l
dx =

{
1, n = 1,

0, n 6= 1,

Dn =
4

(2n− 1)πa

∫ l

0

cos
(2n− 1)πx

2l

(
cos

3π

2l
x+ cos

5π

2l
x

)
dx

=






2l

3πa
, n = 2,

2l

5πa
, n = 3,

0, n = 1, 4, 5 · · ·Io
u(x, t) = cos

πat

2l
cos

πx

2l
+

2l

3πa
sin

3πat

2l
cos

3πx

2l
+

2l

5πa
sin

5πat

2l
cos

5πx

2l
.

(3) �^�� (1) Zy�~, zZ6YN�
u(x, t) =

∞∑

n=1

sinnπx (Cn cosnπat+Dn sinnπat) .tYB��AY
Cn = 2

(∫ 1/2

0

x sinnπx dx+

∫ 1

1/2

(1 − x) sinnπxdx

)
=

4

(nπ)2
sin

nπ

2
,

Dn =
2

nπa

∫ 1

0

x(1 − x) sinnπxdx =
4

a(nπ)4
[1 − (−1)n].b��ZN℄

u(x, t) =

∞∑

n=1

(
4

(nπ)2
sin

nπ

2
cosnπat+

4

a(nπ)4
[1 − (−1)n] sinnπat

)
sinnπx.
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(4) �^�� (2) Zy�~, '6YN�
u(x, t) =

∞∑

n=1

sin
(2n− 1)x

2

(
Cn cos

(2n− 1)at

2
+Dn sin

(2n− 1)at

2

)
.�[B��A;C�n

Cn =
2

π

∫ π

0

x3 sin
(2n− 1)x

2
dx =

24(−1)n−1

(2n− 1)2π

(
π2 − 8

(2n− 1)2

)
, Dn = 0.#!Y��ZN

u(x, t) =
∞∑

n=1

24(−1)n−1

(2n− 1)2π

(
π2 − 8

(2n− 1)2

)
cos

(2n− 1)at

2
sin

(2n− 1)x

2
.

2.5 [Ki7� l Z!�, zZ"��|he_>, Khlb_, BX�g℄ x. 3��Z�gy)	a ��Z�gy)	 "�ZN��




ut = a2uxx, 0 < x < l, t > 0,

ux(0, t) = ux(l, t) = 0, t ≥ 0,

u(x, 0) = x, 0 ≤ x ≤ l.yq }, N u(x, t) = X(x)T (t). PFu<Y
T ′(t)

a2T (t)
=
X ′′(x)

X(x)
= −λ.tY�O�A ux(0, t) = ux(l, t) = 0 �~�X ′(0) = X ′(l) = 0. xO�kWZ}y����

{
X ′′ + λX = 0, 0 < x < l,

X ′(0) = X ′(l) = 0.zZ}y�℄ λn =
(nπ
l

)2

, kWZ}y�n℄ Xn(x) = cos
nπx

l
, n = 0, 1, · · · . C λ = λn PF T Zu<NC

Tn(t) = Cn exp

(
−
(nπa

l

)2

t

)
, n = 0, 1, 2, · · · .b:Y6YN:

u(x, t) =

∞∑

n=0

Cn exp

(
−
(nπa

l

)2

t

)
cos

nπx

l
.ZB��A;C�n

Cn =





2

l

∫ l

0

x cos
nπx

l
dx =

2l

n2π2
((−1)n − 1), n = 1, 2, · · · ,

1

l

∫ l

0

xdx =
l

2
, n = 0.xO

u(x, t) =
l

2
+

∞∑

n=1

2l

n2π2
((−1)n − 1) exp

(
−
(nπa

l

)2

t

)
cos

nπx

l

=
l

2
−

∞∑

n=1

4l

(2n− 1)2π2
exp

(
−
(

(2n− 1)πa

l

)2

t

)
cos

(2n− 1)πx

l
.
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2.6 N"�>FVu<ZN��

(1)






ut = a2uxx, 0 < x < l, t > 0,

u(0, t) = u(l, t) = 0, t ≥ 0,

u(x, 0) = x(l − x), 0 ≤ x ≤ l;

(2)






ut = a2uxx, 0 < x < π, t > 0,

ux(0, t) = ux(π, t) = 0, t ≥ 0,

u(x, 0) = sinx, 0 ≤ x ≤ π;

(3)





ut − a2uxx = 0, 0 < x < l, t > 0,

ux(0, t) − σu(0, t) = 0, t ≥ 0,

ux(l, t) + σu(l, t) = 0, t ≥ 0,

u(x, 0) = ϕ(x), 0 ≤ x ≤ l,'
6n σ > 0.a (1) �^ 2.5 �, Z�O�A~6YN�
u(x, t) =

∞∑

n=1

Cn exp

(
−
(nπa

l

)2

t

)
sin

nπx

l
.ZB��A;C�n

Cn =
2

l

∫ l

0

x(l − x) sin
nπx

l
dx =

4l2

(nπ)3
[1 − (−1)n]., N��ZN�

u(x, t) =

∞∑

n=1

4l2

n3π3
[1 − (−1)n] exp

(
−
(nπa

l

)2

t

)
sin

nπx

l

=

∞∑

n=1

8l2

(2n− 1)3π3
exp

(
−
(

(2n− 1)πa

l

)2

t

)
sin

(2n− 1)πx

l
.

(2) �^ 2.5 �, Z�O�A~6YN�
u(x, t) =

∞∑

n=0

Cne−n2a2t cosnx.ZB��A;C�n
C0 =

1

π

∫ π

0

sinxdx =
2

π
,

Cn =
2

π

∫ π

0

cosnx sinxdx =





0, n = 1,

2[(−1)n+1 − 1]

(n2 − 1)π
, n ≥ 2.#!Y��ZN�

u(x, t) =
2

π
− 2

π

∞∑

n=2

1 + (−1)n

n2 − 1
e−n2a2t cosnx.

(3) � u(x, t) = X(x)T (t), eY�^ T Zu< T ′ + a2λT = 0, ��^ X Z}y���
{
X ′′(x) + λX = 0, 0 < x < l,

X ′(0) − σX(0) = 0, X ′(l) + σX(l) = 0.
(2.4)



24P~,(2.4) Zu<Z�N�
X(x) = A cos

√
λx+B sin

√
λx.Z�O�A~

√
λB − σA = 0, tan

√
λl =

√
λB + σA√
λA− σB

=
2σ

√
λ

λ− σ2
.58fu< tan

√
λl +

2σ
√
λ

σ2 − λ
= 0 Z^ n �{�� λn, zY℄�� (2.4) Z}y�, kWZ}y�n�
Xn(x) = An cos

√
λnx+Bn sin

√
λnx

= Bn

(
sin
√
λnx+

√
λn

σ
cos
√
λnx

)

= Kn sin(
√
λnx+ θn),'
 θn = arctan

√
λn

σ
, Kn =

Bn

σ

√
σ2 + λn. C λn PF T Zu<, eY�N Tn(t) = Cne−a2λnt.b:Y��Z6YN

u(x, t) =

∞∑

n=1

Dne−a2λnt sin(
√
λnx+ θn).�[B��AeO;C�n

Dn =

∫ l

0

sin(
√
λn x+ θn)ϕ(x)dx

∫ l

0

sin2(
√
λn x+ θn)dx

.

2.7 7g� l Z`h!�ZBX�g��g, lh_ x = 0 E�>6� u0, olh_ x = l //�LJ_Æ�Q	[>E(, Q	Z�g��g. GT�LZ�gy)�n u(x, t) 	 




ut = a2uxx − b2u, 0 < x < l, t > 0,

u(0, t) = u0, (ux + σu)|x=l = 0, t ≥ 0,

u(x, 0) = 0, 0 ≤ x ≤ l.a3N u(x, t).a � u(x, t) = e−b2tv(x, t) + w(x), eOCb���%��^ v(x, t) ZN��





vt − a2vxx = 0, 0 < x < l, t > 0,

v(0, t) = (vx + σv)|x=l = 0, t ≥ 0,

v(x, 0) = −w(x), 0 ≤ x ≤ l

(2.5)��^ w(x) Z6Æyu<����
{
a2w′′(x) − b2w(x) = 0, 0 < x < l,

w(0) = u0, w′(l) + σw(l) = 0.
(2.6)#N6Æyu<���� (2.6), Y�N w(x) = Aeηx +Be−ηx, '
 η = b/a. Z�O�AY

A+B = u0, η(Aeηl −Be−ηl) + σ(Aeηl +Be−ηl) = 0.



25ZGNC
A =

u0(η − σ)e−ηl

2(η cosh ηl + σ sinh ηl)
, B =

u0(η + σ)eηl

2(η cosh ηl + σ sinh ηl)
.^℄

w(x) =
η cosh η(x− l) − σ sinh η(x− l)

η cosh ηl + σ sinh ηl
u0.kN�^ v(x, t) ZN�� (2.5). � v(x, t) = X(x)T (t), Y�^ T Zu< T ′ + a2λT = 0 O/�^

X Z}y���
{
X ′′(x) + λX = 0, 0 < x < l,

X(0) = X ′(l) + σX(l) = 0.�^L�, '}y�℄8fu< tan
√
λl +

√
λ

σ
= 0 Z^ n �{�, 5� λn, kWZ}y�n� Xn(x) =

sin
√
λnx. C λn PF T Zu<, eY�N Tn(t) = Cne−a2λnt. ^℄N��Z6YN℄

v(x, t) =

∞∑

n=1

Cne−a2λnt sin
√
λnx.�[B��A;C�n

Cn = −

∫ l

0

w(x) sin
√
λn xdx

∫ l

0

sin2
√
λnxdx

.

2.8 tYd`� Dirichlet ��NZ"LY, 3N����
{
uxx + uyy = 0, x2 + y2 < a2,

u|x2+y2=a2 = f,'
 f y#�

(1) f = A (6n)�
(2) f = A cos θ;

(3) f = A sin2 θ +B cos2 θ.a d`L Dirichlet ��NZ1n"LY�
u(ρ, θ) =

A0

2
+

∞∑

n=1

ρn(An cosnθ +Bn sinnθ),'
�n�
An =

1

πan

∫ 2π

0

f(θ) cosnθ dθ, n = 0, 1, 2, · · · ,

Bn =
1

πan

∫ 2π

0

f(θ) sinnθ dθ, n = 1, 2, · · · .� (1), (2), (3) 
Z�n f y#PF�YY
(1) A0 = 2A, An = Bn = 0, n ≥ 1. xO u(ρ, θ) = A.
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(2) �n�
Bn = 0, An =

1

πan

∫ 2π

0

A cos θ cosnθ dθ =

{
A/a, n = 1

0, n = 0, 2, 3, · · · .Io
u(ρ, θ) =

Aρ

a
cos θ.

(3) C f �2:
f = A+ (B −A) cos2 θ =

A+B

2
+
B −A

2
cos 2θ,eO;C Bn = 0, n = 1, 2, · · · ,

An =
1

πan

∫ 2π

0

(
A+B

2
+
B −A

2
cos 2θ

)
cosnθ dθ

=





A+B, n = 0,

(B −A)/2a2, n = 2,

0, 'z.ZGY
u(ρ, θ) =

A+B

2
+
B −A

2a2
ρ2 cos 2θ.

2.9 �W� a Z�d6�d�, '"�_>, l�ZdÆ�OL�>6� u0, ol'�W�OL�>6� u1. 3d���{Z�gy)	a VF.&!, b��e2:




urr +
1

r
ur +

1

r2
uθθ = 0, 0 < r < a, 0 < θ < π,

u(r, 0) = u(r, π) = u1, 0 ≤ r ≤ a,

u(a, θ) = u0, |u(0, θ)| <∞, 0 ≤ θ ≤ π.� u(r, θ) = v(r, θ) + u1, m v 	 N��




vrr +
1

r
vr +

1

r2
vθθ = 0, 0 < r < a, 0 < θ < π,

v(r, 0) = v(r, π) = 0, 0 ≤ r ≤ a,

v(a, θ) = u0 − u1, |v(0, θ)| <∞, 0 ≤ θ ≤ π.� v(r, θ) = R(r)Φ(θ), PFu<$yq }, YW|�6Æyu<ZN��
{

Φ′′ + λΦ = 0,

Φ(0) = Φ(π) = 0
(2.7)�

{
r2R′′ + rR′ − λR = 0, 0 < r < a,

|R(0)| <∞.



27Z�O�A~, }y��� (2.7) Z}y��}y�ny#�
λn = n2, Φn(θ) = sinnθ, n = 1, 2, · · · .C λ = λn PF R Zu<Y

r2R′′ + rR′ − n2R = 0, 0 < r < a; |R(0)| <∞.v℄K� Euler u< (� r = es e%>: R̈− n2R = 0), '	 |R(0)| <∞ Z[ON℄
Rn(r) = Cnr

n, n = 1, 2, · · · .b:, Y
v(r, θ) =

∞∑

n=1

Rn(r)Φn(θ) =
∞∑

n=1

Cnr
n sinnθ.tY�O�A;C�n

Cn =
2(u0 − u1)

πan

∫ π

0

sinnθ dθ =
2(u0 − u1)

nπan
[1 − (−1)n].^℄

v(r, θ) =

∞∑

n=1

2(u0 − u1)

nπ
[1 − (−1)n]

( r
a

)n

sinnθ

=
∞∑

n=1

4(u0 − u1)

(2n− 1)π

( r
a

)2n−1

sin(2n− 1)θ.b��ZN�
u(r, θ) = u1 +

∞∑

n=1

4(u0 − u1)

(2n− 1)π

( r
a

)2n−1

sin(2n− 1)θ.tY�[Y (|��~�)

∞∑

n=1

sin(2n− 1)θ

2n− 1
r2n−1 =

1

2
arctan

2r sin θ

1 − r2
, |r| < 1,℄eO2:

u(r, θ) = u1 +
2(u0 − u1)

π
arctan

2ar sin θ

a2 − r2
, 0 ≤ r < a./ �r3 ∞∑

n=1

sin(2n− 1)θ

2n− 1
r2n−1 Nh> 1

2
arctan

2r sin θ

1 − r2
.[VL, �RWoaY

1

2
ln

1 + z

1 − z
=

∞∑

n=1

z2n−1

2n− 1
, |z| < 1.



285 ε = cos θ + i sin θ, m sin θ =
1

2i
(ε− ε̄). UG

∞∑

n=1

sin(2n− 1)θ

2n− 1
r2n−1 =

1

2i

∞∑

n=1

(rε)2n−1 − (rε̄)2n−1

2n− 1

=
1

4i

(
ln

1 + rε

1 − rε
− ln

1 + rε̄

1 − rε̄

)

=
1

4i
ln

(1 + rε)(1 − rε̄)

(1 − rε)(1 + rε̄)

=
1

4i
ln

1 − r2 + r(ε − ε̄)

1 − r2 − r(ε − ε̄)

=
1

4i
ln

1 − r2 + 2ir sin θ

1 − r2 − 2ir sin θ

=
1

2
arctan

2r sin θ

1 − r2
(6��).

2.10 3N"�Z6`LZN��

(1)





uxx + uyy = 0, 0 < x < π, 0 < y < π,

ux(0, y) = y − π

2
, ux(π, y) = 0, 0 ≤ y ≤ π,

uy(x, 0) = uy(x, π) = 0, 0 ≤ x ≤ π;

(2)





uxx + uyy = 0, 0 < x < a, 0 < y < b,

u(0, y) = u(a, y) = 0, 0 ≤ y ≤ b,

u(x, 0) = 0, u(x, b) = f(x), 0 ≤ x ≤ a;

(3)





uxx + uyy = 0, 0 < x < a, 0 < y < b,

u(0, y) = 0, u(a, y) = Ay, 0 ≤ y ≤ b,

uy(x, 0) = uy(x, b) = 0, 0 ≤ x ≤ a.a (1) � u(x, y) = X(x)Y (y), PFu<Y
X ′′

X
= −Y

′′

Y
= λ,0

X ′′ − λX = 0, Y ′′ + λY = 0.tY�O�A~,Y ′(0) = Y ′(π) = 0. N}y���
{
Y ′′ + λY = 0, 0 < y < π,

Y ′(0) = Y ′(π) = 0,Y}y��}y�n�
λn = n2, Yn(y) = cosny, n = 0, 1, 2, · · · .u< X ′′ − λnX = 0 Z�N℄
X0(x) = a0 + a1x , n = 0,

Xn(x) = Cnenx +Dne−nx, n = 1, 2, · · · .



29b:, Y
u(x, y) = a0 + a1x+

∞∑

n=1

(Cnenx +Dne−nx) cosny.Z�O�A~





ux(0, y) = y − π

2
= a1 +

∞∑

n=1

n(Cn −Dn) cosny,

ux(π, y) = 0 = a1 +

∞∑

n=1

n(Cnenπ −Dne−nπ) cosny.ZGYC a1 = 0, O/




Cnenπ −Dne−nπ = 0,

Cn −Dn =
2

n3π
[(−1)n − 1].;C�n

Cn =
e−nπ[1 − (−1)n]

n3π sinhnπ
, Dn =

enπ[1 − (−1)n]

n3π sinhnπ
.#�Y

u(x, y) = a0 +

∞∑

n=1

2[1 − (−1)n]

n3π
· coshn(x− π)

sinhnπ
cosny,'
 a0 ��R6n.

(2) � u(x, y) = X(x)Y (y), PFu<Y
X ′′

X
= −Y

′′

Y
= −λ,0

X ′′ + λX = 0, Y ′′ − λY = 0.tY�O�A~,X(0) = X(a) = 0. N}y���
{
X ′′ + λX = 0, 0 < x < a,

X(0) = X(a) = 0,Y}y��}y�n�
λn =

(nπ
a

)2

, Xn(x) = sin
nπx

a
, n = 1, 2, · · · .u< Y ′′ − λnY = 0 Z�N℄

Yn(y) = Cnenπy/a +Dne−nπy/a.b:, Y
u(x, y) =

∞∑

n=1

(
Cnenπy/a +Dne−nπy/a

)
sin

nπx

a
.



30Z�O�A~




Cn +Dn = 0,

Cnenπb/a +Dne−nπb/a =
2

a

∫ a

0

f(ξ) sin
nπξ

a
dξ.ZGNC

Cn =

∫ a

0

f(ξ) sin
nπξ

a
dξ

a sinh
nπb

a

, Dn = −

∫ a

0

f(ξ) sin
nπξ

a
dξ

a sinh
nπb

a

.UG
u(x, y) =

2

a

∞∑

n=1

(∫ a

0

f(ξ) sin
nπξ

a
dξ

)
sinh

nπy

a

sinh
nπb

a

sin
nπx

a
.

(3) � u(x, y) = X(x)Y (y), PFu<Y
X ′′

X
= −Y

′′

Y
= λ,0

X ′′ − λX = 0, Y ′′ + λY = 0.tY�O�A~,Y ′(0) = Y ′(b) = 0. N}y���
{
Y ′′ + λY = 0, 0 < y < b,

Y ′(0) = Y ′(b) = 0,Y}y��}y�n�
λn =

(nπ
b

)2

, Yn(y) = cos
nπy

b
, n = 0, 1, · · · .u< X ′′ − λnX = 0 Z�N℄

X0(x) = C0x+D0 , n = 0,

Xn(x) = Cnenπx/b +Dne−nπx/b, n = 1, 2, · · · .b:, Y
u(x, y) = C0x+D0 +

∞∑

n=1

(
Cnenπx/b +Dne−nπx/b

)
cos

nπy

b
.Z�O�A~





u(0, y) = 0 = D0 +
∞∑

n=1

(Cn +Dn) cos
nπy

b
,

u(a, y) = Ay = C0a+D0 +

∞∑

n=1

(
Cnenπa/b +Dne−nπa/b

)
cos

nπy

b
.ZGNC,D0 = 0, C0 =

1

ab

∫ b

0

Aydy =
Ab

2a
, O/





Cn +Dn = 0,

Cnenπa/b +Dne−nπa/b =
2Ab

(nπ)2
[(−1)n − 1].
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Cn =

Ab[(−1)n − 1]

(nπ)2 sinh
nπa

b

, Dn =
Ab[1 − (−1)n]

(nπ)2 sinh
nπa

b

.#�Y
u(x, t) =

Abx

2a
+

2Ab

π2

∞∑

n=1

[(−1)n − 1]

n2
×

sinh
nπx

b

sinh
nπa

b

cos
nπy

b

=
Abx

2a
− 4Ab

π2

∞∑

n=1

sinh
(2n− 1)πx

b

sinh
(2n− 1)πa

b

×
cos

(2n− 1)πy

b
(2n− 1)2

.

2.11 3d&LZ^K����




∆u = urr +
1

r
ur +

1

r2
uθθ = f(r), r1 < r < r2,

u(r1, θ) = u(r2, θ) = 0, 0 ≤ θ < 2πZN, '
 f(r) �N~�n	a Z^�O�A/x)H, f(r) e_ θ ��, xON��[�k9N
u(r, θ) = u(r).vF, bu<Y[<^
(rur)r = rf(r).-yY

rur =

∫ r

r1

ρf(ρ)dρ+ C.|�DO r, kH-y$E(-yH<Y
u(r) =

∫ r

r1

1

t
dt

∫ t

r1

ρf(ρ)dρ+ C ln r +D

=

∫ r

r1

ρf(ρ)dρ

∫ r

ρ

1

t
dt+ C ln r +D

=

∫ r

r1

ρf(ρ) ln
r

ρ
dρ+ C ln r +D.Z�O�A~





C ln r1 +D = 0,

C ln r2 +D = −
∫ r2

r1

ρf(ρ) ln
r2
ρ

dρ.ZGY
C = − 1

ln r2 − ln r1

∫ r2

r1

ρf(ρ) ln
r2
ρ

dρ,

D =
ln r1

ln r2 − ln r1

∫ r2

r1

ρf(ρ) ln
r2
ρ

dρ.



32#�Y��ZN
u(r) =

∫ r

r1

ρf(ρ) ln
r

ρ
dρ+

ln r1 − ln r

ln r2 − ln r1

∫ r2

r1

ρf(ρ) ln
r2
ρ

dρ, r1 ≤ r ≤ r2.��HeY}yoar3N, SH�sw. [47ZfueOaKa.

2.12 3NN��




uxx + uyy = f(x, y), 0 < x < a, 0 < y < b,

u(0, y) = ϕ1(y), u(a, y) = ϕ2(y), 0 ≤ y ≤ b,

u(x, 0) = ψ1(x), u(x, b) = ψ2(x), 0 ≤ x ≤ a.a � u(x, y) = v(x, y) + ϕ1(y) +
x

a
[ϕ2(y) − ϕ1(y)], b��e�%��^ v ZN��:






vxx + vyy = f(x, y) − ϕ′′
1(y) − x

a
[ϕ′′

2(y) − ϕ′′
1 (y)], 0 < x < a, 0 < y < b,

v(0, y) = v(a, y) = 0, 0 ≤ y ≤ b,

v(x, 0) = ψ1(x) − ϕ1(0) − x

a
[ϕ2(0) − ϕ1(0)], 0 ≤ x ≤ a,

v(x, b) = ψ2(x) − ϕ1(b) −
x

a
[ϕ2(b) − ϕ1(b)], 0 ≤ x ≤ a.Z^�O�A�^ x ℄)HZ, Uo\[6YN

v(x, y) =

∞∑

n=1

fn(y) sin
nπx

a
.�; fn(y), C'PFu<Y

∞∑

n=1

(
f ′′

n (y) −
(nπ
a

)2

fn(y)

)
sin

nπx

a
= f(x, y) − ϕ′′

1 (y) − x

a
[ϕ′′

2 (y) − ϕ′′
1(y)].ZG~,fn(y) 	 pKx)H6Æyu<

f ′′
n (y) −

(nπ
a

)2

fn(y) =
2

a

∫ a

0

(
f(x, y) − ϕ′′

1(y) − x

a
[ϕ′′

2 (y) − ϕ′′
1 (y)]

)
sin

nπx

a
dx, 0 < y < b. (2.8)�[�O�A~






v(x, 0) = ψ1(x) − ϕ1(0) − x

a
[ϕ2(0) − ϕ1(0)] =

∞∑

n=1

fn(0) sin
nπx

a
,

v(x, b) = ψ2(x) − ϕ1(b) −
x

a
[ϕ2(b) − ϕ1(b)] =

∞∑

n=1

fn(b) sin
nπx

a
,ZGC





fn(0) =
2

a

∫ a

0

(
ψ1(x) − ϕ1(0) − x

a
[ϕ2(0) − ϕ1(0)]

)
sin

nπx

a
dx,

fn(b) =
2

a

∫ a

0

(
ψ2(x) − ϕ1(b) −

x

a
[ϕ2(b) − ϕ1(b)]

)
sin

nπx

a
dx.

(2.9)UG, 3N�^ fn(y) ZpK6Æyu<Z���� (2.8), (2.9), YeYbN��Z6YN. U<, Qe% (
u(x, y) = w(x, y) + ψ1(x) +

y

b
[ψ2(x) − ψ1(x)],



33YC�^ w ZN��. U��O�A�^ y ℄)HZ, uro�. G(�l.

2.13 k^ a � b (e�eZ1j, �u 2.3.2 Z3N�<'�z	a ��NTYW
λmn =

(
m2

a2
+
n2

b2

)
π2, m, n = 1, 2 · · · ,C'PF�^ T Zu< T ′′(t) + λmnT (t) = 0, eY�N

Tmn(t) = Cmn sin
√
λmnt+Dmn cos

√
λmnt, m, n = 1, 2 · · · .^℄b��Z6YN�

u(x, y, t) =

∞∑

m,n=1

(
Cmn sin

√
λmn t+Dmn cos

√
λmn t

)
sin

mπx

a
sin

nπy

b
. (2.10)�[B��A





u(x, y, 0) = ϕ(x, y) =

∞∑

m,n=1

Dmn sin
mπx

a
sin

nπy

b
,

ut(x, y, 0) = ψ(x, y) =
∞∑

m,n=1

√
λmnCmn sin

mπx

a
sin

nπy

b
,;C�n






Cmn =
4

ab
√
λmn

∫ b

0

∫ a

0

ψ(x, y) sin
mπx

a
sin

nπy

b
dxdy,

Dmn =
4

ab

∫ b

0

∫ a

0

ϕ(x, y) sin
mπx

a
sin

nπy

b
dxdy.C Cmn, Dmn Z"LYPF (2.10) YeYb��ZN.

2.14 3N"�N��

(1)






utt − a2uxx = sin
2πx

l
sin

2πat

l
, 0 < x < l, t > 0,

u(0, t) = u(l, t) = 0, t ≥ 0,

u(x, 0) = ut(x, 0) = 0, 0 ≤ x ≤ l;

(2)





utt = a2uxx, 0 < x < l, t > 0,

u(0, t) = t2, ux(l, t) = 0, t ≥ 0,

u(x, 0) = ut(x, 0) = 0, 0 ≤ x ≤ l;

(3)





utt − a2uxx = A sinhx, 0 < x < l, t > 0

u(0, t) = k0, u(l, t) = k, t ≥ 0,

u(x, 0) = ut(x, 0) = 0, 0 ≤ x ≤ l,'
 A, k0, k �6n;

(4)






ut = a2uxx, 0 < x < l, t > 0,

u(0, t) = 0, u(l, t) = At, t ≥ 0,

u(x, 0) = 0, 0 ≤ x ≤ l,



34'
 A �6n.a (1) tY)H%br~
u(x, t) =

∞∑

n=1

2

nπa
sin

nπx

l

∫ t

0

∫ l

0

sin
2πξ

l
sin

2πaτ

l
sin

nπξ

l
sin

nπa

l
(t− τ)dξ dτ.

=
1

πa
sin

2πx

l

∫ l

0

(
sin

2πξ

l

)2

dξ

∫ t

0

sin
2πaτ

l
sin

2πa

l
(t− τ)dτ

=
l

4πa

(
l

2πa
sin

2πat

l
− t cos

2πat

l

)
sin

2πx

l
.

(2) � u(x, t) = v(x, t) + t2 + w(x), PFu<Y




vtt − a2vxx = a2w′′(x) − 2, 0 < x < l, t > 0,

v(0, t) = −w(0), vx(l, t) = −w′(l), t ≥ 0,

v(x, 0) = −w(x), vt(x, 0) = 0, 0 ≤ x ≤ l.�W v Zu<��O�Ae℄)HZ, 6 w ℄����
{
a2w′′(x) − 2 = 0, 0 < x < l,

w(0) = w′(l) = 0ZN, 3C
w(x) =

x2

a2
− 2lx

a2
.k^v� w(x), �n v(x, t) 	 N��





vtt − a2vxx = 0, 0 < x < l, t > 0,

v(0, t) = vx(l, t) = 0, t ≥ 0,

v(x, 0) = −w(x), vt(x, 0) = 0, 0 ≤ x ≤ l.Z�O�A~, '6YN�
v(x, t) =

∞∑

n=1

(
Cn cos

(2n− 1)πat

2l
+Dn sin

(2n− 1)πat

2l

)
sin

(2n− 1)πx

2l
.ktYB��AY

Cn =
2

l

∫ l

0

(2lx

a2
− x2

a2

)
sin

(2n− 1)πx

2l
dx =

32l2

(2n− 1)3π3a2
, Dn = 0, n = 1, 2, · · · ,xO

v(x, t) =
∞∑

n=1

32l2

(2n− 1)3π3a2
sin

(2n− 1)πx

2l
cos

(2n− 1)πat

2l
.^℄bN��ZN�

u(x, t) = t2 +
x2

a2
− 2lx

a2
+

∞∑

n=1

32l2

(2n− 1)3π3a2
sin

(2n− 1)πx

2l
cos

(2n− 1)πat

2l
.

(3) � u(x, t) = v(x, t) + w(x), PFu<Y





vtt − a2vxx = a2w′′(x) +A sinhx, 0 < x < l, t > 0,

v(0, t) = k0 − w(0), v(l, t) = k − w(l), t ≥ 0,

v(x, 0) = −w(x), vt(x, 0) = 0, 0 ≤ x ≤ l.



35�W v Zu<��O�Ae℄)HZ, 6 w ℄����
{
a2w′′(x) +A sinhx = 0, 0 < x < l,

w(0) = k0, w(l) = kZN, YC
w(x) = k0 −

A

a2
sinhx+

(
A

a2
sinh l + k − k0

)
x

l
.k^vF;Z w(x), �n v(x, t) 	 N��






vtt − a2vxx = 0, 0 < x < l, t > 0,

v(0, t) = v(l, t) = 0, t ≥ 0,

v(x, 0) = −w(x), vt(x, 0) = 0, 0 ≤ x ≤ l.Z�O�A~, '6YN�
v(x, t) =

∞∑

n=1

(
Cn cos

nπat

l
+Dn sin

nπat

l

)
sin

nπx

l
.�[B��A;C�n

Cn = −2

l

∫ l

0

w(ξ) sin
nπξ

l
dξ, Dn = 0, n = 1, 2, · · · .^℄

v(x, t) = −2

l

∞∑

n=1

(∫ l

0

w(ξ) sin
nπξ

l
dξ

)
cos

nπat

l
sin

nπx

l
.#�3YbN��ZN�

u(x, t) = w(x) − 2

l

∞∑

n=1

(∫ l

0

w(ξ) sin
nπξ

l
dξ

)
cos

nπat

l
sin

nπx

l

= k0 −
A

a2
sinhx+

(
A

a2
sinh l + k − k0

)
x

l
− 2

l

∞∑

n=1

(∫ l

0

w(ξ) sin
nπξ

l
dξ

)
cos

nπat

l
sin

nπx

l
.

(4) � u(x, t) = v(x, t) +
A

l
xt+ w(x), PFu<Y






vt − a2vxx = a2w′′(x) − A

l
x, 0 < x < l, t > 0,

v(0, t) = −w(0), v(l, t) = −w(l), t ≥ 0,

v(x, 0) = −w(x), 0 ≤ x ≤ l.�W v Zu<��O�Ae℄)HZ, 6 w ℄����



a2w′′(x) − A

l
x = 0, 0 < x < l,

w(0) = w(l) = 0ZN, YC
w(x) =

A

6a2l
x(x2 − l2).



36k^vF;Z w(x), �n v(x, t) 	 N��





vt − a2vxx = 0, 0 < x < l, t > 0,

v(0, t) = v(l, t) = 0, t ≥ 0,

v(x, 0) = − A

6a2l
x(x2 − l2), 0 ≤ x ≤ l.Z�O�A~, '6YN�

v(x, t) =

∞∑

n=1

Cn exp

(
−
(nπa

l

)2

t

)
sin

nπx

l
.�[B��A;C�n

Cn = −2

l

∫ l

0

A

6a2l
x(x2 − l2) sin

nπx

l
dx =

(−1)n+12Al2

n3π3a2
.^℄

v(x, t) =

∞∑

n=1

(−1)n+1 2Al2

n3π3a2
exp

(
−
(nπa

l

)2

t

)
sin

nπx

l
.#!YCbN��ZN�

u(x, t) =
A

6a2l
x(x2 − l2) +

A

l
xt+

∞∑

n=1

(−1)n+1 2Al2

n3π3a2
exp

(
−
(nπa

l

)2

t

)
sin

nπx

l
.

2.15 [KiBsÆ�'loZ%�, �Z�g`h,  g℄ l. N~BXTf%�Z�S}℄ A�6n�, pyl%�ZL�"|�O[ug β .�+lK	3%�Z�S} (;N��pyZlK�n℄ 1)	a v℄K�lK��, �S} u(x, t) 	 "�ZN��





ut = a2uxx, 0 < x < l, t > 0,

ux(0, t) = β, ux(l, t) = −β, t ≥ 0,

u(x, 0) = A, 0 ≤ x ≤ l.#C�O�A)H%. � u(x, t) = v(x, t) − β

l
x2 + βx, PFu<Y






vt − a2vxx = −2a2β

l
, 0 < x < l, t > 0,

vx(0, t) = vx(l, t) = 0, t ≥ 0,

v(x, 0) = A+
β

l
x2 − βx, 0 ≤ x ≤ l.<!Cu<)H%. � v(x, t) = w(x, t) +A− 2a2β

l
t, Y�^ w ZN��






wt − a2wxx = 0, 0 < x < l, t > 0,

wx(0, t) = wx(l, t) = 0, t ≥ 0,

w(x, 0) =
β

l
x2 − βx, 0 ≤ x ≤ l.tY�O�A~, '6YN�

w(x, t) = C0 +

∞∑

n=1

Cn exp

(
−
(nπa

l

)2

t

)
cos

nπx

l
.
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C0 =

1

l

∫ l

0

(β
l
x2 − βx

)
dx = −βl

6
, n = 0,

Cn =
2

l

∫ l

0

(β
l
x2 − βx

)
cos

nπx

l
dx =

2βl

n2π2
[1 + (−1)n], n = 1, 2, · · · .ZGY

w(x, t) = −βl
6

+

∞∑

n=1

2βl

n2π2
[1 + (−1)n] exp

(
−
(nπa

l

)2

t

)
cos

nπx

l
.

= −βl
6

+

∞∑

n=1

βl

n2π2
exp

(
−
(

2nπa

l

)2

t

)
cos

2nπx

l
.Yb��ZN

u(x, t) = −β
l
x2 + βx+A− 2a2β

l
t− βl

6
+

∞∑

n=1

βl

n2π2
exp

(
−
(

2nπa

l

)2

t

)
cos

2nπx

l
.

2.16 3N"�*���

(1)





utt − a2uxx = −ω
2x

l
sinωt, 0 < x < l, t > 0,

u(0, t) = ωt, u(l, t) = sinωt, t ≥ 0,

u(x, 0) = 0, ut(x, 0) = ω, 0 ≤ x ≤ l;

(2)






utt − a2uxx = bux, 0 < x < l, t > 0,

u(0, t) = 0, u(l, t) = Bt, t ≥ 0,

u(x, 0) = ut(x, 0) = 0, 0 ≤ x ≤ l;

(3)






utt − uxx = ex, 0 < x < l, t > 0,

ux(0, t) = −1, u(l, t) = t, t ≥ 0,

u(x, 0) = ut(x, 0) = 0, 0 ≤ x ≤ l;

(4)





ut = a2uxx − b2u, 0 < x < l, t > 0,

u(0, t) = u(l, t) = 0, t ≥ 0,

u(x, 0) = ϕ(x), 0 ≤ x ≤ l.vsZ ω, b, B �N~6n,ϕ(x) �N~Zx=�n	a (1) #C�O�A)H%. � u(x, t) = v(x, t) + ωt+
x

l
(sinωt− ωt), Y�^ v ZN��





vtt − a2vxx = 0, 0 < x < l, t > 0,

v(0, t) = v(l, t) = 0, t ≥ 0,

v(x, 0) = vt(x, 0) = 0, 0 ≤ x ≤ l.�N���[�N v(x, t) = 0. UGb��ZN�
u(x, t) = ωt+

x

l
(sinωt− ωt).



38

(2) % ( u = e−bx/(2a2)v, mb���%� v ZN��





vtt − a2vxx = − b2

4a2
v, 0 < x < l, t > 0,

v(0, t) = 0, v(l, t) = ebl/(2a2)Bt, t ≥ 0,

v(x, 0) = vt(x, 0) = 0, 0 ≤ x ≤ l.C�O�A)H%. � v(x, t) = w(x, t) +
B

l
ebl/(2a2)xt, Y�^ w ZN��





wtt − a2wxx = − b2

4a2
w − b2B

4a2l
ebl/(2a2)xt, 0 < x < l, t > 0,

w(0, t) = w(l, t) = 0, t ≥ 0,

w(x, 0) = 0, wt(x, 0) = −B
l

ebl/(2a2)x, 0 ≤ x ≤ l.k� w(x, t) = p(x, t) + q(x, t), '
 p, q y#℄N��





ptt − a2pxx = − b2

4a2
p, 0 < x < l, t > 0,

p(0, t) = p(l, t) = 0, t ≥ 0,

p(x, 0) = 0, pt(x, 0) = −B
l

ebl/(2a2)x, 0 ≤ x ≤ l�




qtt − a2qxx = − b2

4a2
q − b2B

4a2l
ebl/(2a2)xt, 0 < x < l, t > 0,

q(0, t) = q(l, t) = 0, t ≥ 0,

q(x, 0) = qt(x, 0) = 0, 0 ≤ x ≤ lZN. #N^K�N��. � p(x, t) = X(x)T (t), PFu<$yq }Y
T ′′ + η2T

a2T
=
X ′′

X
= −λ , −β2,'
 η2 = b2/(4a2). vF, YYW|�6Æyu<N��

{
X ′′ + β2X = 0, 0 < x < l,

X(0) = X(l) = 0�
T ′′ + (η2 + a2β2)T = 0.N X Z}y���, YW}y��}y�n�

λn = β2
n =

(nπ
l

)2

, Xn(x) = sin
nπx

l
, n = 1, 2, · · · .C λn PF T Zu<, Y�N

Tn(t) = Cn cos γnt+Dn sin γnt,'

γn =

√
η2 + a2β2

n =

√(nπa
l

)2

+
b2

4a2
.



39b:Y
p(x, t) =

∞∑

n=1

(Cn cos γnt+Dn sinγnt) sin
nπx

l
.ZB��AY

Cn = 0, Dn = − 2

γnl

∫ l

0

B

l
ebl/(2a2)x sin

nπx

l
dx =

2(−1)n

nπγn
Bebl/(2a2).xO

p(x, t) =
2B

π
ebl/(2a2)

∞∑

n=1

(−1)n

nγn
sinγnt sin

nπx

l
.k^p�N��-Y)H%brY

q(x, t) =

∞∑

n=1

2

γnl
sin

nπx

l

∫ t

0

∫ l

0

(
− b2B

4a2l
ebl/(2a2)ξτ

)
sin

nπξ

l
sin γn(t− τ)dξ dτ.

=
b2B

2a2π
ebl/(2a2)

∞∑

n=1

(−1)n

nγ2
n

sin
nπx

l

(
t− sin γnt

γn

)
.�GYb��ZN�

u(x, t) = e−bx/(2a2)
(
p(x, t) + q(x, t) +

B

l
ebl/(2a2)xt

)

= exp

(
b(l − x)

2a2

){
B

l
xt+

B

π

∞∑

n=1

(−1)n

nγn

[(
2 − b2

2a2γ2
n

)
sin γnt+

b2

2a2γn
t

]
sin

nπx

l

}
.

(3) � u(x, t) = v(x, t) + t+ w(x), PFu<Y




vtt − vxx = w′′(x) + ex, 0 < x < l, t > 0,

vx(0, t) = −1 − w′(0), v(l, t) = −w(l), t ≥ 0,

v(x, 0) = −w(x), vt(x, 0) = −1, 0 ≤ x ≤ l.�W v Zu<��O�Ae℄)HZ, 6 w ℄����
{
w′′(x) + ex = 0, 0 < x < l,

w′(0) = −1, w(l) = 0ZN, 3C
w(x) = −ex + el.^℄, �n v(x, t) 	 N��





vtt − vxx = 0, 0 < x < l, t > 0,

vx(0, t) = v(l, t) = 0, t ≥ 0,

v(x, 0) = −w(x), vt(x, 0) = −1, 0 ≤ x ≤ l.tY�O�A~, '6YN�
v(x, t) =

∞∑

n=1

(Cn cosβnt+Dn sinβnt) cosβnx, '
 βn =
(2n− 1)π

2l
.



40ZB��A;C�n
Cn =

2

l

∫ l

0

(ex − el) cosβnxdx = −2(βn + (−1)n+1el)

βn(1 + β2
n)l

,

Dn = − 2

βnl

∫ l

0

cosβnxdx = −2(−1)n+1

lβ2
n

.xO
v(x, t) = −2

l

∞∑

n=1

(
βn + (−1)n+1el

βn(1 + β2
n)

cosβnt+
(−1)n+1

β2
n

sinβnt

)
cosβnx.bN��ZN�

u(x, t) = el + t− ex − 2

l

∞∑

n=1

(
βn + (−1)n+1el

βn(1 + β2
n)

cosβnt−
(−1)n

β2
n

sinβnt

)
cosβnx.

(4) � u(x, t) = e−b2tv(x, t), b��e�%� v ZN��




vt − a2vxx = 0, 0 < x < l, t > 0,

v(0, t) = v(l, t) = 0, t ≥ 0,

v(x, 0) = ϕ(x), 0 ≤ x ≤ l.Z�O�A~, zZ6YN�
v(x, t) =

∞∑

n=1

Cn exp

(
−
(nπa

l

)2

t

)
sin

nπx

l
.ZB��A;C�n

Cn =
2

l

∫ l

0

ϕ(ξ) sin
nπξ

l
dξ, n = 1, 2, · · · ,^℄Yb��ZN

u(x, t) = e−b2t
∞∑

n=1

(
2

l

∫ l

0

ϕ(ξ) sin
nπξ

l
dξ

)
exp

(
−
(nπa

l

)2

t

)
sin

nπx

l
.

2.17 �N�� 




ut − uxx = β(u0 − u), 0 < x < l, t > 0,

u(0, t) = u1, u(l, t) = u2, t ≥ 0,

u(x, 0) = f(x), 0 ≤ x ≤ l,'
 β, u0, u1, u2 e℄6n	a|�l ( u(x, t) = u0 + v(x, t)e−βt �", GN���%�





vt − vxx = 0, 0 < x < l, t > 0,

v(0, t) = (u1 − u0)e
βt, v(l, t) = (u2 − u0)e

βt, t ≥ 0,

v(x, 0) = f(x) − u0, 0 ≤ x ≤ l,

(2.11)$ZG3CU u1 = u2 = u0 T u(x, t) Z"LY	a #|� v 	 LlN�� (2.11). %<[
ut = (vt − βv)e−βt, uxx = vxxe−βt.



41PFbu<Y
(vt − βv)e−βt − vxxe−βt = −βve−βt,0

vt − vxx = 0.)WZ�O�A :
v(0, t) = (u(0, t) − u0)e

βt = (u1 − u0)e
βt,

v(l, t) = (u(l, t) − u0)e
βt = (u2 − u0)e

βt,B��A :
v(x, 0) = u(x, 0) − u0 = f(x) − u0.UoM�:v.U u1 = u2 = u0 T, N�� (2.11) :�






vt − vxx = 0, 0 < x < l, t > 0,

v(0, t) = v(l, t) = 0, t ≥ 0,

v(x, 0) = f(x) − u0, 0 ≤ x ≤ l.Z�O�A~, zZ6YN�
v(x, t) =

∞∑

n=1

Cn exp

(
−
(nπ
l

)2

t

)
sin

nπx

l
.ZB��AC�n

Cn =
2

l

∫ l

0

(f(ξ) − u0) sin
nπξ

l
dξ, n = 1, 2, · · · .^℄Yb��ZN

u(x, t) = u0 + e−βt
∞∑

n=1

(
2

l

∫ l

0

(f(ξ) − u0) sin
nπξ

l
dξ

)
exp

(
−
(nπ
l

)2

t

)
sin

nπx

l
.

2.18 Y}yoar3N��




utt − uxx =
1

2
xt, 0 < x < π, t > 0,

u(0, t) = u(π, t) = 0, t ≥ 0,

u(x, 0) = sinx, ut(x, 0) = 0, 0 ≤ x ≤ π.a �[N��Z�O�Ae~, %� x Z�n,u(x, t) � 1

2
xt eeO}y�n� {

sinnx
}∞

n=1oa:

u(x, t) =

∞∑

n=1

un(t) sinnx,
1

2
xt =

∞∑

n=1

fn(t) sinnx,'

fn(t) =

(−1)n+1

n
t, n = 1, 2, · · · .



42�v|�oaYPFu<Y
∞∑

n=1

[u′′n(t) + n2un(t) − fn(t)] sinnx = 0.Z}y�n�Z�8e~
u′′n(t) + n2un(t) = fn(t).�[B��A u(x, 0) = sinx, ut(x, 0) = 0, C

u1(0) = 1, un(0) = 0, n = 2, 3, · · · ,

u′n(0) = 0, n = 1, 2, · · · .tY6Æyu<Z6n PrNC
un(t) =

1

n

∫ t

0

fn(τ) sinn(t− τ)dτ + un(0) cosnt

=





t− sin t+ cos t, n = 1,

(−1)n+1

n3

(
t− sinnt

n

)
, n ≥ 2.^℄

u(x, t) = (t− sin t+ cos t) sinx+

∞∑

n=2

(−1)n+1

n3

(
t− sinnt

n

)
sinnx

= cos t sinx+

∞∑

n=1

(−1)n+1

n3

(
t− sinnt

n

)
sinnx.

2.19 k^u 2.7.2, 2CY^p�ur3NZ*!�<	a u 2.7.2 
ZN���





ut − a2uxx = −b2u, 0 < x < l, t > 0,

ux(0, t) = 0, u(l, t) = u1, t ≥ 0,

u(x, 0) =
u1

l2
x2, 0 ≤ x ≤ l,'
 b, u1 e℄6n. �I% (, � v(x, t) = u(x, t)eb2t, m[






vt − a2vxx = 0, 0 < x < l, t > 0,

vx(0, t) = 0, v(l, t) = u1e
b2t, t ≥ 0,

v(x, 0) =
u1

l2
x2, 0 ≤ x ≤ l.kC�O�A)H%, � v(x, t) = w(x, t) + u1e

b2t, ��[




wt − a2wxx = −u1b
2eb2t, 0 < x < l, t > 0,

wx(0, t) = w(l, t) = 0, t ≥ 0,

w(x, 0) =
u1

l2
x2 − u1, 0 ≤ x ≤ l.



43GN��ZNeyN: w(x, t) = p(x, t) + q(x, t), '
 p, q y#	 





pt − a2pxx = 0, 0 < x < l, t > 0,

px(0, t) = p(l, t) = 0, t ≥ 0,

p(x, 0) =
u1

l2
x2 − u1, 0 ≤ x ≤ l�





qt − a2qxx = −u1b
2eb2t, 0 < x < l, t > 0,

qx(0, t) = q(l, t) = 0, t ≥ 0,

q(x, 0) = 0, 0 ≤ x ≤ l.N^K�N��, Y
p(x, t) =

∞∑

n=1

(
2

l

∫ l

0

(u1

l2
ξ2 − u1

)
cosβnξ dξ

)
e−a2β2

n
t cosβnx

=

∞∑

n=1

(−1)n32u1

(2n− 1)3π3
e−a2β2

n
t cosβnx, '
 βn =

(2n− 1)π

2l
.k^p�N��-Y)H%br, Y

q(x, t) =

∞∑

n=1

2

l
cosβnx

∫ t

0

∫ l

0

(−u1b
2eb2τ )e−a2β2

n
(t−τ) cosβnξ dξ dτ

=

∞∑

n=1

cosβnx

∫ t

0

(−1)n2u1b
2

βnl
e−a2β2

n
(t−τ)+b2τ dτ

=

∞∑

n=1

(−1)n 4u1b
2

(2n− 1)π
· eb2t − e−a2β2

n
t

b2 + a2β2
n

cosβnx.UG, b��ZN�
u(x, t) = e−b2t

(
p(x, t) + q(x, t) + u1e

b2t
)

= u1 +
32u1

π3
e−b2t

∞∑

n=1

(−1)n 1

(2n− 1)3
e−a2β2

n
t cosβn

+

∞∑

n=1

(−1)n 4b2u1

(2n− 1)π
· 1 − e−(b2+a2β2

n
)t

b2 + a2β2
n

cosβn,'
 βn = (2n− 1)π/(2l).

2.20 2CN�� 




ut − a2uxx = f(x), 0 < x < l, t > 0,

u(0, t) = A, u(l, t) = B, t ≥ 0,

u(x, 0) = g(x), 0 ≤ x ≤ lNZK�6Y	a � u(x, t) = v(x, t) + w(x), PFu<Y





vt − a2vxx = a2w′′(x) + f(x), 0 < x < l, t > 0,

v(0, t) = A− w(0), v(l, t) = B − w(l), t ≥ 0,

v(x, 0) = g(x) − w(x), 0 ≤ x ≤ l.



44�W v Zu<��O�Ae℄)HZ, 6 w ℄����
{
a2w′′(x) + f(x) = 0, 0 < x < l,

w(0) = A, w(l) = BZN, YC
w(x) = F (x) +

B −A− F (l)

l
x+A,'
 F (x) ℄ − 1

a2
f(x) ZpH-y, 	 F (0) = 0. k^v�;Z w(x), v 	 N��





vt − a2vxx = 0, 0 < x < l, t > 0,

v(0, t) = v(l, t) = 0, t ≥ 0,

v(x, 0) = g(x) − w(x), 0 ≤ x ≤ l.tY�O�A~, '6YN�
v(x, t) =

∞∑

n=1

Cn exp

(
−
(nπa

l

)2

t

)
sin

nπx

l
.ZB��A;C�n

Cn =
2

l

∫ l

0

G(s) sin
nπs

l
ds,'


G(s) = g(s) − F (s) +
F (l) +A−B

l
s−A.IoYbN��NZK�6Y�

u(x, t) = A+ F (x) +
B −A− F (l)

l
x

+
2

l

∞∑

n=1

(∫ l

0

G(s) sin
nπs

l
ds

)
exp

(
−
(nπa

l

)2

t

)
sin

nπx

l
.

2.21 NB����




utt + a2uxxxx = 0, 0 < x < l, t > 0,

u(x, 0) = x(x − l), ut(x, 0) = 0, 0 ≤ x ≤ l,

u(0, t) = u(l, t) = uxx(0, t) = uxx(l, t) = 0, t ≥ 0.a � u(x, t) = X(x)T (t), PFu<$yq }, Y
− T ′′

a2T
=
X(4)

X
= λ,0

X(4) − λX = 0,

T ′′ + a2λT = 0.tY�O�A~,X(0) = X(l) = X ′′(0) = X ′′(l) = 0. N}y���
{
X(4) − λX = 0, 0 < x < l,

X(0) = X(l) = X ′′(0) = X ′′(l) = 0.
(2.12)



45N X(x) ℄�� (2.12) ZN. Y X ;O (2.12) Zu<$l [0, l] -y, ky+-yY
λ

∫ l

0

X2(x)dx =

∫ l

0

(X ′′(x))2dx. (2.13)E� λ = 0, m X 	 {
X ′′(x) = 0, 0 < x < l,

X(0) = X(l) = 0.^℄ X(x) ≡ 0. E� λ < 0. Z (2.13) YY X(x) ≡ 0. ��, k^ λ ≤ 0, �� (2.12) �[x�N. xO�� (2.12) Z}y� λ KN^�.5 λ = β4, β > 0. GT, �� (2.12) Z�N�
X(x) = A coshβx +B sinhβx+ C cosβx+D sinβx.tY�O�AY





A+ C = 0,

A− C = 0,

A coshβl +B sinhβl + C cosβl +D sinβl = 0,

A coshβl +B sinhβl − C cosβl −D sinβl = 0.�[,|�u<eY A = C = 0. y�!|�u<e~ B = 0, D sinβl = 0. UG, �� (2.12) [x�NU/RU sinβl = 0. vFY3C~}y��}y�n:

λn = β4
n =

(nπ
l

)4

, Xn(x) = sin
nπx

l
, n = 1, 2, · · · .C β4

n =
(nπ
l

)4 PF T Zu<, NC�N
Tn(t) = An cos

(
a
(nπ
l

)2

t
)

+Bn sin
(
a
(nπ
l

)2

t
)
.b:Y6YN

u(x, t) =
∞∑

n=1

{
An cos

(
a
(nπ
l

)2

t
)

+Bn sin
(
a
(nπ
l

)2

t
)}

sin
nπx

l
.�[B��A;C�n

An =
2

l

∫ l

0

x(x − l) sin
nπx

l
dx =

4l2

(nπ)3
[(−1)n − 1], Bn = 0, n = 1, 2, · · · ,Io

u(x, t) =

∞∑

n=1

4l2

(nπ)3
[(−1)n − 1] cos

(
a
(nπ
l

)2

t
)

sin
nπx

l

= −
∞∑

n=1

8l2

(2n− 1)3π3
cos
(
a
( (2n− 1)π

l

)2

t
)

sin
(2n− 1)πx

l
.



={( XM*UH
§3.1 ty��

Fourier )TA! 3.1 + f ∈ L1(Rn), � f 	M�[�di	'e
f̂(λ) =

∫

Rn

f(x)e−iλ·x dx.�UV[g3NFouriern[Q�d, T7WN x ∈ R
n
, A�

f(x) =
1

(2π)n

∫

Rn

f̂(λ)eix·λ dλ,�g
λ = (λ1, · · · , λn) ∈ R

n, x = (x1, · · · , xn) ∈ R
n,

λ · x = x · λ = x1λ1 + · · · + xnλn,

∫

Rn

=

∫

R1

· · ·
∫

R1︸ ︷︷ ︸
n

,

dx = dx1 · · · dxn, dλ = dλ1 · · · dλn.g3 f̂(λ) �> f N n ?Fourier)T. f(x) �> f̂(λ) NFourieru)T, t> F−1[f̂ ](x), l F−1[f̂ ]. W,O� f > f̂ NG\g3l\g3	"��C Fourier  (/'� (Z,�8	 (K�16). �;Nx|�Z�nZ Fourier  (�� (�Kl	�- 1�(88	�Fourier  (/'� (e℄(8 (, 0k^�RZ�n f, g _6n α, β, :v
F [αf + βg] = αF [f ] + βF [g] = αf̂(λ) + βĝ(λ),

F−1[αf̂ + βĝ] = αF−1[f̂ ] + βF−1[ĝ] = αf + βg.�- 2��M8	�k^�RZ�n f /6n b, :v
F [f(x− b)] = e−ibλF [f(x)], F [f(x)eibx] = f̂(λ− b).�- 3�)t8	�k^�RZ�n f /6n a 6= 0, :v F [f(ax)] = 1

|a| f̂(λ
a ).�- 4�Æy8	�N f, f ′ ∈ L1(R1) ∩C(R1), m

F [f ′(x)] = iλf̂(λ).K�℄, H f, f ′, · · · , f (n) ∈ L1(R1) ∩ C(R1), m[
F [f (n)(x)] = (iλ)nf̂(λ).

46



47tYFourier (ZÆy8	,eO�K�6Æyu<�%:Pnu<,�K�$Æyu<�%:6Æyu<.�- 5�;n,Y8	�N f(x), xf(x) ∈ L1(R1), m[
F [xf(x)] = i

d

dλ
f̂(λ).K�℄, E� f(x), xf(x), · · · , xkf(x) ∈ L1(R1), ��

F [xkf(x)] = ik
dk

dλk
f̂(λ).�- 6�k98	�H f(x) ∈ L1(R1), m

F−1[f(x)] =
1

2π
f̂(−λ).�- 7�-y8	�F

[∫ x

−∞
f(ξ)dξ

]
= − i

λ
f̂(λ).�- 8�;-r�

∫
R1 f1(x)f2(x)dx =

1

2π

∫

R1

f̂1(λ)f̂2(−λ)dλ,
∫

R1 f̂1(x)f2(x)dx =
∫

R1 f1(λ)f̂2(λ)dλ.�- 9��}-yr,Parseval [Y�
∫

R1

|f(x)|2 dx =
1

2π

∫

R1

|f̂(λ)|2 dλ.A! 3.2 �~n�+g3 f, g ^ R
1 *WQS	'en[ ∫

R1

f(x− t)g(t)dt T7WN x ∈ R
1 R2
,}�_n[> f Y g N~n, t>

(f ∗ g)(x) =

∫

R1

f(x− t)g(t)dt.�reOSna�nZ^-
N�n f, g l R
n L[S	H-y ∫

Rn

f(x − t)g(t)dt kx[Z
x ∈ R

n eby, m9�-y� f _ g Z^-, 5�
(f ∗ g)(x) =

∫

Rn

f(x− t)g(t)dt.^-[E"8	

(1) E(�
f ∗ g = g ∗ f ;

(2) M��
f ∗ (g ∗ h) = (f ∗ g) ∗ h;

(3)y#�
f ∗ (g + h) = f ∗ g + f ∗ h.�- 10�^-r�N f(x), g(x) ∈ L1(R1) ∩ C(R1), m
F [f ∗ g] = f̂ · ĝ, F [fg] =

1

2π
f̂ ∗ ĝ, F−1[f̂ · ĝ] = f ∗ g.



48tY Fourier  (, eOYWE"N��NZ"LY.

1. >FVu<ZB���
{
ut − a2∆u = f(x, t), x ∈ R

n, t > 0,

u(x, 0) = ϕ(x), x ∈ R
nNZ"LY:

u(x, t) =

∫

Rn

ϕ(ξ)G(x − ξ, t)dξ +

∫ t

0

∫

Rn

f(ξ, τ)G(x − ξ, t− τ)dξ dτ,'
�n
G(x, t) =

(
1

2a
√
πt

)n

exp

(−|x|2
4a2t

)9�>FVu<Z Green P�, H9�>FVu<B���ZV'a.

2. $wdu<ZB���
{
utt − a2uxx = f(x, t), x ∈ R

1, t > 0,

u(x, 0) = ϕ(x), ut(x, 0) = ψ(x), x ∈ R
1NZ"LY:

u(x, t) =
1

2
[ϕ(x+ at) + ϕ(x− at)] +

1

2a

∫ x+at

x−at

ψ(ξ)dξ +
1

2a

∫ t

0

∫ x+a(t−τ)

x−a(t−τ)

f(ξ, τ)dξ dτ.

3. x)HFhu<B���
{
ut + ν · ∇u+ cu = f(x, t), x ∈ R

n, t > 0,

u(x, 0) = ϕ(x), x ∈ R
nNZ"LY:

u(x, t) = e−ctϕ(x − νt) +

∫ t

0

e−c(t−τ)f(x− ν(t− τ), τ)dτ,'
 ν ∈ R
n, �6.},c �6n.

4. �O{Zwd��
{
utt + a2uxxxx = f(x, t), x ∈ R

1, t > 0,

u(x, 0) = ϕ(x), ut(x, 0) = ψ(x), x ∈ R
1NZ"LY:

u(x, t) =
1

2
√
πat

∫

R1

ϕ(ξ) cos

(
(ξ − x)2

4at
− π

4

)
dξ − 1

2a
√
πat

∫

R1

Ψ(ξ) cos

(
(ξ − x)2

4at
+
π

4

)
dξ

−
∫ t

0

∫

R1

F (ξ, τ)

2a
√
πa(t− τ)

cos

(
(ξ − x)2

4a(t− τ)
+
π

4

)
dξ dτ,'


Ψ(x) =

∫ x

0

∫ y

0

ψ(ξ)dξ dy, F (x, t) =

∫ x

0

∫ y

0

f(ξ, t)dξ dy.
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5. L�g=a�u< Dirichlet ��





−∆u = 0, x ∈ R
n
+,

u(x′, 0) = ϕ(x′), xn = 0, x′ ∈ R
n−1,

lim
|x|→∞

u(x) = 0NZ"LY:

u(x) =
2xn

ωn

∫

Rn−1

ϕ(ξ)

(|x′ − ξ|2 + x2
n)n/2

dξ, x′ = (x1, · · · , xn−1).

Laplace )TA! 3.3 + f(t) ^ t ≥ 0 *WQS	TX℄3 p, QS f NLaplace7k>
L[f ] = f̃(p) =

∫ ∞

0

e−ptf(t)dt.W,O� f̃ 1 f N�P�	'e L[f(t)] = f̃(p) A�, _� f(t) 1 f̃(p) NLaplace�7k, W,O� f 1 f̃(p) N�&P�l&P�	8NJ/1
f(t) = L−1[f̃ ] =

1

2πi

∫ σ+i∞

σ−i∞
f̃(p)etp dp, t > 0, (3.1)�g f̃(p) QS^2��Re p > σ *	Y (3.1) Z\h℄K�|-y,V74vx6|j	l�11j",eOtY Laplace (Z8	m3� (	S℄, lNnn1j", e9P�^ Laplace -y ("	Aj 3.1 ( f(t) ^ [0,∞) *[S	M�;?ff3I`>, qH^=3 M,α > 0 .M |f(t)| ≤

Meαt
, _ f(t) NLaplace7kT�l Re p > α N7W p RH^	�- 1�(88	� L[αf + βg] = αL[f ] + βL[g], L−1[αf̃ + βg̃] = αL−1[f̃ ] + βL−1[g̃ ].�- 2��M8	� L[eatf(t)] = f̃(p− a), Re p > a. ZG�~ L[tneat] =

n!

(p− a)n+1
, Re p > a.�- 3�)t8	� L[f(ct)] =

1

c
f̃
(p
c

)
, c > 0.�- 4�Æy8	�Hl [0,∞)L,f ′(t)yix=,f(t)x=/(8��n5n7,0Kl6nM,α > 0WY |f(t)| ≤ Meαt	mU Re p > α T, f ′(t) Z Laplace  (Kl, /:v L[f ′(t)] = pf̃(p) − f(0). k^�KVn, H[ptZM�
E�l [0,∞) L,f (n)(t) yix=,f(t), f ′(t), · · · , f (n−1)(t) x=, /(8��n5n7	�� f (n)(t) Z Laplace  (Kl, /:v

L[f (n)(t)] = pnf̃(p) − pn−1f(0) − pn−2f ′(0) − · · · − f (n−1)(0), Re p > α.�- 5�-y8	� L
[∫ t

0

f(τ)dτ

]
=

1

p
f̃(p).�- 6�;n,Y8	�

L[tnf(t)] = (−1)n dn

dpn
f̃(p) = (−1)nf̃ (n)(p),

L−1[f̃ (n)(p)] = (−1)ntnf(t), n = 1, 2, 3, · · · .



50�- 7�A?8	� L[f(t− τ)] = e−τpf̃(p), +u L−1[e−τpf̃(p)] = f(t− τ).�- 8�B�r� f(0) = lim
t→0

f(t) = lim
p→∞

pf̃(p).�- 9���r� f(∞) = lim
t→∞

f(t) = lim
p→0

pf̃(p).�- 10�-�nZ-y8	�
L
[
f(t)

t

]
=

∫ ∞

p

f̃(s)ds.A! 3.4 �
(f ∗ g)(t) =

∫ t

0

f(t− τ)g(τ)dτ>g3 f Y g N~n	^-["�Z8	

f ∗ g = g ∗ f, (f ∗ g) ∗ h = f ∗ (g ∗ h), f ∗ (g + h) = f ∗ g + f ∗ h.�- 11�^-r�L[f ∗ g] = f̃(p)g̃(p), +u L−1[f̃(p)g̃(p)] = f ∗ g.

§3.2 �	7
3.1 3"��nZ Fourier  (


(1) f(x) =

{
|x|, |x| ≤ a,

0, |x| > a > 0;

(2) f(x) =

{
sinλ0x, |x| ≤ a,

0, |x| > a;

(3) f(x) = cos ηx2, sin ηx2, η > 0.a (1) �ItYSY
F [f(x)] =

∫ a

−a

|x|e−iλx dx =

∫ a

−a

|x| cosλxdx = 2

∫ a

0

x cosλxdx

=
2a

λ
sinλa+

2

λ2
cosλa− 2

λ2
.

(2) S, [
F [f(x)] =

∫ a

−a

sinλ0xe
−iλx dx = −2i

∫ a

0

sinλ0x sinλxdx

= −i

(
sin(λ0 − λ)a

λ0 − λ
− sin(λ0 + λ)a

λ0 + λ

)
.
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(3) �[SY
F [cos ηx2] =

∫

R1

cos ηx2e−iλx dx =

∫

R1

cos ηx2 cosλxdx

=

∫

R1

cos(ηx2 − λx)dx =

∫

R1

cos
{
η
(
x− λ

2η

)2

− λ2

4η

}
dx

=
1√
η

(
cos

λ2

4η

∫

R1

cos t2 dt+ sin
λ2

4η

∫

R1

sin t2 dt
)

=

√
π

η

(
1√
2

cos
λ2

4η
+

1√
2

sin
λ2

4η

)

=

√
π

η
cos

(
λ2

4η
− π

4

)
,vstY~ Fresnel -y ∫

R1

cos t2 dt =

∫

R1

sin t2 dt =

√
π

2
. pteY

F [sin ηx2] =

∫

R1

sin(ηx2 − λx)dx =

√
π

η
cos

(
λ2

4η
+
π

4

)
.

3.2 3 f(x) ∗ g(x), '
 f(x) =

{
0, x < 0

e−x, x ≥ 0
, g(x) =

{
sinx, 0 ≤ x ≤ π

2

0, 'y.a S, [
f(x) ∗ g(x) =

∫

R1

f(x− t)g(t)dt.U x ≤ 0 T,f(x) ∗ g(x) = 0; U 0 < x ≤ π/2 T,

f(x) ∗ g(x) =

∫ x

0

e−(x−t) sin t dt =
1

2
(sinx− cosx+ e−x);U x > π/2 T,

f(x) ∗ g(x) =

∫ π/2

0

e−(x−t) sin t dt =
1

2
e−x(1 + eπ/2).

3.3 |� Fourier  (Z^-r (8	 10) Z^p�[Y:F [fg] =
1

2π
f̂ ∗ ĝ	*o urK. �ItY Fourier  (/� (ZS, $tY Fubini r, ��[

F [fg] =

∫

R1

f(x)g(x)e−iλx dx

=

∫

R1

f(x)e−iλx

(
1

2π

∫

R1

ĝ(ω)eiωx dω

)
dx

=
1

2π

∫

R1

ĝ(ω)

(∫

R1

f(x)e−i(λ−ω)x dx

)
dω

=
1

2π

∫

R1

ĝ(ω)f̂(λ− ω)dω =
1

2π
f̂ ∗ ĝ.urp. G|� F [fg] =

1

2π
f̂ ∗ ĝ, �G|� F−1

[
1

2π
f̂ ∗ ĝ

]
= fg 0e. tY Fubini rY

F−1
[

1
2π f̂ ∗ ĝ

]
=

1

(2π)2

∫

R1

(∫

R1

f̂(τ)ĝ(λ− τ)dτ

)
eiλx dλ

=
1

2π

∫

R1

f̂(τ)eiτx

(
1

2π

∫

R1

ĝ(λ− τ)ei(λ−τ)x dλ

)
dτ

=
1

2π

∫

R1

f̂(τ)eiτx

(
1

2π

∫

R1

ĝ(ω)eiωx dω

)
dτ = fg.
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3.4 tY Fourier  (Z8	, 3"��nZ Fourier  (

(1) f(x) = xe−a|x|, a > 0;

(2) f(x) =

{
eax, |x| ≤ a,

0, |x| > a,
6n a > 0�

(3) f(x) = e−a|x| sinλ0x, 6n a > 0.a (1) tY F [e−|x|] =
2

1 + λ2
/)t8	~

F [e−a|x|] =
1

a
× 2

1 + (λ/a)2
=

2a

a2 + λ2
,kZ;n,Y8	Y

F [xe−a|x|] = i
d

dλ

[ 2a

a2 + λ2

]
= − 4aλi

(a2 + λ2)2
.

(2) �I4vY
F [f(x)] =

∫ a

−a

eax−iλx dx =
1

a− iλ
e(a−iλ)x

∣∣a
−a

=
1

a− iλ

(
ea2−iλa − e−a2+iλa

)
.

(3) tY (1) ~ F [e−a|x|] =
2a

a2 + λ2
, kZ Fourier  (Z(88	��M8	Y

F [e−a|x| sinλ0x] = F
[

1
2ie

−a|x|(eiλ0x − e−iλ0x)
]

=
1

2i

(
F [e−a|x|+iλ0x] −F [e−a|x|−iλ0x]

)

= ia

(
1

a2 + (λ+ λ0)2
− 1

a2 + (λ− λ0)2

)
.

3.5 3�n F(λ) = e−t|λ| Z Fourier � (, '
 t > 0 �.n	a tY F [e−a|x|] =
2a

a2 + λ2
�k98	 F−1[f(x)] =

1

2π
f̂(−λ), Y

F−1[e−t|λ|] =
1

2π

2t

t2 + (−x)2 =
t

π(t2 + x2)
.

3.6 3"�B���ZN

(1)

{
ut = a2uxx, x ∈ R

1, t > 0,

u(x, 0) = 1 + x2, x ∈ R
1;

(2)

{
utt − uxx = t sinx, x ∈ R

1, t > 0,

u|t=0 = 0, ut|t=0 = sinx, x ∈ R
1;

(3)






utt − a2uxx =
tx

(1 + x2)2
, x ∈ R

1, t > 0,

u|t=0 = 0, ut|t=0 =
1

1 + x2
, x ∈ R

1.a (1) urK: �ItY�YY
u(x, t) =

1

2a
√
πt

∫

R1

exp

(
− (x− ξ)2

4a2t

)
(1 + ξ2)dξ = 1 + x2 + 2a2t,
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∫

R1

φ(x)dx = 1,

∫

R1

x2φ(x)dx = σ2 + u2,'
 φ(x) =
1√
2πσ

exp

(
− (x− u)2

2σ2

)
.urp: �ItY�1n3N�Y (??) Y

u(x, t) = 1 + x2 + 2a2t.

(2) �ItY�YeY
u(x, t) =

1

2

∫ x+t

x−t

sin ξ dξ +
1

2

∫ t

0

∫ x+(t−τ)

x−(t−τ)

τ sin ξ dξ dτ

= sinx sin t+

∫ t

0

τ sinx sin(t− τ)dτ

= sinx sin t+ sinx(t − sin t) = t sinx.

(3) �ItY�YeY
u(x, t) =

1

2a

∫ x+at

x−at

1

1 + ξ2
dξ +

1

2a

∫ t

0

∫ x+a(t−τ)

x−a(t−τ)

τξ

(1 + ξ2)2
dξ dτ

=
1

2a
[arctan(x+ at) − arctan(x− at)]

+
1

4a

∫ t

0

(
1

1 + (x− a(t− τ))2
− 1

1 + (x+ a(t− τ))2

)
τ dτ

,
1

2a
[arctan(x+ at) − arctan(x− at)] +

1

4a
(I − II)."�4v-y I � II. � x− a(t− τ) = s, m τ = t− x/a+ s/a. Io

I =

∫ t

0

τ

1 + (x− a(t− τ))2
dτ =

1

a

∫ x

x−at

t− x/a+ s/a

1 + s2
ds

=
1

a2
(at− x)[arctanx− arctan(x − at)] +

1

2a2
ln

1 + x2

1 + (x− at)2
.pt℄, eO3C

II =
1

a2
(at+ x)[arctan(x+ at) − arctanx] − 1

2a2
ln

1 + (x+ at)2

1 + x2
.#�Y��ZN�

u(x, t) =
1

4a3

[
(x− at− 2a2) arctan(x− at) − (x+ at− 2a2) arctan(x+ at)

+2at arctanx
]
+

1

8a3
ln

1 + (x+ at)2

1 + (x− at)2
.

3.7 tY Fourier  (3NO"N��

(1)

{
ut − a2uxx − bux − cu = f(x, t), x ∈ R

1, t > 0,

u(x, 0) = 0, x ∈ R
1,'
 a, b, c ℄6n�



54

(2)






uxx + uyy = 0, x ∈ R
1, y > 0,

u|y=0 = ϕ(x), x ∈ R
1,

lim
x2+y2→∞

u(x, y) = 0,'
 ϕ(x) ℄x=�n	a (1) ku<�N�A�^ x R7 Fourier  (, Y
ût + (a2λ2 − ibλ− c)û = f̂(λ, t), û(λ, 0) = 0.v℄K�KK6Æyu<ZB���, tY6n P�Y~

û(λ, t) = C(λ)e−(a2λ2−ibλ−c)t +

∫ t

0

f̂(λ, τ)e−(a2λ2−ibλ−c)(t−τ) dτ.Z û(λ, 0) = 0 ~ C(λ) = 0, ^℄
û(λ, t) =

∫ t

0

f̂(λ, τ)e−(a2λ2−ibλ−c)(t−τ) dτ.UG
u(x, t) = F−1

[∫ t

0

f̂(λ, τ)e−(a2λ2−ibλ−c)(t−τ) dτ

]

=

∫ t

0

F−1[f̂(λ, τ)] ∗ F−1[e−a2λ2(t−τ)+ibλ(t−τ)]ec(t−τ) dτ

=

∫ t

0

f(x, τ) ∗ F−1[e−a2λ2(t−τ)+ibλ(t−τ)]ec(t−τ) dτ.tY Fourier  (Z�M8	O/"Y
F−1[e−a2λ2t] =

1

2a
√
πt

exp

(
− x2

4a2t

)
,eY

F−1[e−a2λ2(t−τ)+ibλ(t−τ)] =
1

2a
√
π(t− τ)

exp

(
− (x+ b(t− τ))2

4a2(t− τ)

)
.^℄

u(x, t) =

∫ t

0

∫

R1

f(ξ, τ)

2a
√
π(t− τ)

exp

(
− (x− ξ + bt− bτ)2

4a2(t− τ)
+ c(t− τ)

)
dξ dτ.

(2) ku<�N�A�^ x R7 Fourier  (, �Y
ûyy − λ2û = 0, û(λ, 0) = ϕ̂(λ).'�N�
û(λ, y) = C(λ)e−|λ|y +D(λ)e|λ|y .�[N~�AY lim

y→∞
û(λ, y) = 0, UG D(λ) = 0. ℄Z û(λ, 0) = ϕ̂(λ), Y C(λ) = ϕ̂(λ). Io

û(λ, y) = ϕ̂(λ)e−|λ|y .



55tY�� 3.5, Y
u(x, t) = F−1

[
ϕ̂(λ)e−|λ|y

]

= F−1 [ϕ̂(λ)] ∗ F−1
[
e−|λ|y

]

= ϕ(x) ∗ y

π(x2 + y2)

=
y

π

∫

R1

ϕ(ξ)

y2 + (x− ξ)2
dξ.

3.8 N u(x, t) ℄B��� {
ut = a2uxx, x ∈ R

1, t > 0;

u(x, 0) = ϕ(x), x ∈ R
1ZN, '
 ϕ(x) x=/l��4= (−b, b) Z�+���,b ℄{6n	|� lim

t→∞
u(x, t) = 0 �^ x K�:v. *o �ItY>FVu<NZ"LY, Y

u(x, t) =
1

2a
√
πt

∫

R1

exp

(
− (x− ξ)2

4a2t

)
ϕ(ξ)dξ

=
1

2a
√
πt

∫ b

−b

exp

(
− (x− ξ)2

4a2t

)
ϕ(ξ)dξ.U ϕ(x) ∈ C(R1) /l4= (−b, b) �+���,  ϕ(−b) = ϕ(b) = 0, $/l�4= [−b, b] L[O, (v;N |ϕ(x)| ≤M . Io

|u(x, t)| ≤ M

2a
√
πt

∫ b

−b

exp

(
− (x− ξ)2

4a2t

)
dξ ≤ Mb

a
√
πt
.UG lim

t→∞
u(x, t) = 0 �^ x K�:v.

3.9 [K�|h�OZg�, 'BX�g� u(x, 0) =

{
1, |x| < 1,

0, |x| ≥ 1.
a|g�LZ�gy)�

u(x, t) =
2

π

∫ ∞

0

sinµ

µ
cosµxe−a2µ2t dµ.*o N���





ut − a2uxx = 0, x ∈ R
1, t > 0,

u(x, 0) =

{
1, |x| < 1,

0, |x| ≥ 1.Z>FVu<Z3N�Y~
u(x, t) =

1

2a
√
πt

∫

R1

exp

(
− (x− ξ)2

4a2t

)
u(ξ, 0)dξ

=

∫ 1

−1

1

2a
√
πt

exp

(
− (x− ξ)2

4a2t

)
dξ.tY Fubini rO/"Y

F−1[e−a2λ2t] =
1

2a
√
πt

exp

(
− x2

4a2t

)
,
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u(x, t) =

∫ 1

−1

F−1[e−a2λ2t−iλξ]dξ

=
1

2π

∫ 1

−1

dξ

∫

R1

e−a2λ2t+iλ(x−ξ) dλ

=
1

2π

∫

R1

e−a2λ2t+iλx dλ

∫ 1

−1

e−iλξ dξ

=
2

π

∫ ∞

0

sinλ

λ
cosλxe−a2λ2t dλ.

3.10 tY�A
urVC"�N��Z3N�Y

(1)





ut − a2uxx = f(x, t), x > 0, t > 0,

u(x, 0) = ϕ(x), x ≥ 0,

ux(0, t) = 0, t ≥ 0,vsZ�n ϕ 	 ϕ′(0) = 0, fx(0, t) = 0;

(2)





utt − a2uxx = f(x, t), x > 0, t > 0,

u(x, 0) = ϕ(x), ut(x, 0) = ψ(x), x ≥ 0,

ux(0, t) = 0, t ≥ 0,vsZ�n ϕ � ψ 	 ϕ′(0) = ψ′(0) = 0, fx(0, t) = 0.a (1) � ϕ(x) �A
: Φ(x) : U x ≥ 0 T Φ(x) = ϕ(x), U x < 0 T Φ(x) = ϕ(−x). � f(x, t) �A
: F (x, t) : U x ≥ 0 T F (x, t) = f(x, t), U x < 0 T F (x, t) = f(−x, t). 2B���
{
Ut − a2Uxx = F (x, t), x ∈ R

1, t > 0,

U(x, 0) = Φ(x), x ∈ R
1.Z>FVu<Z3N�YY

U(x, t) =
1

2a
√
πt

∫

R1

exp

(−(x− ξ)2

4a2t

)
Φ(ξ)dξ +

∫ t

0

∫

R1

F (ξ, τ)

2a
√
π(t− τ)

exp

(−(x− ξ)2

4a2(t− τ)

)
dξ dτ

= I + II.v� U(x, t) '�l x ≥ 0 LY℄b��ZN. "�4v I � II.

I =
1

2a
√
πt

∫ 0

−∞
ϕ(−ξ) exp

(−(x− ξ)2

4a2t

)
dξ +

1

2a
√
πt

∫ ∞

0

ϕ(ξ) exp

(−(x− ξ)2

4a2t

)
dξ

=
1

2a
√
πt

∫ ∞

0

ϕ(ξ)

[
exp

(−(x− ξ)2

4a2t

)
+ exp

(−(x+ ξ)2

4a2t

)]
dξ,

II =

∫ t

0

∫ 0

−∞

f(−ξ, τ)
2a
√
π(t− τ)

exp

(−(x− ξ)2

4a2(t− τ)

)
dξ dτ +

∫ t

0

∫ ∞

0

f(ξ, τ)

2a
√
π(t− τ)

exp

(−(x− ξ)2

4a2(t− τ)

)
dξ dτ

=

∫ t

0

∫ ∞

0

f(ξ, τ)

2a
√
π(t− τ)

[
exp

(−(x− ξ)2

4a2(t− τ)

)
+ exp

(−(x+ ξ)2

4a2(t− τ)

)]
dξ dτ.
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u(x, t) =

1

2a
√
πt

∫ ∞

0

ϕ(ξ)

[
exp

(−(x− ξ)2

4a2t

)
+ exp

(−(x+ ξ)2

4a2t

)]
dξ

+

∫ t

0

∫ ∞

0

f(ξ, τ)

2a
√
π(t− τ)

[
exp

(−(x− ξ)2

4a2(t− τ)

)
+ exp

(−(x+ ξ)2

4a2(t− τ)

)]
dξ dτ.

(2) k f, ϕ � ψ %�A


F (x, t) =

{
f(x, t), x ≥ 0, t ≥ 0,

f(−x, t), x < 0, t ≥ 0,

Φ(x) =

{
ϕ(x), x ≥ 0,

ϕ(−x), x < 0,
Ψ(x) =

{
ψ(x), x ≥ 0,

ψ(−x), x < 0._ F (x, t),Φ(x) � Ψ(x) kWZB���ZN℄
U(x, t) =

1

2
[Φ(x+ at) + Φ(x− at)] +

1

2a

∫ x+at

x−at

Ψ(ξ)dξ +
1

2a

∫ t

0

∫ x+a(t−τ)

x−a(t−τ)

F (ξ, τ)dξ dτ.v� U(x, t) '�l x ≥ 0 LY℄b��ZN	"�; u(x, t) Z"LY	U x ≥ at T,x− at, x+ at ≥ 0,^℄
u(x, t) =

1

2
[ϕ(x+ at) + ϕ(x− at)] +

1

2a

∫ x+at

x−at

ψ(ξ)dξ +
1

2a

∫ t

0

∫ x+a(t−τ)

x−a(t−τ)

f(ξ, τ)dξ dτ.U 0 ≤ x < at T,

u(x, t) =
1

2
[ϕ(x+ at) + ϕ(at− x)] +

1

2a

∫ 0

x−at

ψ(−ξ)dξ +
1

2a

∫ x+at

0

ψ(ξ)dξ

+
1

2a

∫ t−x/a

0

(∫ 0

x−a(t−τ)

f(−ξ, τ)dξ +

∫ x+a(t−τ)

0

f(ξ, τ)dξ

)
dτ

+
1

2a

∫ t

t−x/a

∫ x+a(t−τ)

x−a(t−τ)

f(ξ, τ)dξ dτ

=
1

2
[ϕ(x+ at) + ϕ(at− x)] +

1

2a

∫ x+at

0

ψ(ξ)dξ +
1

2a

∫ at−x

0

ψ(ξ)dξ

+
1

2a

∫ t−x/a

0

(∫ x+a(t−τ)

0

f(ξ, τ)dξ +

∫ a(t−τ)−x

0

f(ξ, τ)dξ

)
dτ

+
1

2a

∫ t

t−x/a

∫ x+a(t−τ)

x−a(t−τ)

f(ξ, τ)dξ dτ.

3.11 3N��O�� 



utt − a2uxx = 0, x > 0, t > 0,

u|t=0 = ut|t=0 = 0, x ≥ 0,

u|x=0 = A sinωt, t ≥ 0,$�C�rN_	a ku</N�A�^ t R7 Laplace  (, Y





ũxx(x, p) =
p2

a2
ũ(x, p), x > 0,

ũ(0, p) =
Aω

p2 + ω2
.



58#� p b%.n, 3CzZ�N
ũ(x, p) = C1(p)e

−px/a + C2(p)e
px/a.�W lim

x→∞
|u(x, t)| <∞, Io ũ [O,  C2(p) = 0. tY ũ(0, p) =

Aω

p2 + ω2
℄�~ C1(p) =

Aω

p2 + ω2
. Uo

ũ(x, p) =
Aω

p2 + ω2
e−px/a.tY Laplace  (ZA?8	Y

u(x, t) = A sinω
(
t− x

a

)
H
(
t− x

a

)
=





A sinω
(
t− x

a

)
, t ≥ x

a
,

0, 0 ≤ t <
x

a
.�rRS: u<�B��A"Z��O$�[�w%Y, $/BX�M�BXuge℄�, $�O�M℄ t ZÆ&�n. }y(℄ t− x/a = c. k^�Z_ x (x > 0), lTf t0 = x/a �,, 0 c < 0, $�OZ�M'�[F%W�_ (u(x, t) = 0); lTf t0 = x/a �!, 0 c > 0, $�OZ�MNTF%W�_,&$�O�M�nZuYB}y(F%: u(x, t) = A sinω(t− x

a ).

3.12 3"��nZ Laplace  ( (6n ω 6= 0)

(1) f(t) = cosωt;

(2) f(t) =
1

t
sinωt;

(3) f(t) = eωt cosωt;

(4) f(t) = sinhωt.a (1) tY Laplace  (Z(88	Y
L[cosωt] + iL[sinωt] = L[eiωt] =

p+ iω

p2 + ω2
.xO

L[cosωt] =
p

p2 + ω2
, L[sinωt] =

ω

p2 + ω2
, Rep > 0.

(2) 5 L[f(t)] = f̃(p), m[
L[tf(t)] = L[sinωt] =

ω

p2 + ω2
= −f̃ ′(p).^℄

f̃(p) = f̃(0) +

∫ p

0

f̃ ′(τ)dτ = f̃(0) −
∫ p

0

ω

τ2 + ω2
dτ = f̃(0) − arctan

p

ω
.Z Dirichlet -y~

f̃(0) =

∫ ∞

0

sinωt

t
dt =

π

2
sgnω.



59xO
f̃(p) =

π

2
sgnω − arctan

p

ω
, Rep > 0.

(3) tY L[cosωt] =
p

p2 + ω2
/ Laplace  (Z�M8	, ��[

L[eωt cosωt] =
p− ω

ω2 + (p− ω)2
, Rep > |ω|.

(4) tY Laplace  (Z(88	/�M8	�Y
L[sinhωt] =

1

2
(L[eωt] − L[e−ωt])

=
1

2

(
1

p− ω
− 1

p+ ω

)
=

ω

p2 − ω2
, Rep > |ω|.

3.13 Y Laplace  (3"���ZN

(1)






utt − a2uxx = 0, x > 0, t > 0,

u(0, t) = f(t), lim
x→∞

u(x, t) = 0, t ≥ 0,

u(x, 0) = 0, ut(x, 0) = 0, x ≥ 0;

(2)






ut − a2uxx = 0, x > 0, t > 0,

u(0, t) = f1, lim
x→∞

u(x, t) = f0, t ≥ 0,

u(x, 0) = f0, x ≥ 0,'
 f0, f1 e℄6n	a (1) ku</N�A�^ t R7 Laplace  (, Y



ũxx(x, p) =

p2

a2
ũ(x, p), x > 0,

ũ(0, p) = f̃(p).#� p b%.n, 3CzZ�N℄
ũ(x, p) = C1(p)e

−px/a + C2(p)e
px/a.Z lim

x→∞
|u(x, t)| <∞ ~ u [O, Io ũ H[O,  C2(p) = 0. tY ũ(0, p) = f̃(p) ℄�~ C1(p) = f̃(p). xO

ũ(x, p) = f̃(p)e−px/a.tY Laplace  (ZA?8	Y
u(x, t) = f

(
t− x

a

)
H
(
t− x

a

)
=





f
(
t− x

a

)
, t ≥ x

a
,

0, 0 ≤ t <
x

a
.vs H ℄ Heaviside R�K~�n H(x) =

{
1, x > 0,

0, x < 0.

(2) ku</N�A�^ t R7 Laplace  (, Y





a2ũxx(x, p) − pũ(x, p) = −f0, x > 0,

ũ(0, p) =
f1
p
, lim

x→∞
ũ(x, p) =

f0
p
.



60#� p b%.n, 3CzZ�N℄
ũ(x, p) = C1(p) exp

(
−
√
p

a
x

)
+ C2(p) exp

(√
p

a
x

)
+
f0
p
.tY ũ(0, p) =

f1
p
, lim

x→∞
ũ(x, p) =

f0
p

, ��C
C1(p) =

f1 − f0
p

, C2(p) = 0.Io
ũ(x, p) =

f1 − f0
p

exp

(
−
√
p

a
x

)
+
f0
p
.1"~

L−1

[
1

p
exp

(
−
√
p

a
x

)]
=

2√
π

∫ ∞

x
2a

√
t

e−s2

ds,UG
u(x, t) = f0 +

2(f1 − f0)√
π

∫ ∞

x
2a

√
t

e−s2

ds.

3.14 3NKK$Æyu<ZN��




xut + ux = x, x > 0, t > 0,

u(0, t) = 0, t ≥ 0,

u(x, 0) = 0, x ≥ 0.a ku</N�A�^ t R7 Laplace  (, Y
pxũ(x, p) + ũx(x, p) =

x

p
.� p b%.n, LYeO2:

dũ

ũ− p−2
= −pxdx.^℄

ln |ũ− p−2| = −p
2
x2 + C(p),0

ũ(x, p) =
1

p2
+De−px2/2.Z u(0, t) = 0 ~ ũ(0, p) = 0. xO D = −p−2. UG

ũ(x, p) =
1

p2
(1 − e−px2/2).Io

u(x, t) = t−
(
t− 1

2
x2
)
H
(
t− 1

2
x2
)

=





t, 0 ≤ t <
1

2
x2,

1

2
x2, t ≥ 1

2
x2.



61

3.15 |��n
v(x, y, t, ξ, η, τ) =

1

4π(t− τ)
exp

(
− (x− ξ)2 + (y − η)2

4(t− τ)

)�^ } (x, y, t) 	 u< vt − (vxx + vyy) = 0, �^ } (ξ, η, τ) 	 u< vτ + (vξξ + vηη) = 0.*o �I4v~
vt =

1

4π(t− τ)2

(
(x− ξ)2 + (y − η)2

4(t− τ)
− 1

)
exp

(
− (x− ξ)2 + (y − η)2

4(t− τ)

)
,

vx = − (x− ξ)

8π(t− τ)2
exp

(
− (x− ξ)2 + (y − η)2

4(t− τ)

)
,

vxx =

(
(x − ξ)2

16π(t− τ)3
− 1

8π(t− τ)2

)
exp

(
− (x− ξ)2 + (y − η)2

4(t− τ)

)
,

vyy =

(
(y − η)2

16π(t− τ)3
− 1

8π(t− τ)2

)
exp

(
− (x− ξ)2 + (y − η)2

4(t− τ)

)
.ZOL"LY, (�D|

vt − (vxx + vyy) = 0.5 T = t− τ,X = x− ξ, Y = y − η. Z v Z"LY~, zeO"Z� T,X, Y Z�n
v =

1

4πT
exp

(
−X

2 + Y 2

4T

)
.tY3VZzYrm, ��[

vt = vTTt = vT , vτ = vTTτ = −vT , vxx = vXX = vξξ, vyy = vY Y = vηη.UG v �^ } (ξ, η, τ) 	 u<
vτ + (vξξ + vηη) = 0.

3.16 H u1(x, t), u2(y, t) y#℄N��




∂u1

∂t
− ∂2u1

∂x2
= 0, x ∈ R

1, t > 0,

u1(x, 0) = ϕ1(x), x ∈ R
1� 




∂u2

∂t
− ∂2u2

∂y2
= 0, y ∈ R

1, t > 0,

u2(y, 0) = ϕ2(y), y ∈ R
1ZN, |��n u(x, y, t) = u1(x, t)u2(y, t) ℄N��

{
ut − (uxx + uyy) = 0, (x, y) ∈ R

2, t > 0,

u(x, y, 0) = ϕ1(x)ϕ2(y), (x, y) ∈ R
2ZN	*o %<[ u(x, y, 0) = u1(x, 0)u2(y, 0) = ϕ1(x)ϕ2(y), $/

ut =
∂u1

∂t
u2 + u1

∂u2

∂t
, uxx =

∂2u1

∂x2
u2, uyy = u1

∂2u2

∂y2
.
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ut − (uxx + uyy) = u1

(
∂u2

∂t
− ∂2u2

∂y2

)
+ u2

(
∂u1

∂t
− ∂2u1

∂x2

)
= 0.

3.17 VC>FVu<B���





ut − (uxx + uyy) = 0, (x, y) ∈ R
2, t > 0,

u(x, y, 0) =

n∑

i=1

αi(x)βi(y), (x, y) ∈ R
2NZ"LY	a ��NT~X, )HB���

{
vt − vxx = 0, x ∈ R

1, t > 0,

v(x, 0) = ϕ(x), x ∈ R
1NZ"LY�

v(x, t) =
1

2
√
πt

∫

R1

exp

(
− (x− ξ)2

4t

)
ϕ(ξ)dξ.tY 3.16 �ZM�~, B���

{
wt − (wxx + wyy) = 0, (x, y) ∈ R

2, t > 0,

w(x, y, 0) = α(x)β(y), (x, y) ∈ R
2NZ"LY�

w(x, y, t) =
1

4πt

∫

R2

exp

(
− (x− ξ)2 + (y − η)2

4t

)
α(ξ)β(η)dξ dη.Zb:br~��NZ"LY�

u(x, y, t) =
1

4πt

n∑

i=1

∫

R2

exp

(
− (x− ξ)2 + (y − η)2

4t

)
αi(ξ)βi(η)dξ dη.



=�( ,DJ/
§4.1 ty�����)CI.

{
utt − a2uxx = f(x, t), x ∈ R

1, t > 0,

u(x, 0) = ϕ(x), ut(x, 0) = ψ(x), x ∈ R
1Z3N�Y℄

u(x, t) =
1

2
[ϕ(x+ at) + ϕ(x − at)] +

1

2a

∫ x+at

x−at

ψ(ξ)dξ +
1

2a

∫ t

0

∫ x+a(t−τ)

x−a(t−τ)

f(ξ, τ)dξ dτ.U f ≡ 0 T, ��YY℄K�)H$wdu<Z D′Alembert �Y.z�+CI.1+��
{
utt − a2∆u = f(x, t), x ∈ R

3, t > 0,

u(x, 0) = ϕ(x), ut(x, 0) = ψ(x), x ∈ R
3Z3N�Y℄

u(x, t) =
1

4πa2

(
∂

∂t

∫

Sat

0

ϕ(x + ξ)

t
dSξ +

∫

Sat

0

ψ(x+ ξ)

t
dSξ

)
+

1

4πa2

∫

r≤at

f(x+ ξ, t− r/a)

r
dV,tY2&!, �Y℄eO2:

u(x, t) =
1

4π

∂

∂t

∫ 2π

0

∫ π

0

tϕ(x1 + at sin θ cosφ, x2 + at sin θ sinφ, x3 + at cos θ) sin θ dθ dφ

+
1

4π

∫ 2π

0

∫ π

0

tψ(x1 + at sin θ cosφ, x2 + at sin θ sinφ, x3 + at cos θ) sin θ dθ dφ

+
1

4πa2

∫ at

0

∫ 2π

0

∫ π

0

f
(
x1 + r sin θ cosφ, x2 + r sin θ sinφ, x3 + r cos θ, t− r

a

)
r sin θ dθ dφdr.U f ≡ 0 T, 9�3N�Y�)Hu<Z Poisson �Y+ Kirchhoff �Y.E�+CI.1+��

{
utt − a2∆u = f(x, t), x = (x1, x2) ∈ R

2, t > 0,

u(x, 0) = ϕ(x), ut(x, 0) = ψ(x), x ∈ R
2Z3N�Y℄

u(x1, x2, t) =
1

2πa

(
∂

∂t

∫P
at

0

ϕ(x1 + ξ1, x2 + ξ2)√
a2t2 − ξ21 − ξ22

dξ1 dξ2 +

∫P
at

0

ψ(x1 + ξ1, x2 + ξ2)√
a2t2 − ξ21 − ξ22

dξ1 dξ2

)

+
1

2πa2

∫ at

0

∫P
r

0

f(x1 + ξ1, x2 + ξ2, t− r/a)√
r2 − ξ21 − ξ22

dξ1 dξ2 dr,vs,
∑at

0 ℄ ξ1—ξ2 %�LO 0 �d3�O at ��WZd�,
∑at

P ℄ ξ1—ξ2 %�LO P (x1, x2) �d3�
63



64O at ��WZd�	tY.&!, LY℄eO2:
u(x, t) =

1

2πa

∂

∂t

∫ at

0

∫ 2π

0

ϕ(x1 + ρ cos θ, x2 + ρ sin θ)√
a2t2 − ρ2

ρ dθ dρ

+
1

2πa

∫ at

0

∫ 2π

0

ψ(x1 + ρ cos θ, x2 + ρ sin θ)√
a2t2 − ρ2

ρ dθ dρ

+
1

2πa2

∫ at

0

∫ 2π

0

∫ r

0

f(x1 + ρ cos θ, x2 + ρ sin θ, t− r/a)√
r2 − ρ2

ρ dρ dθ dr.U f ≡ 0 T, 9�3N�Y�)Hu<Z Poisson �Y.

§4.2 �	7
4.1 tY D′Alembert �YN"�B���


(1)

{
utt = uxx, x ∈ R

1, t > 0,

u(x, 0) = sinx, ut(x, 0) = x2, x ∈ R
1;

(2)

{
utt = a2uxx, x ∈ R

1, t > 0,

u(x, 0) = x2, ut(x, 0) = x, x ∈ R
1;

(3)






utt − a2uxx = 0, x ∈ R
1, t > 0,

u(x, 0) = 0, ut(x, 0) =
1

1 + x2
, x ∈ R

1.a �ItY D′Alembert �YeY
(1) u(x, t) =

1

2
[sin(x+ t) + sin(x− t)] +

1

2

∫ x+t

x−t

ξ2 dξ = sinx cos t+ x2t+
1

3
t3;

(2) u(x, t) =
1

2
[(x + at)2 + (x − at)2] +

1

2a

∫ x+at

x−at

ξ dξ = x2 + xt+ a2t2;

(3) u(x, t) =
1

2a

∫ x+at

x−at

1

1 + ξ2
dξ =

1

2a
[arctan(x+ at) − arctan(x− at)].

4.2 3N"�x)Hu<ZB���

(1)

{
utt − uxx = x+ t, x ∈ R

1, t > 0,

u(x, 0) = 1 + x2, ut(x, 0) = sinx, x ∈ R
1;

(2)

{
utt − uxx = t sinx, x ∈ R

1, t > 0,

u(x, 0) = 0, ut(x, 0) = sinx, x ∈ R
1.a �ItY�YY

(1) u(x, t) =
1

2
[1 + (x+ t)2 + 1 + (x − t)2] +

1

2

∫ x+t

x−t

sin ξ dξ +
1

2

∫ t

0

∫ x+(t−τ)

x−(t−τ)

(ξ + τ)dξ dτ

= 1 + x2 + t2 + 1
2xt

2 + 1
6 t

3 + sinx sin t;

(2) u(x, t) =
1

2

∫ x+t

x−t

sin ξ dξ +
1

2

∫ t

0

∫ x+(t−τ)

x−(t−τ)

τ sin ξ dξ dτ

= sinx sin t+ (t− sin t) sinx = t sinx.

4.3 UB� u(x, 0) = ϕ(x), ut(x, 0) = ψ(x) 	 U��AT, )H&du<ZB���RZ\F%&":�



65a urK: �II D′Alembert �YF. 5 Ψ(x) � ψ(x) ZKH-y, Z�YY
u(x, t) =

1

2
[ϕ(x + at) + ϕ(x− at)] +

1

2a

∫ x+at

x−at

ψ(ξ)dξ

=
1

2
[ϕ(x + at) + ϕ(x− at)] +

1

2a
[Ψ(x+ at) − Ψ(x− at)].GW�RZ\F%&":, W:v

1

2
ϕ(x+ at) +

1

2a
Ψ(x+ at) = C, + aϕ(x) + Ψ(x) = C.|�k x 3VY ψ(x) = −aϕ′(x). vY℄��xG	 Z�A.urp
GWB���ZNRZ\F%&":, e� u(x, t) = f(x− at). tYB��AY

ϕ(x) = f(x), ψ(x) = −af ′(x).ZG�C ψ(x) = −aϕ′(x).

4.4 lL�%� {(x, t) : x ∈ R
1, t > 0} L�CK_ M = (2, 5), k^$wdu< utt = uxx mq, _

M ZLn4=℄U��_ M ℄z�l_ (1, 0) ZX+4`��a _M ZLn4=℄ [2−5, 2+5] = [−3, 7]. _ (1, 0)ZX+4`℄: {(x, t) : 1−t ≤ x ≤ 1+t, t > 0},CPD|_ M �l_ (1, 0) ZX+4`�	
4.5 3N"�B���


(1)

{
utt − a2(ux1x1

+ ux2x2
+ ux3x3

) = 0, (x1, x2, x3) ∈ R
3, t > 0,

u|t=0 = x3
1 + x2

2x3, ut|t=0 = 0, (x1, x2, x3) ∈ R
3;

(2)

{
utt − 8(ux1x1

+ ux2x2
+ ux3x3

) = t2x2
1, (x1, x2, x3) ∈ R

3, t > 0,

u|t=0 = x2
2, ut|t=0 = x2

3, (x1, x2, x3) ∈ R
3;

(3)

{
utt − 2(ux1x1

+ ux2x2
) = 0, (x1, x2) ∈ R

2, t > 0,

u|t=0 = 2x2
1 − x2

2, ut|t=0 = 2x2
1 + x2

2, (x1, x2) ∈ R
2;

(4)

{
utt − (ux1x1

+ ux2x2
) = t sinx2, (x1, x2) ∈ R

2, t > 0,

u|t=0 = x2
1, ut|t=0 = sinx2, (x1, x2) ∈ R

2.a (1) urK: �IPFJ�&du< Poisson �YZ2&!6YY
u(x, t) =

1

4π

∂

∂t

∫ 2π

0

∫ π

0

t[(x1 + at sin θ cosφ)3 + (x2 + at sin θ sinφ)2(x3 + at cos θ)] sin θ dθ dφ

=
1

4π

∂

∂t
[t(4πx3

1 + 4πa2t2x1 + 4πx2
2x3 +

4

3
πa2t2x3)]

= x3
1 + 3a2t2x1 + x2

2x3 + a2t2x3.urp: tY^Jp
Z�1n3N�Y (??) Y
u(x, t) = x3

1 + x2
2x3 +

a2t2

2
(6x1 + 2x3) = x3

1 + 3a2t2x1 + x2
2x3 + a2t2x3.
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(2) urK: 5 a2 = 8, ZJ�x)H&du<3N�YZ2&!6YY
u(x, t) =

1

4π

∂

∂t

∫ 2π

0

∫ π

0

t(x2 + at sin θ sinφ)2 sin θ dθ dφ +
1

4π

∫ 2π

0

∫ π

0

t(x3 + at cos θ)2 sin θ dθ dφ

+
1

4πa2

∫ at

0

∫ 2π

0

∫ π

0

(x1 + at sin θ cosφ)2(t− r/a)2r sin θ dθ dφdr

= x2
2 + 8t2 + tx2

3 + 8
3 t

3 + 1
12 t

4x2
1 + 2

45 t
6.urp: tYD�r. � u(x1, x2, x3, t) = u1(x1, t) + u2(x2, t) + u3(x3, t), Zb:br~, b��eyN�"�J�N��:

{
u1,tt − a2u1,x1x1

= t2x2
1, x1 ∈ R

1, t > 0,

u1(x1, 0) = 0, u1,t(x1, 0) = 0, x1 ∈ R
1,

{
u2,tt − a2u2,x2x2

= 0, x2 ∈ R
1, t > 0,

u2(x2, 0) = x2
2, u2,t(x2, 0) = 0, x2 ∈ R

1,�
{
u3,tt − a2u3,x3x3

= 0, x3 ∈ R
1, t > 0,

u3(x3, 0) = 0, u3,t(x3, 0) = x2
3, x3 ∈ R

1.�ItY D′Alembert �Y, Y
u1(x1, t) =

1

2a

∫ t

0

∫ x1+a(t−τ)

x1−a(t−τ)

τ2ξ2 dξ dτ =
1

12
t4x2

1 +
2

45
t6,

u2(x2, t) =
1

2
[(x2 + at)2 + (x2 − at)2] = x2

2 + 8t2,

u3(x3, t) =
1

2a

∫ x3+at

x3−at

ξ2 dξ = tx2
3 +

8

3
t3.#�YWb��ZN

u(x1, x2, x3, t) = x2
2 + 8t2 + tx2

3 +
8

3
t3 +

1

12
t4x2

1 +
2

45
t6.urJ: �ItY&du<Z1n3N�Y (??), Y

u(x, t) = x2
2 + a2t2 + tx2

3 + a2t3/3 + x2
1

∫ t

0

(t− τ)τ2 dτ +
a2

3

∫ t

0

(t− τ)3τ2 dτ

= x2
2 + 8t2 + tx2

3 +
8

3
t3 +

1

12
t4x2

1 +
2

45
t6.

(3) urK: � a2 = 2, Zp�&du< Poisson �YZ.&!6Y, Y
u(x, t) =

1

2πa

∂

∂t

∫ at

0

∫ 2π

0

2(x1 + ρ cos θ)2 − (x2 + ρ sin θ)2√
a2t2 − ρ2

ρ dθ dρ

+
1

2πa

∫ at

0

∫ 2π

0

2(x1 + ρ cos θ)2 + (x2 + ρ sin θ)2√
a2t2 − ρ2

ρ dθ dρ

=
1

2πa

∂

∂t

∫ at

0

4πx2
1 − 2πx2

2 + πρ2

√
a2t2 − ρ2

ρ dρ+
1

2πa

∫ at

0

4πx2
1 + 2πx2

2 + 3πρ2

√
a2t2 − ρ2

ρ dρ

=
1

2πa

∂

∂t

[
2πat(2x2

1 − x2
2) +

2π

3
a3t3

]
+

1

2πa
[2πat(2x2

1 + x2
2) + 2πa3t3]

= 2x2
1 − x2

2 + a2t2 + (2x2
1 + x2

2)t+ a2t3

= 2x2
1 − x2

2 + (2x2
1 + x2

2)t+ 2t2(1 + t).



67urp: �ItY&du<Z1n3N�Y (??), Y
u(x, t) = 2x2

1 − x2
2 + 2t2 + t(2x2

1 + x2
2) + 2t3.

(4) � u(x1, x2, t) = u1(x1, t) + u2(x2, t). Zb:br~, b��eyN�"�Z|�N��
{
u1,tt − u1,x1x1

= 0, x1 ∈ R
1, t > 0,

u1(x1, 0) = x2
1, u1,t(x1, 0) = 0, x1 ∈ R

1,�
{
u2,tt − u2,x2x2

= t sinx2, x2 ∈ R
1, t > 0,

u2(x2, 0) = x2
2, u2,t(x2, 0) = sinx2, x2 ∈ R

1.tY D′Alembert �Y~
u1(x1, t) =

1

2
[(x1 − t)2 + (x1 + t)2] = x2

1 + t2,

u2(x2, t) =
1

2

∫ x2+t

x2−t

sin ξ dξ +
1

2

∫ t

0

∫ x2+(t−τ)

x2−(t−τ)

τ sin ξ dξ dτ = t sinx2.#!Yb��ZN
u(x1, x2, t) = u1(x1, t) + u2(x2, t) = x2

1 + t2 + t sinx2.

4.6 aYD�rVC$wdu<Z D′Alembert �Y	a urK. ��~X, J�&du<Z Poisson �Y℄
u(x, t) =

1

4πa2

(
∂

∂t

∫

Sat
x

ϕ(ξ)

t
dSξ +

∫

Sat
x

ψ(ξ)

t
dSξ

)
.(vA� ϕ � ψ e�_ x1 [�, 5� ϕ(x1), ψ(x1). 2� S

at
x �%� x1 = ξ1 � x1 = ξ1 + dξ1 xLZ2O�-a�

dSξ = 2πat dξ1, + dSξ

t
= 2πa dξ1.ZGYK�6YZ D′Alembert �Y

u(x1, t) =
1

2a

(
∂

∂t

∫ x1+at

x1−at

ϕ(ξ1)dξ1 +

∫ x1+at

x1−at

ψ(ξ1)dξ1

)

=
1

2
[ϕ(x1 + at) + ϕ(x1 − at)] +

1

2a

∫ x1+at

x1−at

ψ(ξ1)dξ1.urp. �ItYJ�&du< Poisson �YZ2&!6Y, Y
u(x1, t) =

1

4π

∂

∂t

∫ 2π

0

∫ π

0

tϕ(x1 + at cos θ) sin θ dθ dφ+
1

4π

∫ 2π

0

∫ π

0

tψ(x1 + at cos θ) sin θ dθ dφ

=
1

2

∂

∂t

∫ π

0

ϕ(x1 + at cos θ)t sin θ dθ +
1

2

∫ π

0

ψ(x1 + at cos θ)t sin θ dθ

=
1

2a

∂

∂t

∫ x1+at

x1−at

ϕ(ξ)dξ +
1

2a

∫ x1+at

x1−at

ψ(ξ)dξ

=
1

2
[ϕ(x1 + at) + ϕ(x1 − at)] +

1

2a

∫ x1+at

x1−at

ψ(ξ)dξ.
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4.7 3p�&du<
{
utt − a2(ux1x1

+ ux2x2
) = 0, (x1, x2) ∈ R

2, t > 0,

u|t=0 = ϕ(r), ut|t=0 = ψ(r), r =
√
x2

1 + x2
2Z�k9N u = u(r, t).a p�&du< Poisson �YZ.&!6Y�

u(x1, x2, t) =
1

2πa

∂

∂t

∫ at

0

∫ 2π

0

ϕ(x1 + ρ cos θ, x2 + ρ sin θ)√
a2t2 − ρ2

ρ dθ dρ

+
1

2πa

∫ at

0

∫ 2π

0

ψ(x1 + ρ cos θ, x2 + ρ sin θ)√
a2t2 − ρ2

ρ dθ dρ.UN��k9NT,u(r, t) = u(x1, x2, t) = u(r, 0, t). ^℄
u(r, t) =

1

2πa

∂

∂t

∫ at

0

∫ 2π

0

ϕ(r + ρ cos θ, ρ sin θ)√
a2t2 − ρ2

ρ dθ dρ+
1

2πa

∫ at

0

∫ 2π

0

ψ(r + ρ cos θ, ρ sin θ)√
a2t2 − ρ2

ρ dθ dρ

=
1

2πa

∂

∂t

∫ at

0

∫ 2π

0

ϕ(
√
r2 + ρ2 + 2rρ cos θ)√

a2t2 − ρ2
ρ dθ dρ+

1

2πa

∫ at

0

∫ 2π

0

ψ(
√
r2 + ρ2 + 2rρ cos θ)√

a2t2 − ρ2
ρ dθ dρ.

4.8 3NB���
{
utt − a2(ux1x1

+ ux2x2
) = c2u, (x1, x2) ∈ R

2, t > 0,

u|t=0 = ϕ(x1, x2), ut|t=0 = ψ(x1, x2), (x1, x2) ∈ R
2,'
 c �6n.a � v(x1, x2, x3, t) = ecx3/au(x1, x2, t), m v 	 N��

{
vtt − a2(vx1x1

+ vx2x2
+ vx3x3

) = 0, (x1, x2, x3) ∈ R
3, t > 0,

v|t=0 = ecx3/aϕ(x1, x2), vt|t=0 = ecx3/aψ(x1, x2), (x1, x2, x3) ∈ R
3.ZJ�&du<Z Poisson �YY

v(x1, x2, x3, t) =
1

4π

∂

∂t

∫ 2π

0

∫ π

0

tec(x3+at cos θ)/aϕ(x1 + at sin θ cosφ, x2 + at sin θ sinφ) sin θ dθ dφ

+
1

4π

∫ 2π

0

∫ π

0

tec(x3+at cos θ)/aψ(x1 + at sin θ cosφ, x2 + at sin θ sinφ) sin θ dθ dφ.UG
u(x1, x2, t) = e−cx3/av(x1, x2, x3, t)

=
1

4π

∂

∂t

∫ 2π

0

∫ π

0

tect cos θϕ(x1 + at sin θ cosφ, x2 + at sin θ sinφ) sin θ dθ dφ

+
1

4π

∫ 2π

0

∫ π

0

tect cos θψ(x1 + at sin θ cosφ, x2 + at sin θ sinφ) sin θ dθ dφ.

4.9 H u = u(x1, x2, x3, t) ℄&du<ZB���





utt − a2(ux1x1
+ ux2x2

+ ux3x3
) = 0, (x1, x2, x3) ∈ R

3, t > 0,

u|t=0 = f(x1) + g(x2), (x1, x2, x3) ∈ R
3,

ut|t=0 = ϕ(x2) + ψ(x3), (x1, x2, x3) ∈ R
3



69ZN, a3NZ"LY.a � u(x1, x2, x3, t) = u1(x1, t) + u2(x2, t) + u3(x3, t), Zb:br~, b��eyN�"�J�N��
{
u1,tt − a2u1,x1x1

= 0, x1 ∈ R
1, t > 0,

u1(x1, 0) = f(x1), u1,t(x1, 0) = 0, x1 ∈ R
1,

{
u2,tt − a2u2,x2x2

= 0, x2 ∈ R
1, t > 0,

u2(x2, 0) = g(x2), u2,t(x2, 0) = ϕ(x2), x2 ∈ R
1,�

{
u3,tt − a2u3,x3x3

= 0, x3 ∈ R
1, t > 0,

u3(x3, 0) = 0, u3,t(x3, 0) = ψ(x3), x3 ∈ R
1.tY D′Alembert �YY

u1(x1, t) =
1

2
[f(x1 + at) + f(x1 − at)],

u2(x2, t) =
1

2
[g(x2 + at) + g(x2 − at)] +

1

2a

∫ x2+at

x2−at

ϕ(ξ)dξ,

u3(x3, t) =
1

2a

∫ x3+at

x3−at

ψ(ξ)dξ.^℄Yb��ZN
u(x1, x2, x3, t) =

1

2
[f(x1 + at) + f(x1 − at) + g(x2 + at) + g(x2 − at)]

+
1

2a

(∫ x2+at

x2−at

ϕ(ξ)dξ +

∫ x3+at

x3−at

ψ(ξ)dξ

)
.

4.10 N Ω ℄{u6 { |x1| ≤ 1, |x2| ≤ 1}, u(x, t) ℄B���
{
utt − 4∆u = 0, x ∈ R

2, t > 0,

u(x, 0) = ϕ(x), ut(x, 0) = ψ(x), x ∈ R
2ZN, '
 ϕ(x), ψ(x) =

{
0, x ∈ Ω,{�, x ∈ R

2 \ Ω.
a�CU t > 0 T�u(x, t) ≡ 0 Z4`	a �ItYp�)H&du<B���Z Poisson �YeObC, U t ≤ 1/2 T, l{u64`

{|x1| ≤ 1 − 2t, |x2| ≤ 1 − 2t} � u(x, t) ≡ 0; U t > 1/2 T,u(x, t) > 0 l R
2 L:v.



=�( Æ�J/
§5.1 ty��<� Green N}:

∫

Ω

v∆u dx =

∫

∂Ω

v
∂u

∂~n
dS −

∫

Ω

∇u · ∇v dx.<E Green N}:

∫

Ω

(u∆v − v∆u)dx =

∫

∂Ω

(
u
∂v

∂~n
− v

∂u

∂~n

)
dS.E� u ∈ C1(Ω̄) ∩ C2(Ω), m

u(x) = −
∫

Ω

Γ(x, ξ)∆u(ξ)dξ +

∫

∂Ω

Γ(x, ξ)
∂u

∂~n
dSξ −

∫

∂Ω

u
∂Γ(x, ξ)

∂~n
dSξ, x ∈ Ω,LY\hZ^K,9���\, ^p,9�R0�\, ^J,9�o0�\	vs Γ(x, ξ) = Γ(|x− ξ|),

Γ(r) =





1

(n− 2)ωn
r2−n, n ≥ 3,

1

2π
ln

1

r
, n = 2,'
 ωn =

2

Γ(n/2)
πn/2 ℄ R

n 
ZR�2�Z"�-,ω2 = 2π, ω3 = 4π.�QP�:V'WLN}: E� u ∈ C1(Ω̄) ∩ C2(Ω) ℄ Ω �Za��n, m:v
u(x) =

∫

∂Ω

Γ(x, ξ)
∂u

∂~n
dSξ −

∫

∂Ω

u
∂Γ(x, ξ)

∂~n
dSξ, x ∈ Ω.�QP�:V'�-:

1. Neumann5eA9W{N4N:w ;N�n u ∈ C1(Ω̄) ∩ C2(Ω) ℄x)Hu<ZNeumann����




−∆u = f(x), x ∈ Ω,

∂u

∂~n
= ϕ, x ∈ ∂ΩZN, m

∫

Ω

f dx = −
∫

∂Ω

∂u

∂~n
dS = −

∫

∂Ω

ϕdS.E��n u ∈ C1(Ω̄) l Ω �a�, m
∫

∂Ω

∂u

∂~n
dS = 0.

2. Phg3N��e/ a��nl'S` Ω ��K_Z�[^zlO�_�3/��^ ΩZ2�2��LZ%`�:

u(x) =
1

|BR(x)|

∫

BR(x)

u(ξ)dξ, BR(x) ⊂ Ω,

u(x) =
1

|∂BR(x)|

∫

∂BR(x)

u dSξ, BR(x) ⊂ Ω

70
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3. �oe\� N�n u l Ω �a�	E� u (℄6n, m u l Ω �6L(W#N�HL(W#/�	
4. )oe\� E��n u l Ω �a�, m

min
Ω̄
u = min

∂Ω
u, max

Ω̄
u = max

∂Ω
u, max

Ω̄
|u| = max

∂Ω
|u|.

Green P� E� G(x, ξ) ℄ Laplace u<l4` Ω LZ Green �n, m�\u<Z Dirichlet ����
{

−∆u = f(x), x ∈ Ω,

u = ϕ(x), x ∈ ∂ΩZNeO"Z�
u(x) =

∫

Ω

G(x, ξ)f(ξ)dξ −
∫

∂Ω

ϕ(ξ)
∂G

∂~n
dSξ, x ∈ Ω.[.��w%|: Green P�Y Dirichlet ��:a

1. n (n ≥ 3) �g=
2`LZ Green �n℄
G(x, ξ) = Γ(|x− ξ|) − Γ

( |ξ|
R

|x− ξ∗|
)
, (5.1)

x ∈ R
n, ξ ∈ BR, x 6= ξ, x 6= ξ∗ =

R2

|ξ|2 ξ,

n �2`LZ Dirichlet ��
{
−∆u = 0, x ∈ BR,

u = ϕ, x ∈ ∂BRZ3N�Y℄
u(x) =

R2 − |x|2
ωnR

∫

∂BR

ϕ(ξ)

|x− ξ|n dSξ, x ∈ BR.

2. d` (2 �) LZ Green �n℄
G(x, ξ) =

1

2π

(
ln

1

|x− ξ| − ln
R|ξ|

||ξ|2x−R2ξ|

)
, x 6= ξ, x 6= ξ∗ =

R2

|ξ|2 ξ,d`LZ Dirichlet ��
{
−∆u = 0, x ∈ BR,

u = ϕ, x ∈ ∂BRZ3N�Y℄
u(r, θ) =

1

2π

∫ 2π

0

(R2 − r2)ϕ(φ)

R2 + r2 − 2Rr cos(φ− θ)
dφ,'
,(r, θ) ℄d` BR �_Z.&!,(R, φ) ℄dÆ ∂BR Ld_Z.&!.
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3. R
n (n ≥ 3) 
L�g= R

n
+ = {x ∈ R

n : xn > 0} LZ Green �n℄
G(x, ξ) = Γ(|x− ξ|) − Γ(|x− ξ∗|), x ∈ R

n, ξ ∈ R
n
+, x 6= ξ, x 6= ξ∗,a�u<Z Dirichlet ��






−∆u = 0, x ∈ R
n
+,

u(x) = ϕ(x′), xn = 0, x′ ∈ R
n−1,

lim
|x|→∞

u(x) = 0Z3N�Y℄
u(x) =

2xn

ωn

∫

Rn−1

ϕ(ξ′)

(|x′ − ξ′|2 + x2
n)n/2

dξ′, x ∈ R
n
+,'
,x = (x′, xn), x′ = (x1, x2, ... , xn−1).

4. L�%�Z Green �n℄
G(x, ξ) =

1

4π
ln

(x1 − ξ1)
2 + (x2 + ξ2)

2

(x1 − ξ1)2 + (x2 − ξ2)2
,

Dirichlet ��




−∆u = f(x), x1 ∈ R
1, x2 > 0,

u(x) = ϕ(x1), x1 ∈ R
1, x2 = 0,

lim
|x|→∞

u(x) = 0Z3N�Y℄
u(x) =

1

π

∫

R1

x2ϕ(ξ1)

(ξ1 − x1)2 + x2
2

dξ1 +
1

4π

∫ ∞

0

∫

R1

f(ξ) ln
(ξ1 − x1)

2 + (ξ2 + x2)
2

(ξ1 − x1)2 + (ξ2 − x2)2
dξ1 dξ2, x ∈ R

2
+.

§5.2 �	7
5.1 |�"��ne℄a��n


(1) xy � x2 − y2;

(2) x3 − 3xy2 � 3x2y − y3;

(3) sinhny sinnx � sinhny cosnx.*o (1) � u1 = xy, u2 = x2 − y2. �I4v~
∂2u1

∂x2
+
∂2u1

∂y2
= 0,

∂2u2

∂x2
+
∂2u2

∂y2
= 0.UG u1 � u2 ea�.

(2) � u1 = x3 − 3xy2, u2 = 3x2y − y3, m
∂2u1

∂x2
= 6x,

∂2u1

∂y2
= −6x.



73 ∆u1 = 0, vq� u1 a�. �re~ u2 a�.

(3) � u1 = sinhny sinnx, u2 = sinhny cosnx, m[
∂2u1

∂x2
= −n2 sinhny sinnx,

∂2u1

∂y2
= n2 sinhny sinnx. ∆u1 = 0, vq� u1 a�. �re~ u2 a�.

5.2 |� 2 � Laplace u<l.&! (r, θ) "eO2:
∆u =

1

r

∂

∂r

(
r
∂u

∂r

)
+

1

r2
∂2u

∂θ2
= 0.*o l.&! ( x = r cos θ, y = r sin θ �", [

∂u

∂r
= cos θ

∂u

∂x
+ sin θ

∂u

∂y
,

∂u

∂θ
= −r sin θ

∂u

∂x
+ r cos θ

∂u

∂y
.ZGNC

∂u

∂x
= cos θ

∂u

∂r
− sin θ

r

∂u

∂θ
=
(

cos θ
∂

∂r
− sin θ

r

∂

∂θ

)
u,

∂u

∂y
= sin θ

∂u

∂r
+

cos θ

r

∂u

∂θ
=
(

sin θ
∂

∂r
+

cos θ

r

∂

∂θ

)
u.vFYYWv��=Z�[��:

∂

∂x
= cos θ

∂

∂r
− sin θ

r

∂

∂θ
,

∂

∂y
= sin θ

∂

∂r
+

cos θ

r

∂

∂θ
.UG

∆u =
(

cos θ
∂

∂r
− sin θ

r

∂

∂θ

)2

u+
(

sin θ
∂

∂r
+

cos θ

r

∂

∂θ

)2

u

=
∂2u

∂r2
+

1

r

∂u

∂r
+

1

r2
∂2u

∂θ2
.

5.3 |� 3 � Laplace u<l2�&! (r, θ, φ) ", eO2:
∆u =

1

r2
∂

∂r

(
r2
∂u

∂r

)
+

1

r2 sin θ

∂

∂θ

(
sin θ

∂u

∂θ

)
+

1

r2 sin2 θ

∂2u

∂φ2
= 0.*o d#� x = ρ cosφ, y = ρ sinφ. tY�� 5.2 Y

∆u =
∂2u

∂ρ2
+
∂2u

∂z2
+

1

ρ

∂u

∂ρ
+

1

ρ2

∂2u

∂φ2
.k� z = r cos θ, ρ = r sin θ, Y[

∂2u

∂ρ2
+
∂2u

∂z2
=
∂2u

∂r2
+

1

r

∂u

∂r
+

1

r2
∂2u

∂θ2
.pt�� 5.2, eO3C

∂u

∂ρ
= sin θ

∂u

∂r
+

cos θ

r

∂u

∂θ
.
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∆u =

∂2u

∂r2
+

1

r

∂u

∂r
+

1

r2
∂2u

∂θ2
+

1

r2 sin2 θ

∂2u

∂φ2
+

1

r sin θ

(
sin θ

∂u

∂r
+

cos θ

r

∂u

∂θ

)

=
1

r2
∂

∂r

(
r2
∂u

∂r

)
+

1

r2 sin θ

∂

∂θ

(
sin θ

∂u

∂θ

)
+

1

r2 sin2 θ

∂2u

∂φ2
.

5.4 |�Y.&!"ZZ"��ne℄a��n (r > 0)

(1) ln r � θ;

(2) rn cosnθ � rn sinnθ, n �6n�
(3) r ln r cos θ − rθ sin θ � r ln r sin θ + rθ cos θ.*o Z�� 5.2 ~, �GD|

∆u =
1

r

∂

∂r

(
r
∂u

∂r

)
+

1

r2
∂2u

∂θ2
= 00e.

(1) %<:v.

(2) 5 u1 = rn cosnθ, u2 = rn sinnθ. m[
∂u1

∂r
= nrn−1 cosnθ,

∂

∂r

(
r
∂u1

∂r

)
= n2rn−1 cosnθ,

∂2u1

∂θ2
= −n2rn cosnθ,^℄

∆u1 =
1

r

∂

∂r

(
r
∂u1

∂r

)
+

1

r2
∂2u1

∂θ2
= 0.�reY ∆u2 = 0.

(3) 5 u1 = r ln r cos θ − rθ sin θ, u2 = r ln r sin θ + rθ cos θ, m
∂u1

∂r
= cos θ + ln r cos θ − θ sin θ,

∂

∂r

(
r
∂u1

∂r

)
= 2 cos θ + ln r cos θ − θ sin θ,

∂u1

∂θ
= −r ln r sin θ − r sin θ − rθ cos θ,

∂2u1

∂θ2
= −r ln r cos θ − 2r cos θ + rθ sin θ.xO

∆u1 =
1

r

∂

∂r

(
r
∂u1

∂r

)
+

1

r2
∂2u1

∂θ2
= 0.�reY ∆u2 = 0.

5.5 al%�L|�^K Green �Y, ^p Green �YO/a��nZ,�-y�Y	*o N Ω ℄%�LK[O�$4`, x = (x1, x2) ∈ R
2. l Green �Y

∫

Ω

(Px1
+Qx2

)dx =

∫

∂Ω

(P cos(n, x1) +Q cos(n, x2))dl
, 6 P = vux1
, Q = vux2

, LY$��
∫

Ω

v∆u dx+

∫

Ω

∇v · ∇u dx,
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∫

∂Ω

v[ux1
cos(n, x1) + ux2

cos(n, x2)]dl =

∫

∂Ω

v
∂u

∂~n
dl.vFYYW^K Green �Y:

∫

Ω

v∆u dx =

∫

∂Ω

v
∂u

∂~n
dl −

∫

Ω

∇v · ∇u dx. (5.2)lLY
"( u � v, Y
∫

Ω

u∆v dx =

∫

∂Ω

u
∂v

∂~n
dl −

∫

Ω

∇u · ∇v dx. (5.3)

(5.2) Y_ (5.3) Y)?, 0Y^p Green �Y:

∫

Ω

(u∆v − v∆u)dx =

∫

∂Ω

(
u
∂v

∂~n
− v

∂u

∂~n

)
dl."��V%�LZa��nZ,�-y�Y. k^�Z�n u, _ ξ ∈ R

n O/6n ε > 0, YM ε
ξ [u]"Z u lO ξ �3�O ε ��WZ2� ∂Bε(ξ) LZ%`, 0

M ε
ξ [u] =

1

|∂Bε(ξ)|

∫

∂Bε(ξ)

u(x)dSξ.U� n = 2, CPD|�n Γ(x, ξ) =
1

2π
ln

1

|x− ξ| 	 Laplace u<, 0
−∆xΓ(x, ξ) = 0, x ∈ Ω, x 6= ξ.Z^�n Γ(x, ξ) l x = ξ _[(8, 9Gl Ω 
�8K�O ξ �d3�O ε ��W (ε �/) Zd Bε(ξ),�dZdÆ5� ∂Bε(ξ). vF, l Ωε , Ω \Bε(ξ) ��n Γ(x, ξ) 	 ∆xΓ = 0. Z^p Green �YY

∫

∂Ωε

(
u
∂Γ(x, ξ)

∂~n
− Γ(x, ξ)

∂u

∂~n

)
dl =

∫

Ωε

(u∆Γ(x, ξ) − Γ(x, ξ)∆u)dx = 0.U� ∂Ωε = ∂Ω ∪ ∂Bε(ξ), $/l ∂Bε(ξ) L ∂

∂~n
= − ∂

∂r
, UG

∫

∂Ω

(
u
∂Γ(x, ξ)

∂~n
− Γ(x, ξ)

∂u

∂~n

)
dl =

∫

∂Bε(ξ)

(
u
∂Γ(x, ξ)

∂r
− Γ(x, ξ)

∂u

∂r

)
dl

=

∫

∂Bε(ξ)

[
u
∂

∂r

(
1

2π
ln

1

r

)
−
(

1

2π
ln

1

r

)
∂u

∂r

]
dl

= − 1

2πε

∫

∂Bε(ξ)

u dl+
ln ε

2π

∫

∂Bε(ξ)

∂u

∂r
dl

= −M ε
ξ [u] + ε ln εM ε

ξ

[∂u
∂r

]
. (5.4)℄U� u,∇u l Ω̄ Lx=, xO lim

ε→0+
M ε

ξ [u] = u(ξ), lim
ε→0+

ε ln εM ε
ξ

[∂u
∂r

]
= 0. l (5.4) Y
� ε→ 0+, Y[

∫

∂Ω

(
u
∂Γ(x, ξ)

∂~n
− Γ(x, ξ)

∂u

∂~n

)
dl + u(ξ) = 0,0

u(ξ) =

∫

∂Ω

(
Γ(x, ξ)

∂u

∂~n
− u

∂Γ(x, ξ)

∂~n

)
dl.
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5.6 N Ω = {(x, y) | x2 + y2 < π2/4}, u ∈ C(Ω̄) ∩ C2(Ω) ℄N��
{

∆u = uxx + uyy = 0, (x, y) ∈ Ω,

u = sinx, (x, y) ∈ ∂ΩZN	a; u l Ω̄ LZ#N��#/�	a ZI.�brY
max

Ω̄
u = max

∂Ω
u = max

x2+y2=π2/4
sinx = 1,

min
Ω̄
u = min

∂Ω
u = min

x2+y2=π2/4
sinx = −1.

5.7 tY^K Green �Y|�J� Laplace u<Z Robin ��





ux1x1
+ ux2x2

+ ux3x3
= 0, (x1, x2, x3) ∈ Ω,

(
∂u

∂~n
+ σu

) ∣∣∣∣
∂Ω

= f, σ > 0 ℄6nNZ�K8	*o �G|� f = 0 kWZ)H���[�N0e. l^K Green �Y
∫

Ω

v∆u dx =

∫

∂Ω

v
∂u

∂~n
dS −

∫

Ω

∇u · ∇v dx
� v = u, �eYW
∫

∂Ω

u
∂u

∂~n
dS =

∫

Ω

|∇u|2 dx.tY (
∂u

∂~n
+ σu

) ∣∣∣∣
∂Ω

= 0, Y
0 ≤

∫

Ω

|∇u|2 dx = −σ
∫

∂Ω

u2 dS ≤ 0.U σ ℄{6n, xO[
∫

Ω

|∇u|2 dx =

∫

∂Ω

u2 dS = 0.vq� u ≡ 6n, /l ∂Ω L u ≡ 0. ^℄, l Ω̄ L u ≡ 0.

5.8 H u(r, θ) ℄R�dLZa��n, / u(1, θ) = cos θ. 3�n u lb_Z�	a Za��nZ2�%`��YY
u(0, θ) =

1

2π

∫

∂B1(0)

u(1, θ)dS =
1

2π

∫ 2π

0

cos θ dθ = 0.

5.9 N BR ℄%�LOb_�d3�R ��WZd`	|�d`LZGreen�n℄
G(x, ξ) =

1

2π

(
ln

1

|x− ξ| − ln
R

|ξ| · |x− ξ∗|

)

=
1

2π

(
ln

1

|x− ξ| − ln
R|ξ|

||ξ|2x−R2ξ|

)
, x 6= ξ, x 6= ξ∗ =

R2

|ξ|2 ξ.



77E�d`�Za��n u l ∂BR L6� ϕ(φ), md`LZa��n u ZPoisson�Y℄
u(r, θ) =

1

2π

∫ 2π

0

(R2 − r2)ϕ(φ)

R2 + r2 − 2Rr cos(φ− θ)
dφ,'
,(r, θ) ℄d` BR �_Z.&!,(R, φ) ℄dÆ ∂BR Ld_Z.&!.*o ld` BR ��6K_ ξ, z�^dÆ ∂BR ZtC_� ξ∗ =
R2

|ξ|2 ξ. (�D|JF6 xOξ _JF6 ξ∗Ox )t (�� 5.1),

x

O 

R 

ξ ξ*
 

� 5.1xO
|x− ξ∗|
|x− ξ| =

R

|ξ| , x ∈ ∂BR.v[<^
1

2π
ln

1

|x− ξ| −
1

2π
ln

R

|ξ| · |x− ξ∗| = 0, x ∈ ∂BR.LY$h^K,� Γ(x, ξ), 5^p, 1

2π
ln

R

|ξ| · |x− ξ∗| , v(x, ξ). P| −∆xv = 0, x ∈ BR. ZS~,Green �n�
G(x, ξ) =

1

2π

(
ln

1

|x− ξ| − ln
R

|ξ| · |x− ξ∗|

)

=
1

2π

(
ln

1

|x− ξ| − ln
R|ξ|

||ξ|2x−R2ξ|

)
.℄U x ∈ ∂BR T

∂G

∂~n

∣∣∣∣
∂BR

=

2∑

i=1

Gxi

xi

R
=

2∑

i=1

xi

2πR

(
− (xi − ξi)

|x− ξ|2 +
(xi − ξ∗i )

|x− ξ∗|2
)

= − R2 − |ξ|2
2πR|x− ξ|2 .ZGYd`L Dirichlet ��

{
−∆u = 0, x ∈ BR,

u = ϕ, x ∈ ∂BRZN�
u(ξ) = −

∫

∂BR

ϕ(x)
∂G

∂~n
Sx =

R2 − |ξ|2
2πR

∫

∂BR

ϕ(x)

|x− ξ|2 dSx, ξ ∈ BR.
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u(x) =

R2 − |x|2
2πR

∫

∂BR

ϕ(ξ)

|x− ξ|2 dSξ, x ∈ BR.-Y.&!, LY℄e2:
u(r, θ) =

1

2π

∫ 2π

0

(R2 − r2)ϕ(φ)

R2 + r2 − 2Rr cos(φ− θ)
dφ.

5.10 3�n u, W'l�W� a Zd�a�, ldÆ C Ly#6"��

(1) u|C = A cosφ;

(2) u|C = A+B sinφ,'
 A, B e℄6n.a (1) �ItYd`La��nZ Poisson �Y, �Y
u(ρ, θ) =

1

2π

∫ 2π

0

A cosφ
a2 − ρ2

a2 + ρ2 − 2aρ cos(φ− θ)
dφ

=
1

2π

∫ 2π

0

A cosφ
[
1 + 2

∞∑

n=1

(ρ
a

)n

cosn(φ − θ)
]
dφ

=
A

a
ρ cos θ.

(2) �FeY
u(ρ, θ) =

1

2π

∫ 2π

0

(A+B sinφ)
[
1 + 2

∞∑

n=1

(ρ
a

)n

cosn(φ− θ)
]
dφ

= A+
B

a
ρ sin θ.

5.11 aYV-rVCp�a�u<lL�%�Z Dirichlet ��
{

∆u = 0, x ∈ R
1, y > 0,

u(x, 0) = f(x), x ∈ R
1NZ"LY, $3CU f(x) y#℄"��nTZN


(1) [Ox=�n�
(2) f(x) =

{
1, x ∈ [a, b],

0, x 6∈ [a, b];

(3) f(x) =
1

1 + x2
.a lL�%���6K_ (ξ, η), l�_w�R�{`�, �Wz4PZU`5l x �LZ`���, 9Gl (ξ, η) �^ x �Zk9_ (ξ,−η) Lw�R�}`� (�� 5.2).
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x 

y 

O 

(ξ,η) 

(ξ,−η) � 5.2|`�4PZU`5l%�LT^v|_Z (x, y) E4PZ`�℄
G(x, y; ξ, η) =

1

4π
ln

(x − ξ)2 + (y + η)2

(x − ξ)2 + (y − η)2
.CPbC,G l y = 0 T[^�, l y > 0 / (x, y) 6= (ξ, η) T	 a�u< ∆G = 0, vs ∆ =

∂x∂x + ∂y∂y. UG, v��n G Y℄p�a�u<lL�%�Z Green �n."��VL�%�Z Dirichlet ��NZ"LY. U�
∂G

∂~n

∣∣∣
y=0

= −∂G
∂y

∣∣∣
y=0

= − η

π

1

(x − ξ)2 + η2
,xO

u(ξ, η) = −
∫

R1

f(x)
∂G

∂~n
dx =

η

π

∫

R1

f(x)

(x− ξ)2 + η2
dx.��L, ��CLY2:

u(x, y) =
y

π

∫

R1

f(ξ)

(x− ξ)2 + y2
dξ. (5.5)

(1) U f(x) ℄[Ox=�nT, 'NZ"LYY℄ (5.5) Y.

(2) tY (5.5) Y, ��[
u(x, y) =

y

π

∫ b

a

1

(x − ξ)2 + y2
dξ =

1

π

(
arctan

b− x

y
− arctan

a− x

y

)
.

(3) tY (5.5) Y/ Fourier  (, Y
u(x, y) =

y

π

∫

R1

1

(1 + ξ2)[(ξ − x)2 + y2]
dξ

=
y

π

1

1 + x2
∗ 1

x2 + y2

=
y

π
F−1

[
F
[

1

1 + x2

]
· F
[

1

x2 + y2

]]

= F−1[πe−(y+1)|λ|]

=
1 + y

x2 + (1 + y)2
.
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5.12 N u ℄4` Ω 
ZpHx=eÆ�n	E�k^ Ω 
Z�K2� S, e:v
∫

S

∂u

∂~n
dS = 0.|� u ℄ Ω 
Za��n.*o �6K�2 BR(x) ⋐ Ω, ZÆ��YY

∫

BR(x)

∆u(ξ)dξ =

∫

∂BR(x)

∂u

∂~n
dSξ = 0. (5.6)U� u ∈ C2(Ω), [ ∆u ∈ C(Ω). Zx=�nZ8	~, k�R x ∈ Ω, [

∆u(x) = lim
ε→0+

1

|Bε(x)|

∫

Bε(x)

∆u(ξ)dξ.℄Z (5.6) Ye~, U ε < dist{x, ∂Ω} T,

∫

Bε(x)

∆u(ξ)dξ = 0, xO ∆u(x) ≡ 0. Z x Z�R8YeO�CM�.

5.13 |�^p���� 




∆u = uxx + uyy = 0, 0 < r < R,

∂u

∂r

∣∣∣
r=R

= ϕ(θ)ZN�U ∫ 2π

0

ϕ(θ)dθ = 0 TeO2:
u(r, θ) = − R

2π

∫ 2π

0

ϕ(β) ln(R2 + r2 − 2Rr cos(β − θ))dβ + C,'
 C ��R6n	*o N��%�.&!6Y




1

r

∂

∂r

(
r
∂u

∂r

)
+

1

r2
∂2u

∂θ2
= 0, 0 < r < R, 0 < θ < 2π,

∂u

∂r

∣∣∣
r=R

= ϕ(θ), 0 ≤ θ < 2π,

u(r, θ) = u(r, 2π + θ), |u(0, θ)| <∞, 0 ≤ r ≤ R, 0 ≤ θ < 2π.� u(r, θ) = T (r)Φ(θ), PFu<$yq }
r2T ′′ + rT ′

r
= −Φ′′

Φ
.Nv����6n λ, vFYYW|�6Æyu<ZN��

{
Φ′′ + λΦ = 0,

Φ(θ) = Φ(2π + θ)�
{
r2T ′′ + rT ′ − λT = 0, 0 < r < R,

|T (0)| <∞.



81#N^K�N��. ZÆ&�O�A~, '}y�� λn = n2, n = 0, 1, 2, · · · , }y�n�
Φ0(θ) = a0, Φn(θ) = an cosnθ + bn sinnθ, n = 1, 2, · · · .C λn = n2 PF T Zu<, YW	 |T (0)| <∞ Z�N

Tn(r) = Cnr
n, n = 0, 1, 2, · · · .b:, Y

u(r, θ) = C +

∞∑

n=1

(An cosnθ +Bn sinnθ)rn.tY ∂u

∂r

∣∣∣
r=R

= ϕ(θ) ;C�n
An =

1

nπRn−1

∫ 2π

0

ϕ(β) cosnβ dβ,

Bn =
1

nπRn−1

∫ 2π

0

ϕ(β) sinnβ dβ.ZGY
u(r, θ) = C +

∞∑

n=1

rn

nπRn−1

∫ 2π

0

ϕ(β) cosn(β − θ)dβ

= C +
R

π

∫ 2π

0

ϕ(β)

( ∞∑

n=1

1

n

( r
R

)n

cosn(β − θ)

)
dβ.tY�[Y (|��~�)

2

∞∑

n=1

rn

n
cosnθ = − ln(1 − 2r cos θ + r2), 0 ≤ r < 1/ ∫ 2π

0

ϕ(θ)dθ = 0, Yb��ZN�
u(r, θ) = C − R

2π

∫ 2π

0

ϕ(β) ln
[
1 − 2r

R
cos(β − θ) +

( r
R

)2 ]
dβ

= C − R

2π

∫ 2π

0

ϕ(β) ln(R2 + r2 − 2Rr cos(β − θ))dβ./ J |ρ| < 1 ,, D�NO/A�:

2

∞∑

n=1

ρn cosnθ =

∞∑

n=1

(ρneinθ + ρne−inθ)

=
ρeiθ

1 − ρeiθ
+

ρe−iθ

1 − ρe−iθ

= − 2ρ2 − 2ρ cos θ

1 + ρ2 − 2ρ cos θ
.*/�5DQ ρ, M

2

∞∑

n=1

ρn−1 cosnθ = − 2ρ− 2 cos θ

1 + ρ2 − 2ρ cos θ
.



82*/�5T ρ G 0 L r (|r| < 1) *n[, M
2

∞∑

n=1

rn

n
cosnθ = − ln(1 − 2r cos θ + r2).

5.14 N u(x) lOb_�d3�R ��WZd BR �a�, l B̄R Lx=	5 M =

∫

BR

u2 dx. a|�

(1) |u(0)| ≤ 1

R

(
M

π

)1/2

;

(2) |u(x)| ≤ 1

R− |x|

(
M

π

)1/2

, ∀ x ∈ BR.*o (1) Za��nZ2%`��Y~
u(0) =

1

|BR|

∫

BR

u dx.ktY Cauchy ([Y~
u2(0) =

1

|BR|2
(∫

BR

u dx

)2

≤ 1

|BR|2
∫

BR

u2 dx

∫

BR

dx =
M

|BR|
.UG

|u(0)| ≤
(
M

|BR|

)1/2

=
1

R

(
M

π

)1/2

.

(2) k^�RZ x ∈ BR, 5 BR−|x|(x) ℄O x �d3,R − |x| ��WZd. tYa��nZ2%`��Y/ Cauchy ([Y, ��eOYW
u2(x) =

1

|BR−|x|(x)|2
(∫

BR−|x|(x)

u dx

)2

≤ 1

|BR−|x|(x)|2
∫

BR−|x|(x)

u2 dx

∫

BR−|x|(x)

dx

=
1

|BR−|x|(x)|

∫

BR−|x|(x)

u2 dx ≤ M

|BR−|x|(x)|
.[

|u(x)| ≤
(

M

|BR−|x|(x)|

)1/2

=
1

R− |x|

(
M

π

)1/2

.

5.15 N u(ρ, θ) ℄d BR �Z[Oa��n, � v(r, θ) = u

(
R2

r
, θ

)
. |� v(r, θ) ℄d BR �Za��n, $ZG3N^Kp�+����





∆u = 0, x ∈ R
2 \BR,

u = ϕ(θ), x ∈ ∂BR,

u[O.*o U� u(ρ, θ) ℄d BR �Z[Oa��n, [
∂2u

∂ρ2
+

1

ρ

∂u

∂ρ
+

1

ρ2

∂2u

∂θ2
= 0, ρ > R.
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r
= ρ, m v(r, θ) = u(ρ, θ), 0 < r < R, ρ > R. �I4v~

∂v

∂r
= −R

2

r2
∂u

∂ρ
,
∂2v

∂r2
=

2R2

r3
∂u

∂ρ
+
R4

r4
∂2u

∂ρ2
,
∂2v

∂θ2
=
∂2u

∂θ2
,xO

∂2v

∂r2
+

1

r

∂v

∂r
+

1

r2
∂2v

∂θ2
=
R4

r4

(
∂2u

∂ρ2
+

1

ρ

∂u

∂ρ
+

1

ρ2

∂2u

∂θ2

)
= 0.vq� v(r, θ) ℄d BR �Za��n."�3N^Kp�+����. �z2:.&!6Y:






∆u =
∂2u

∂ρ2
+

1

ρ

∂u

∂ρ
+

1

ρ2

∂2u

∂θ2
= 0, ρ > R, 0 ≤ θ < 2π,

u(R, θ) = ϕ(θ), |u(0, θ)| <∞, 0 ≤ θ < 2π,

u(ρ, θ) = u(ρ, θ + 2π), ρ ≥ R, 0 ≤ θ < 2π.l ( R2

r
= ρ �", Ll���%� v(r, θ) ZN��






∆v =
∂2v

∂r2
+

1

r

∂v

∂r
+

1

r2
∂2v

∂θ2
= 0, 0 < r < R, 0 ≤ θ < 2π,

v(R, θ) = ϕ(θ), |v(0, θ)| <∞, 0 ≤ θ < 2π,

v(r, θ) = v(r, θ + 2π), 0 ≤ r ≤ R, 0 ≤ θ < 2π.tY Poisson �Y~, ���ZN�
v(r, θ) =

1

2π

∫ 2π

0

(R2 − r2)ϕ(φ)

R2 + r2 − 2Rr cos(φ− θ)
dφ.UG^Kp�+����ZN�

u(ρ, θ) = v
(R2

ρ
, θ
)

=
1

2π

∫ 2π

0

(ρ2 −R2)ϕ(φ)

R2 + ρ2 − 2Rρ cos(φ− θ)
dφ.

5.16 !jO"��℄z[N, H[N, 3CNm	
(1)





∆u = 1, r < 1,

∂u

∂~n
= 0, r = 1;

(2)






∆u = 1, r < 1,

∂u

∂~n
=

1

3
, r = 1,'
 r = |x|, x ∈ R

3.a (1) H u ℄x)H����ZN, m�<[
∫

Ω

∆u dx =

∫

∂Ω

∂u

∂~n
dS.o��
 ∫

Ω

∆u dx =
4

3
π,

∫

∂Ω

∂u

∂~n
dS = 0. �N.
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(2) ��[N. [VL, 6 u0 =
1

6
(x2 + y2 + z2), (�D|z	 u<.℄U Laplaceu<Z Neumann����j^ C1(Ω̄)

⋂
C2(Ω) ZN�n)3K�6n, 'NeO2:

u =
1

6
(x2 + y2 + z2) + C.���K�Z3N�<�l~�
./ a�, B�;K n (≥ 3) ?PoissonYBhT�{ u = u(r) Nm3J/, :bCNeumann5eA9W{NF&K:wh^E:wDN{. + u �lYB

∆u =
1

rn−1

d

dr

(
rn−1 du

dr

)
= f(r), 0 < r < R,_A�

d

dr

(
rn−1 du

dr

)
= rn−1f(r), 0 < r < R.�5n[M

rn−1 du

dr
=

∫ r

0

ρn−1f(ρ)dρ+ C.�5DQ rn−1
, ℄Fn[:xkn[FL, M

u(r) =

∫ r

0

1

tn−1
dt

∫ t

0

ρn−1f(ρ)dρ+ Er2−n +D

=

∫ r

0

ρn−1f(ρ)dρ

∫ r

ρ

1

tn−1
dt+ Er2−n +D

=
r2−n

n− 2

∫ r

0

ρ(rn−2 − ρn−2)f(ρ)dρ+ Er2−n +D.a�,C,D,E R1=3. N.{^ r = 0 W|, 4$W E = 0. a}1 n ?PoissonYBhT�{Nm3J/. ^Neumann5|:w ∂u

∂r

∣∣∣
r=R

= f0 D, A9W{NF&K:w1
1

Rn−1

∫ R

0

ρn−1f(ρ)dρ = f0.J_:wA�,,Neumann5eA9W'DJ/N{
u(r) =

r2−n

n− 2

∫ r

0

ρ(rn−2 − ρn−2)f(ρ)dρ+D.

5.17 Y2�%`�r4v5�-y ∫

S

1

|x− x0|
dS, '
 S ℄ R

3 
ZR�2�,x0 ∈ R
3 ℄Æ_,/ |x0| > 1.a CPD|�n |x|−1 l R

3\{0} La�. ℄U |x0| > 1,  |x− x0|−1 l2 B1(0) �a�. Za��nZ2�%`�rY
1

4π

∫

S

1

|x− x0|
dS =

1

|x0|
,0

∫

S

1

|x− x0|
dS =

4π

|x0|
.



85/ P1NzÆ1
∫

S

1

|x− x0|n−2
dS =

ωn

|x0|n−2
,�g S 1 R

n gI���,ωn =
2

Γ(n/2)
πn/2 1 S N8�n,|x0| > 1.

§5.3 -0�	$7
5.18 E� f(x) ℄�^ x ∈ R

n ZN��n, k^ y ∈ R
m, S�n

u(x, y) =

∞∑

k=0

(−1)k

(2k)!
(y2k

1 + · · · + y2k
m )∆kf(x),

v(x, y) =

∞∑

k=0

(−1)k

(2k + 1)!
(y2k+1

1 + · · · + y2k+1
m )∆kf(x).|� u, v e℄�^ (x, y) ∈ R

n+m Za��n.*o �D| u Za�8,v ZD|pt. �I4v~
∆xu(x, y) =

∞∑

k=0

(−1)k

(2k)!
(y2k

1 + · · · + y2k
m )∆k+1f(x),

∆yu(x, y) =

∞∑

k=1

(−1)k

(2k − 2)!
(y2k−2

1 + · · · + y2k−2
m )∆kf(x)

=

∞∑

k=0

(−1)k+1

(2k)!
(y2k

1 + · · · + y2k
m )∆k+1f(x).ZGY ∆xu+ ∆yu = 0. UG u ℄�^ (x, y) ∈ R

n+m Za��n.

5.19 N u � R
n 
(���Za��n, |�-y ∫

Rn

u2 dx qK.*o H-yby, mk�R x ∈ R
n, R > 0, Za��nZ2%`��Y� Cauchy ([Y~

u2(x) =

(
n

ωnRn

∫

BR(x)

u(ξ)dξ

)2

≤
(

n

ωnRn

)2 ∫

BR(x)

u2(ξ)dξ

∫

BR(x)

dξ

=
n

ωnRn

∫

BR(x)

u2(ξ)dξ ≤ n

ωnRn

∫

Rn

u2(ξ)dξ.lLY
� R → ∞ Y u(x) = 0. kZ x ∈ R
n Z�R8Y u ≡ 0. G_N~�A
m.

5.20 E� u = u(r, θ) ℄a��n, |� v = rur H℄a��n. $ZG|�^p����




∆u = uxx + uyy = 0, 0 < r < R,

∂u

∂r

∣∣∣
r=R

= ϕ(θ)ZN�U ∫ 2π

0

ϕ(θ)dθ = 0 TeO2:
u(r, θ) = − R

2π

∫ 2π

0

ϕ(β) ln(R2 + r2 − 2Rr cos(β − θ))dβ + C,'
 C ��R6n	



86*o U u = u(r, θ) ℄a��n, [
∆u =

1

r

∂

∂r

(
r
∂u

∂r

)
+

1

r2
∂2u

∂θ2
= 0.ZGe~

∆v =
1

r

∂

∂r

(
r
∂v

∂r

)
+

1

r2
∂2v

∂θ2
=

1

r

∂

∂r

(
r
∂

∂r

(
r
∂u

∂r

))
+

1

r2
∂2

∂θ2

(
r
∂u

∂r

)
=

1

r
(r2∆u)r = 0.LY"� v H℄a��n. vF, �^ u Z^p����Y�%��^ v Z Dirichlet ����

{
−∆v = 0, 0 < r < R,

v = Rϕ(θ), r = R.Z Poisson �Y~, ��ZN�
v(r, θ) =

R

2π

∫ 2π

0

(R2 − r2)ϕ(β)

R2 + r2 − 2Rr cos(β − θ)
dβ.tYN~�A ∫ 2π

0

ϕ(θ)dθ = 0, eOC v �2�E"6Y
v(r, θ) =

R

2π

∫ 2π

0

(
R2 − r2

R2 + r2 − 2Rr cos(β − θ)
− 1

)
ϕ(β)dβ

= −R
π

∫ 2π

0

r2 −Rr cos(β − θ)

R2 + r2 − 2Rr cos(β − θ)
ϕ(β)dβ.ZGYb��ZN�

u(r, θ) = u(0, θ) +

∫ r

0

v(ρ, θ)

ρ
dρ

= u(0, θ) − R

π

∫ 2π

0

(∫ r

0

ρ−R cos(β − θ)

R2 + ρ2 − 2Rρ cos(β − θ)
dρ

)
ϕ(β)dβ

= u(0, θ) − R

2π

∫ 2π

0

ϕ(β) ln(R2 + r2 − 2Rr cos(β − θ))dβ.vs,u(0, θ) eO℄�R6n.

5.21 34` Ω La�u< Dirichlet ��Z Green �n, '
 Ω y#�

(1) sy�K%�:H+ = {(x, y) : x > 0, y > 0};

(2) �2`:B+
R = {x = (x1, x2, x3) ∈ R

3 : |x| < R, x3 > 0};

(3) 0�g=:Hh = {x = (x1, x2, x3) ∈ R
3 : 0 < x3 < h}.a (1) lsy�K%� H+ ��6K_ (ξ, η), l�_w�R�{`�, �� 5.3. �Wz4PZU`5l x �LZ`���, 9Gl (ξ, η) �^ x �Zk9_ (ξ,−η) Ew�R�}`�.

x 

y 

O 

(ξ,η) 

(ξ,−η) 

(−ξ,η) 

(−ξ,−η) 



87� 5.3|`�l%�LT^ (ξ, η), (ξ,−η) Z_ (x, y) E4PZ`��
G∗(x, y; ξ, η) =

1

4π
ln

(x − ξ)2 + (y + η)2

(x − ξ)2 + (y − η)2
.%<GT y �LZ`�(��, �W y �LZ`�H���Y9Gl (ξ, η) �^ y �Zk9_ (−ξ, η)Ew�R�}`�, l (ξ,−η) �^ y �Zk9_ (−ξ,−η) Lw�R�{`��s�`�4PZU`5lT^L�s_Z_ (x, y) EZ��0WY℄

G(x, y; ξ, η) = G∗(x, y; ξ, η) −G∗(x, y;−ξ, η)

=
1

4π
ln

[(x − ξ)2 + (y + η)2][(x+ ξ)2 + (y − η)2]

[(x − ξ)2 + (y − η)2][(x+ ξ)2 + (y + η)2]
.zl x �� y �LZ�e��, UG G(x, y; ξ, η) Y℄sy�K%�La�u< Dirichlet ��Z Green�n.

(2) l�2` B+
R ��6K_ ξ, l ξ _w�KR�{`� (�� 5.4)�zl_ x ∈ R

3 (x 6= ξ) EZ`�℄ 1

4π|x− ξ| . �~V&2�L`����l_ ξ �^2�ZtC_ ξ∗ =
R2

|ξ|2 ξ Ew� q R�Z}`�,q Q�zx4PZU`5l x _Z`�℄
v(x, ξ) = − q

4π|x− ξ∗| , x ∈ R
3, x 6= ξ∗.

x 

O 

ξ*
 

ξ*

−
 

ξ 

ξ
−
 

� 5.4��lÆK_ x ∈ R
3(x 6= ξ, ξ∗) EZ`���℄ 1

4π|x− ξ| −
q

4π|x− ξ∗| . d#��G>6^UZ qWYU x ∈ ∂BR Tv�����0
1

4π|x− ξ| =
q

4π|x− ξ∗| , +u q =
|x− ξ∗|
|x− ξ| , x ∈ ∂BR.vs,BR ℄ R

3 
Ob_�23�R��WZ2. U�JF6 xOξ _JF6 ξ∗Ox l_ O [��9F�/G9FZ|)W�:�u |ξ∗| : R = R : |ξ|, xOv|�JF6)t. 
|x− ξ∗|
|x− ξ| =

R

|ξ| , x ∈ ∂BR.



88M�OLy��YC q = R/|ξ|, Io v(x, ξ) = − R/|ξ|
4π|x− ξ∗| . ^℄"��n

G∗(x, ξ) =
1

4π

(
1

|x− ξ| −
R

|ξ| ·
1

|x− ξ∗|

)
.l2�L6���, S(	 l%� x3 = 0 L6����Gl ξ �^%� x3 = 0 Zk9_ ξ− Lw�R�}`�, l ξ∗ �^%� x3 = 0 Zk9_L ξ∗− w�`}� q Z{`�, vFYYW Green �n

G(x, ξ) = G∗(x, ξ) −G∗(x, ξ−)

=
1

4π

(
1

|x− ξ| −
R

|ξ| ·
1

|x− ξ∗| −
1

|x− ξ−|
+
R

|ξ| ·
1

|x− ξ∗−|

)
.

(3) l0�g= Hh = {x : 0 < x3 < h} ��6K_ P+
0 = ξ = (ξ1, ξ2, ξ3), l P+

0 _w�KR�{`�
(�� 5.5), zl_ x ∈ R

3 (x 6= P+
0 ) EZ`�℄ 1

4π|x− P+
0 |

.�	 G|x3=0 = 0, m�:l P+
0 �^ x3 = 0 Zk9_ P−

0 = (ξ1, ξ2,−ξ3) Ew�R�}`�, SGT�O�A G|x3=h = 0 (�	 .�	 �O�A G|x3=h = 0, m�:l P+
0 �^ x3 = h Zk9_ P−

1 = (ξ1, ξ2, 2h− ξ3) Ew�R�}`�, l P−
0 �^ x3 = h Zk9_ P+

1 = (ξ1, ξ2, 2h+ ξ3) Ew�R�{`�. GTeO�|s`�4PZU`5l%� x3 = h LZ`���, S�O�A G|x3=0 = 0 ℄(�	 ~.

x
3
 

x
3
=3h 

x
3
=2h 

x
3
=h 

x
3
=0 

x
3
=−h 

x
3
=−2h 

x
3
=−3h 

P
0

+
 

P
1

−
 

P
1

+
 

P
0

−
 

P
−1

+
 

P
−1

−
 

x 

� 5.5UG9Gl P−
1 �^ x3 = 0 Zk9_ P+

−1 = (ξ1, ξ2,−2h+ ξ3) Ew�R�{`�, l P+
1 �^ x3 = 0 Zk9_ P−

−1 = (ξ1, ξ2,−2h− ξ3) Ew�R�}`�. S G|x3=h = 0 ℄(�	 , LH8=t|3�, K�Wk9_�	:g=��.ÆHw�`�e9Glk9_Ew�`8)tZ`�. P~x[_ P+
n = (ξ1, ξ2, 2nh+ ξ3) Eew�R�{`�, x[_ P−

n = (ξ1, ξ2, 2nh− ξ3) Eew�R�}`�, vs n I −∞ 4nW ∞. vF��YYW Green �n�
G(x, ξ) =

1

4π

∞∑

n=−∞

(
1

|x− P+
n |

− 1

|x− P−
n |

)
.LY\hZ1nk�RÆZ ξ ∈ Hh � x ∈ R

3 e℄byZ, vZ"YeObC
1

|x− P+
n | −

1

|x− P−
n | =

4(x3 − 2nh)ξ3

|x− P+
n | · |x− P−

n |(|x− P+
n | + |x− P−

n |) = O(n−2), |n| → ∞.
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5.22 |� Harnack ([Y: H u l n (≥ 3) �2 BR(0) �x}a�, mk�R x ∈ BR(0), :v
Rn−2(R− |x|)
(R+ |x|)n−1

u(0) ≤ u(x) ≤ Rn−2(R+ |x|)
(R− |x|)n−1

u(0). (5.7)*o �v;N u ∈ C(BR(0)), zmY R − ε P� R |� (5.7) Y:v, k� ε → 0+ 0e. ;N
u(x)|∂BR(0) = ϕ(x) ≥ 0, Z Poisson �Y~

u(x) =
R2 − |x|2
ωnR

∫

∂BR(0)

ϕ(ξ)

|x− ξ|n dSξ, x ∈ BR(0).}#℄
u(0) =

1

ωnRn−1

∫

∂BR(0)

ϕ(ξ)dSξ .tY([Y
R− |x| ≤ |x− ξ| ≤ R+ |x|, x ∈ BR(0), ξ ∈ ∂BR(0),Y

u(x) ≤ R2 − |x|2
ωnR

∫

∂BR(0)

ϕ(ξ)

(R − |x|)n
dSξ

=
R+ |x|

ωnR(R− |x|)n−1

∫

∂BR(0)

ϕ(ξ)dSξ

=
Rn−2(R+ |x|)
(R− |x|)n−1

u(0),

u(x) ≥ R2 − |x|2
ωnR

∫

∂BR(0)

ϕ(ξ)

(R + |x|)n
dSξ

=
R− |x|

ωnR(R+ |x|)n−1

∫

∂BR(0)

ϕ(ξ)dSξ

=
Rn−2(R− |x|)
(R+ |x|)n−1

u(0).UG, ([Y (5.7) :v./ �UHarnack;O/;�MLD�sazÆ:

1. ( u ^� BR(0) �Z^Ph, _T%R x, y ∈ BR(0), A�
(R − |y|)n−1(R− |x|)
(R + |x|)n−1(R+ |y|)u(y) ≤ u(x) ≤ (R+ |y|)n−1(R+ |x|)

(R− |x|)n−1(R − |y|)u(y).VE�Q;d, T%R r ∈ (0, R), A�;O/
sup

Br(0)

u ≤
(
R+ r

R− r

)n

inf
Br(0)

u.

2. ( u ^� BR(y) �Z^Ph, :� |x| < R, _A�
Rn−2(R − |x|)
(R + |x|)n−1

u(y) ≤ u(x+ y) ≤ Rn−2(R + |x|)
(R − |x|)n−1

u(y).



900-*,  v(x) = u(x + y), _ v(x) ^� BR(0) �Z^Ph, T v(x) �UHarnack;O/6M*/.'e z = x+ y, _ z ∈ BR(y), */7J>
Rn−2(R− |z − y|)
(R+ |z − y|)n−1

u(y) ≤ u(z) ≤ Rn−2(R + |z − y|)
(R− |z − y|)n−1

u(y), ∀z ∈ BR(y).

3. �UHarnack;O/, B��Q�LiouvilleQ�: #�u*WD|(l*|)NPhg34>=3.0-*, ( u WD|, _H^b=3 M , . v = u+M Z^Ph, _T%R x ∈ R
n
, �UHarnack;O/,: R → ∞, }ML v(x) = v(0). a5� v 1=3. TE u O1.


