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F—E H#ABRGENSH. ERCER M FIENDESMLE
§1.1 AFRER
S R B B MK SRR PRI — SRS SRR, FC T U RO Fu

bini SEHARP PRI, W W A BB ) = RA LR, BUR T
Rl 11l BFEQCRY, [ A QARLE. XA THEZGTE O CQ, KA

MEiEQE f=0.
D12 BFEQCR, f £ QREL. R TFEEY ve CPQ), AK
f(x)v(z)dz =0,
Q

MEiEQE f=0.
Wl 1.3 ( Stokes AX)E QCR™ Z—AARABRE, 2T Ct ) m oA 0, TEHM

/divﬁdx:/ - ndS, (1.1)
Q o0

Fo it & 00 Ly sk eE,dS £ 0Q LHEMRAE. I m=1,238, AX (L)AL, FZFH - &
Rt X, Green X fe 2 50X
§1.2 SIERRE
L1 A—Ry L SRR AL, Lo (v = 0) [, 76 H SEAMMER T, A T4 B T4
ALE . RF HHX AN T B E LM MU ME RS T .

% R Z RSB — . X R ERRBGCHN p(2), EHISK SIS BRI R BGC N T'(2), 7E u
HIIETT 1] BRI LRSI BEIC A fo(w,t).

K 1.1

BATH A SRR S v B2 AR (BB 1.1). AR /MBI [0, 0], /NEFEL [t o], 7E [0, 0] x
[t1, to] LAFTEIZBBEALARIL . KB HY 7K P77 16 i 3y d2t 1 W LA Al

1



t =t =1 AN TIAE [a, b] X [t1,ta] 5K FIFEAK T

S e R T ot S I T o ie
il
b b ta b ta
/put|t:t2dx—/ put|t:t1dx=/ /fodxdt—i—/ [T(b) sin vy, — T'(a) sin ay] dt.
FIH
sin oy, = Yz U sin o, = Yz U
a — mm:a’\' z|r=a; b — mm:b"—' x|T=b)

i

/a b /t t pla)uy dt dz = / bp(a:) [ue(z, t2) — w(, t1)] da
/ / fodadt+ / by (b, 1) — T(a)us (a,0))dt
/tz/ fodxdt+/t2/ »dzdt.
R Y% Fubini 2R MK T BB LI a, b, ty, t2 AEEE, 7118
p(@)ur = (T(2)us)e + fol, ). (1.2)

TEABF, ZEE p(r) = p BHE K T(x) = (1 —2)pg, SMITEE fo(x,t) = 0. [N (1.2) XFFIX

W% 3h 77
uy = g[(l — 2)uzle.

1.2 —RANZAE G R ERE IR D), R ERR R 53 B E . RS 2 IR R

% B AABHEATZ, Bk p(z) = po (W), T(x) = To (H%0), fo(z,t) = —yu, , HAr v > 0 Z[HA
R, MERAETGEET AR A (1.2) X5

pott = (Totg )z — Yty

#10 a® = Ty/po, k* =v/po, ERATE K

Upt = aPUgy — K us.

1.3 B MFAESN VR T USR8 7 IV ERU N AR B . KT th B — U B A AL BT R i T R
(L 1.2).




% R B IRV — i fb. AT EORALE AT REL 1L p(2). ATFHYBIRE BUR 0L B HY B 2L, 08
S(x). IAFHBEPTZKITA T(2) = ES(x)ue, Hf B RHIREE. 1E v BIET M. BALKE LISL
TR fo(e,t). TE [a,b] x [t1, to] LBFFATHIIRSIG L. ARSI RARAL

AP = /ab p(2)S(x) [ue (@, t2) — wy(z, t1)] da = /bp(x)S(:z:) (/tt " dt) da.

a

R SEPTERS: RIE w JT e I RISNIAE u JT R I,

ta
L= / (ES(@)ttalocs — ES(2)ta|oee)dt
t

to b

_ / / (ES(x)uy)s de dt,
t1 a
to b

I, = ,t)dx dt.
2 /tl . fQ(JJ t) x dt
HIBIESFIE [+ o = AP, DA a,b,ty, 62 BAEENE, A5
p(x)S(x)uy = (ES(x)ug)s + folz,t). (1.3)

B2 R AT ST A0AT, BT p(x) = p (FH0), S(2) = So (HH0). REAUA (1.3) XTI
INPIRBI T

puy = (Bug). + f(z,t).

14 H—REERH WA 1.3), Hmy h, #EMGREE D HHE p M E. GEWHARS TTEN

o [ e

&l 1.3

B TE 1.3 Bp—BAA A, B p(x) = p (WED), SMHEE fo(,t) = 0. FIAWSEILMETE, 7T
GROE E TR AT VAT NP

S() = So(1- %)2

Horp So MRS A RE . AN (1.3) 215 B HEE P I% 30 7

E[(l‘z) “””L:p(l_ﬁ) Ut
15 RS SRS TR, AR (1) MR EEERZ L, (2) A ZISHMIER; (3)
1P AR SR b, 1 RIS R A



& W —/NIEIE D, —BFBL [t 2], 3C D W59 0D. 7€ 0D LAER—/NE dS, dS _LZERSNR
5KAR T dS 7, %K ATE u #i_ LRI B IE TdSi - Vu = TVu-idS. FILANEEK 7 Ay

tg t2
/ / TVu-7idSdt = / / V - (TVu)dx dy dt.
t1 oD t1 D

FICINTIF A fr, WEN A wiit

ta
/ / f1dxdydt.
t1 D

12
/put|t2dxdy—/put|tldxdy:// pug dt dx dy.
D D D Jt
to to to
/ /puttdxdydtz/ /V-(TVu)d;vdydt—i—/ /fldxdydt,
t1 D t1 D t1 D

H D, t1,t FEEES

iR

MRYEFERS

pug =V - (TVu) + f1, BF uy = a*Au+ f.
W{E%'f*% U($,y,0) = <P($7y)a ’U,t(.I,y,O) = 1/)(:E5y)7 (.I,y) € Q.
LA e

(1) w(z,y,t) =g(z,y,t), (z,y) €N, t>0,

@) 2= glan0), e >0

(3) au—l—%:(), (x,y) € 0, t > 0.

1.6 TEAFANIARBIES, B (1) w2 (2) Sl H s (3) Il B @ FE ML SOR L. X AT
RBNTTRE, HE HX =FE I T X R F R

& ICHIREEY B, WEON o, FFRBREE E AN S. l—/DNEATIR [a, 0], —BFEE [tr,t2]. 1E a,b Ki4L
WKk S350 ESug(a,t) Fl ESuy (b,t), /IMTETZBIEK IR ESug(b,t) — ESug(a,t), Bk

t2 tg b
/ [ESu,(b,t) — ESug(a,t)]dt = / / (ESuy), dx dt.
tl t1 a

b b
15t A 6o BEZIRI SN A 1Y / pSugls, da / pSudls, do. FARSFEAL

to b b b b ta
/ / (ESuy), dzdt = / pSugly, do — / pSugly, do = / / pSuy dt dz.
t1 Ja a a a Jity

H a,b,t1,t FIEEERS

pSUtt = (ES’U,z)x

RS Sl



(1) w(0,t) =u(l,t) = 0;
(2) ua(0,1) = ua(l, 1) = 0;
(3) (au = Pug)|a=0 = (ot + Bug)|z=1 = 0.
L7 B8 r, REER p W SIEAEM. BREZ B AR [ —S8im _aiR R AE R R, 5
AR B 0 T -5 BB B AR A, ELI R AR IR SS i E E JE AR O RUR: o, RvE S REUE K, MBI
MR uo CHED , BECHAROR k. WS BT u 2RI TR

% FEAEARTERTTI [, 0] BB XBOCLA V. BFFRTERIL V. KEFEL [t to] PR ZEALAROL. T RE
RSPERAL[, to] BBV MRS T [t to] BFBOEL SR OV A V B, TE [t ] BFBEY
VA B T e R

b b pto
Q= / Scp (u]i=t, — uli=t,) dz = / / Sepuy dt dz.
a a Jti

LM OV FA VR QF WA PR — FEAE N ERHHE S LR SR AT R SR IR Y R

t2 t2
Q* = S(ktg|emp — ktz|z—a) dt—l—/ / 1k (up — w)da dt
t1

t2 t2
/ / S’kumdxdt—i—/ / lk1(up — w)da dt.
tl tl

Hrp S = mr? R R, = 2rr ZREAEBEEK. Bl Q = Q" K a,b,ty, t» WAL, 7IH

k 2k
up = —um—i——l( 0 —u).
cp crp

L8 S (SAOHK) TEZTLA TR 58 WIER ulr,y. 2. 0), WL Nernst 5, B4 T2 33 v
HIBBERE K, JT AL : 0 = —DVu, Hrft D B9 BOREL. WA RMZBMARCY o RS Fri Ry
WA IR,

W WD HUBSFIEAEN: [, ] BEEEPY V SIS IRA IR 1 T [0, to] BEBSERNSR OV
WAV BRI ma. 5

to
my = /(cu|t ty — CUl|i= tl)dxdydz-// cu) dt do dy dz,
ty

t2 t2
/ / -ndSdt = / D dS dt
t1 ov t1 ov 8”
to
/ / (DVu)dx dy dz dt.

RIE my = mo B t1,t2, V BHEEHER
(cu); = V - (DVu).
1.9 —HA RSB REAZLAIA . BIE ¢ = 0 BFHIEE L » RS AR WS ERE
HC R BE R . SRUE A B LR u(r,t) WA RS

1
Ut = a? (uM + —ur) .
r



WA FEFEE LX YT r < r <r BXKEQ (WA 1.4).

e ‘

Kl 1.4
HTBERLSTAEA, TE [tr, o] BHBE Q FIEINEHVE Q F Tl 00 = 51U S, WA Q M Q. iLH &
B ELRRRITHT 5 BE T 50 ¢ A1 p (ENTERR W ED). BN ¢ = 0 BHRBE U2 r BIBREL BTLh w=u(r,t) A&t
HIRREL T2

Q= /(Cpu|t:t2 — cpufi=, )dz dy
Q

21 pro
= cp/ / (u|t=ty — ult=¢, )r dr db
0 ™1
tg T2
= 27Tcp/ / rug dr dt.
t1 1

WG RO k, MR

A

= —k(ug, uy) = —k(urrg, upry) = —ku,(cos,sinf) = —ku, o,

Y

TEHF S b, AN 1 = —(cos b, sin0) = —rig. TEHF So b, FMNER] 7 = (cos 0, sin6) = fy. HILIG [t1,t2]
W B A 0 WA Q B2

t2 t2
/ / 7)dS dt = / / kupiig -1 dS dt
tl o0 t1 o0

t2 27
= / / (kruy|p=ry, — krty|r=r, )d6 dt
t1 0

t2 T2
= 271'/ / E(ruy), drdt.
tl 1

FIH Q= Q* I t1,ta,r1, 7m0 WIEEE, 1S

cpruy = k(rug),.

1
U = a® (uM + —ur) .
r

110 ¥, FRALKRY LY R, @ AMERE RS 1, S48 5 A BB N F B A Rt T
. A A IR T A A AR DR (TR0 e U B R e U R ).

i g2 = ﬁp LTS



% SoS R o Fril R A TR | R REHRIE,S R FEMBBER, p RRSFREEL
TR PEEEE K, c RARFERHR, R FRPEHAIRER BT R L0 B RERE L RS
LN TR R, b FRm LS B A B R SSHAR Ry TR 2T LR AR R B R,

FHEPLAE [a, 0] B RITBE [t to] WRVEARALAELL. TE [t to] B BE PN S0 MR 2

b
Q= / ¢S (uls—ty — ulr—1,) da.
15 [, ta) BEBEATA 0] RO RIS TTH04 — S PITRRO RS S 0L I% 15 4h LRSS HR 1 By I
to to b
O :/ S (kttg|ep — kum|m:a)dt+/ / k1 L(0 — w)da dt.

TE [t, to] BB P LI A Y R S IR MY 38 03

to b
Q2 :/ / yI?Rdz dt.
t1 a

Hﬂﬁgi'\%‘r_ﬁ. Q = Ql + Q27 & t17t27 a, b E/‘J,EE%‘&X%

cpSuy = kSuyy — k1 Lu + ”yIQR.

k kL  4I’R

Hida®=—,b=—2 uo EXATUAE

cpS '

U — @ Upg + bu = ug.

TR FARIME SR Bl 264, TASA0 T S e [
U — P Ugr Fbu =1y, 0<x <, t>0,
u(0,t) =wu(l,t) =0, >0,
u(z,0) = 0, 0<z<l.
L1 SEMIFIA AR R TR T A BT, L ITRR SO, R, ST
BWEA = aly — anars PFF5ARE.
MEBH B B et o 77 R

(11 Ugy + 2012Ugy + G22Uyy + DUy + bouy + cu = f. (1.4)
TER] ¥ AR AR He

r=xz(&n), y=y&n), B {=~Ex,y), n=n(zy)
ZTF,(1.4) KA

ajilee + 2aj5uen + AUy + biug + byuy + cfu = f7,
FHRBAEMT LR

aiy = (VOTAVE, a3y = (V)T AV, afy = (VETAVY = (V)T AVE,



o
A= ( > VE= (€, 6)", Vi = (nsm)"

aiz2 a22
A s (a’h ai‘2> - <(V€)TAvg (VE)T AV
(V)T AVE (V)T AV
XHE J = (VE, Vn)T J& Jacobi 5. ERP BT RE

) =JAJT.

* *
Qip Qg2

—A* = |A* = |A] x |[J]? = A x |J]A

B |12 # 0, 8 A" 5 A 5.
112 H|ir TR 77 FR 2L .
(1) 22U — YUy = 0;
(2) tae + (z +y) uyy = 0;
(3) gz + YUYy = 0;

(4) Tugy + duy, = f(z,y).

& (1) A=a%2 Yay=08 A=0, FEIMYEFFE; 24 vy # 0B A >0, FERWHIE 2.
2 A=—(z+y)? Bo+y=00 A=0, FRAMWEITE; 24 z+y# 00 A <0, FEAME
(3) A=—wy. Y ay=08 A=0, FRAMYEIFTEE; 4 2y > 08 A <0, FRAWEE T, 4
zy < 0 BF A >0, J5FE K37 5 2.
(4) A=—dz. Yz =08 A =0, FRAMYWAEFTE; 42 >08 A <0, FREAMER T, X4
< 0B A >0, FIr RN AT
113 LT T 517 R A Ar e 2
(1) Uy + 4y + Dy + Uy + 2uy = 0;
(2) Uas + Yuyy = 0;
(3) Une — Atlgy + duyy = ¥,

(4) Uge + Ugy + Uyy + Uy = 0.
B (1) A= 1, FEAMEEE X R

dy? — 4dady + 5dz? = 0.

B AP TT
dy _

=21
dx b

RSP RAFIEZR (For i £R):
y—2x+ix=Cy.



WA
E=y—2z n=u,
AR TR R
Uge + Upy + Uy = 0.
(2) A=—y. Y y=0" A=0, FTRAMYETE, PHEELN v =04y > 00 A <0, TEH
WL 72, X RRIE T R

dy? + yda® = 0.
A PR SRR 28

2y iz =Cx.
WU

622\/57 n=wx,
AR T RRAL TR N

1
Uge + Upy — gUg = 0.

By < 0B A >0, FFEAIMELITRE, XA FAED

dy? + ydz® = 0.
A PR R R 28
—2\/—_y:|:x = Ci.
Pk
{=2-2V-y, n=a+2V/-y,
AR T RRAL TR N

1
Ugn = —m(uﬁ — Up).

(3) A =0, FREAWYIBLITTE, X AFE T 2
dy? + 4dady + 4dz? = 0.

1S — AR 22
y+2x=C.
R AL

E=y+2zx, n=y,



AR TR R N

duyy, = €.
(4) A= =3 AR, XA RHE T R

dy? — dzdy + dz? = 0.

FAS PR AR o il 22

(32 )a-e
AL

E=x—-2y, n=u,
AT AL R

311,55 + Upy + ug + uy = 0.

1.14 B4 T 57 R E A -
(1) gy — 3ugy + 2uy, = 0;
(2) Ugy — Ugy = 0;

(3) @2Ugy + 22YUry + Y2 uyy + YU + YUy = 0.
B (1) A=1>0, FERANBEMATTR, XA RHE T
dy? + 3dzdy + 2dz? = 0.

RS PR AR 40 il £
y+o=C1, y+2z=0Cs.
R € =y + =, n =y + 2z, AHEFEIT ALK
U@I =0.
I 7 1 3 o
u=f(&)+gn).
R E T R
u=f(z+y)+g2z+y).
(2) A=1>0, FEEANMETTRE, X5 RE T 2
dy? + dzdy = 0.

FAS PR AR 20 i 22

y—l—:c:Cl, yZCQ.



P & =y + 2, n =y, ATHEEITERAR A
U@I =0.

HT AR T R A G

u=f(&)+gn) = flz+y)+gy)-

(3) A= (wy)* -2’y =0, AW EIITE, XA FHE T )2
22dy? — 2zydady 4 y?dz?® = 0.

AT — AR 28

RIS
I
Q

R & = y/x, n =y, AT ITRE A
Upy +uy =0, Bl (e"uy,), =0.

I 77 R Y 3 ot e

u=f(€e " +g(§),
B R T R @ AN

Y\ y
u=r(3)e+o(3)
1.15 IEBAAS H S A0 B 2R M H R B0 78 7 PR el 5 28 7 FE — g T DA &t | AR B AR e I bR

A w = ATy BT vee £ vy + ho = f BITER.

JEER FA1E SHIE W &k H R B0V A 7 FE S0 (8] B 7 F2 7T DL e 5 AR R AR e db R n R B R
Uge & Uy = Aug + Buy + Cu + fo,

Ht A, B,C H¥%, THIEM EIERBER u = N0 T, AIRMERIB vee + vy + ho = [ BB
B T R RN, p BI ] 5 BB AT AR, DL OG ei [B B 2.
L s =X+, WA
ue = (W +vg), Uy = e*(uv +v,),
uge = e*(A\2v + 2\vg + vge),
Uy = €° (120 + 20, + vyy).

AR B Y 7 72 ] 15

e* (vee + ) = €*(A — 2\)ve + €% (B — 2u)v, + e*(C + AN + Bu — A — pi*)v + fo.



i
o

>\:

A p—
27 /L_

fERPRE T FRAL TR vee + vy + ho = f.
FE L ATl R A2

Uge — Uy = Aug + Buy + Cu + fo,

BBy B He u = e (A BNy T AL B

Vge — Unpy —hv = f

1

WM, P h=C+ i(A2 — B?), f =e z(A&=B0) £
2. M Tt B 542
Upy = Aue + Bu,, + Cu + fo,

B? +4C B £
P —n) v F, TR &

ZRAF£0, BRIRA TR 7 A2. B EHe u = exp (— A 5

Uy = Ave + f

2
WHX, LT f=exp (M Bn> fo

4A 5_5

1.16 % h,a NIEH % WEH T2

4 388 Aot T LA 3R R A
F(z — at) + G(x + at)
h—x ’

Het F, G OBERH ZUGELE T R R HFHIZTRTAVE u(z,0) = o(2), w(z,0) = ¢(z) BHKR
B, HA o,y ATEEHE B RR R

u(z,t) =

WEBH R v(2,t) = (h — 2)u(z,t), HHRIE v 2T
Vit — CL2U11 =0.
M=o —at,n=x+at ZF, LIRFEEILR N
Ven = 0.
U7 FE A AR A
v=F(&)+ G(n) = F(x — at) + G(z + at),
Hb F,G RALEN ZRESE W] R . S5 7 R A i v] LSRR AL
F(x —at) + G(z + at)

u(z,t) = - .




A FARIE A& 1 7T AR H

F(z) +G(z) = (h—2)p(x), F(z)-G(z) =

HT Bb A
F(x) = % :
G(z) = %

WML T R R

u(z,t) = %[cp(w +at) + o(z — at)] + m[s"(

1 x+at
el G



%—E ’ﬁ’% E./
§2.1 ABRE

A5 B AR B YRRt R it 1), AT By AR B it P HRRS A B 2 19 58 4% LR SQ B AR R, X A8 4 IE
SRR AR LR LR R R AR (A R R AR SR ROR . R, ) 0 T A B SR A 2 M R o 20 7 7 R i )
R BB BAE S5, S A8 1 8 A T AN I B AL (L D A AR (R AR IR R . T 0 i B 7 AR W AL (E

[

{X”+)\X=O, 0<z<l,
r=0 Kz =100 %0,

TEANT 3D 526 T B FFAE (R AN Rk BR %

1.

2.

3.

nmwx

BRSER X(0) = X(1) = 0 b, BEE A, = ("), AFIERE X () = sin "7

HURSARR X (0) = X' (1) = 0 B, 4IEE A, = (<2n2_l 1>7f)2, FHERH X, (2) = sin
BRAIER X'(0) = X() = 08, FER N, = ( )" HHEREL X, (2) = cos

(2n—1)m
nrx

(2n—1)m
21
(2n—1)w
21

€,

2l o
RS X(0) = X'() = 0 B, 4FER Ao = () BHEREC X () = cos 0
BIAIER X(0) = X'(0) +0X() = 0 B BER A = (22) SERE Xo(2) = sin 27,

SEoft v SRR tany =~ @955 n AR
BPAAER X/(0) = X'(0) + o X (1) = 0 B, $FER A, = (22) $FIEBHE X, (0) = cos 120,

Horft n 7R coty = - B4 n MIEAR;

BAKMR X'(0) - oX(0) = X() = 0 6, HEE A = (), SEEH X.() =

12 cos 1o - sin 5=, oot g, JROPRE tany = — L W95 n A IEA;

BREHR X'(0) - 0X(0) = X'() = 0 B, ﬂf#ma o= () BEESK Xi) =

T cos 55 o sin 15, 3ol v, RITRE coty = - H95 n A
BIAMER X(0) - 01 X(0) = X0+ 0:X() = 0 1, HEE A = (2), HESH
X (o) = 2 cos 2 i 108 gtefs o, R ot = (7 - 220 gt a4

IEAR.

EE, AEFRMUMEDL 0 = 0 A RFFHEE R N 0 FFEATHEL FEI n #EM 1 ITFaHHE

FEFFRID TR RAAVLLIE. X T 2 1] &

U — aUge = f(2,1), O<z<l, t>0,
v =0 K x=1 0831750,
u(z,0) = p(x), u(z,0) =¢(z), 0<x <],

14



18R RR L w(w, t), 2 TER e u(x, t) = vz, t) +w(z,t) T, BE v, t) 3R AT 57U F A€ i
[
Vi — @20 = f(2,1) — (Wit — % Wey), O<x<l, t>0,

v =0 Kz =105 R &M,
’U(CL‘,O) = Qp(x) - w(x,O), Ut(‘T?O) = w(x) - wt(x,O), 0<z<l

AN LT 28X L H R R w (e, t) HYBGE
L BFRMER w(0,t) = ui(t), u(l,t) = ua(t) B, AT

wle,t) = w(f) + F(ua(t) = w (0);

2. HFFMR w(0,t) = ui(t), ue(l,t) = ua(t) BF, ATHL
w(z,t) = us(t)r + uy (¢);
3. BFHFMR ue(0,t) = us(t), u(l,t) = ua(t) BF, ATHL

w(x, t) = ui (t)(z — 1) + ua(t);

4. BFFEMHA ue(0,1) = ur(t), ua(lst) = ua(t) B, ATH
UQ(t) — ul(t)

w(x,t) = T:EQ + uy(t)z;

5. WAL w(0,t) = ui(t), (uy + ou)(l,t) = ua(t) B, FTH

u9 (t) — oul (f)

wiz,t) = 1+ 0ol

T+ Ul(f);

6. WHLEMH ue(0,t) = ui(t), (ug +ou)(l,t) = ua(t) Bf, ATEL

w(z,t) =ui(t)x + %[uz(t) — (14 al)ui(t)];

7. MFEMR (up —ou)(0,t) = ui(t), u(l,t) = us(t) BF, FIEL

Ul (t) + ous (lf) - ’U,z(lf) — lul(t) .

wiz,t) = 1+ 0ol 1+ol

8. HALEMHN (ur —ou)(0,t) = uyr(t), uzs(1,t) = ua(t) B, FTHL
w(z,t) = us(t)x + %[uz(t) —uy(¢)];

9. MALMHR (up —o1u)(0,t) = ur(t), (uz + oou)(l,t) = ua(t) B, FIEL

oua(t) + 02”1(t)x n uz(t) — (1 + Uzl)ul(t)-

w(x,t) =
(@:?) o1+ 09 + 01091 01+ 09 + 01091




Ir B IR I R R A ) BT AR AR TT IR . R o AR A SR A B ) BT AR ) — e P RO

L X TR mARST IR R Wl (E 8, SEitih FAR 5 IRk

2. HEMMEFFRTTRIVIAENE (BLRFRBFFM), HrAER (B u(z,t) = X(2)T(1)),

PR TR

3. MRIEFF UM CEMARM) UERT X WH M TR, e MR IEENE. /5K A IEE

A BAB R R B EL X (2);

4 R AFHEE A AT T B TR, i T.0) (A — BRI E R R R

e IR & A — M KRB AR LIRS I7 Bt & A WA R B0

5. BRI Y X, ()T (1), FERIFIWME SRR B BN R B, SRS EIFF R0y B Fr U R A% R R 3 1

MR M. T EIFF RO R P E M (7] URARSF IR 46 4F) 1978 s
6. ] 57 U DR SR AR A 57 7 R 4 A9 0 L AL
b= i i RN PR RO SIS PR X e T B

AUgy + DUzy + Clyy + dug + euy + fu =0,
j\“q? a, ba c, d7 (& fﬂ f fl;;%g‘:&; ﬂfi’é’ﬁﬁl;&o
u(z,y) = e*@ef¥

WEZHEHIGH, LF ot f TURELEK.
Fsz b, FA

Up = QU, Ugy = U, Uy = BU, Uyy = B2u, Ugy = O,
KHAAN (2.1) Hlu(z,y) = e*™ef 2 (2.1) HfE2Y4 BALY

ac® +baf +cf* +da+ef+ f=0.

Yo # 0B AEEAE B, AT EX AP R a1 fl o (THERER). 24 ¢ # 0 B, EELE o, AL

LA AR 51 A G2 (ATRERREAR).
A LA %S, B T A7 R 2 iy s e o
MR BT wew 4 uyy = 0;
WP RITRE: ur = uea;
XU R uee = Ugar

§2.2 SJEFEE

2.1 SRAE T FIRFAL(E ) -



v+ =0, 0<z<lI,

=u(2n), v (0) = u'(27);
W H+Au=0, 0<z<l,

u

{u”—i—Au-O 0<x<2m,
4

B (1) 24 A<0 B, v FITEMIIFRIHE

_ /Ol(u’(;p))2d3: + A/Ol w2 (x)dz = 0.

HHEH, 24 XN < 0Bfu(z)=0; 24 A =0H8u(z) =0. FHH ul) =0 Hu(z)=0. B, 24 X <0 B, A&
TRAER M, Frlh X < 0 RNEFFE(E.
N> 08,38 A= 06% 6> 0. FREMERE

u(z) = Cq cos fx + Cy sin Ba.

i w/(0) =0 ##40 C = 0. F-1 w(l) =0 #HEHN

Cicospl =0.
B u(e) A, S EALY cospl =0, 8 5= VT
An = <(2”2_11)”>2, n=1,2 -
BIFE () = cos O DT mpran et

(2) HWE (1) BRBASHEH, 24 A <0 Bfu(z) =0, B2l A < 0 RZFFEE.
BN =0/ (2) = 0. HETEAIEZM uw(z) = uo (FHED). B Ao = 0 BFFIEE, FIRURFHIEREL
ug = 1.

N> 08,38 A= 06%, 6> 0. FREMERE
u(x) = Cq cos fx 4+ Co sin Bz.

iU LS
{ Cy = O cos 273 4 Co sin 2713,
Cy = Cy cos 2w 3 — C sin 273.
EEMQ?&%D COS27T6 = 17 [ﬂlﬂ: 6 =n,n = 17 27' E‘fuq%?ﬁE{Eﬁ )\n = TL2, n = 17 27" ) X‘TEZ*%?IE@&%
un(x) = Cy cosnx + Cysinnx. L5 LA FIN, = n?, u,1(x) = sinnz, u,o(z) =cosnz, n=0,1,---.

(3) FITME (1) B AN < 0 ANRFFE(E.



B A =0Hf ' (z) = 0. HEAIRER u(z) =uo (). BIL Ao = 0 AFAEE, XTI AYHFAE & BT H
j@ ug = 1.
A > 08, I8 A =52 8> 0. FFRRHEZ

u(z) = Cq cos fx + Cy sin Ba.

UM G = 0, ~Cifsnpl = 0. B u AT, B G # 0, sindl = 0. HILAF
B= 2 =2 A = (BF) o) = cos T 5 BT, AFERIRHER B0 AL

2
Ap = (nl_w) , un(:t)zcosnlﬂ,nzo, 1,---.

2.2 JEHT A SR B R RS 72 0 X [H] 2 IE A HY -
(1) 1, cosz, cos2x, cos3x, -+, 0<z<m;

(2) sinmz, sin 27z, sin3nz, -+, —1<z<I;
1 -
(3) 1,1—2,1—22+ 5952 WHEWNEH r(x) =e*, 2 >0.

iEEH (1) Xt m,n>0%F

ro] 3

s
/ cosmx cosnrdxr = {
0

R B R TEX ] [0, 7] EIEAE.
(2) ¥mn>1,%

S 3 3

=
o

1 1, n=m,
/ sinmrxsinnrrdr =
-1 0, n#m.

X VA R BR TE 45 5 W X JA] IR AL,
N 1
3) itur=1,us=1—ux, u3=1—2x+§x2,ﬁ§2§
/ uie " dr >0, i=1,2,3,
0
/ ujuge “dx =T(1) = T'(2) =0,
0
e _ 1
/ ujuze”“dr =T(1) — 2I'(2) + 51"(3) =0,
0

/OO ugugze” “dr =T'(1) — 3I'(2) + §F(B) - lI‘(4) =0.
. 2 2

I, BRECRTES E R X E] LA R L r(2) = o7 IEAT.
2.3 TEXA] [0,1] 4% & FRAE(E [ &R



Hor k(z) > ko > 0, g(x) > g0 > 0, p(z) > po > 0. IKIEHFFAEE A > 0, FF HX LT A [F AL (E H FF1E R
RO BUR R p(x) IERC

S SEERHE N IE. 57 BRI FTRLL . 3 0 51 R
dy |t l dy\2 l l B
a‘o—/o k(a) dx—/oqudx—F/\/O py* dx = 0.
B, kY| = 0. H

l L dyy2 1
)\/0 pyzdx:/o k(a) d:b—i—/o qy?dz > 0.
I B AFEE A > 0.
FEUERS BT AN [ AR AE{E B9 R AE BB RO AR R p(2) 1ESC. ARBCPIADAF BIRFAESE A AT Ao R BLRGHF
TERRELor R y1 AT y2. FR4
(k@) ) — g+ dapun =0 (2.2)

d dy2 .
1 (k(fc)a) — qy2 + A2py2 = 0. (2.3)
TE (2.2) XPHILFEFRLL yo, 7E (2.3) XPIHFE T, y1, M 0 2] 1 ]
4 dy; d l !
yl ‘ —/ LY 4, —/ qy1y2dx+/\1/ py1y2dz =0,
dr dx 0
d Ly d l !
d;v dzx 0 0

e ﬁ%{%w%m}l k%yl\ = 0. LT AR

l
/ py1y2dr = 0.
0

2.4 TN GZ R B 7R Y R e 0] R
Ut = Ugg, O<z <2, t>0,

(1) { w(0,t) = u(2,t) =0, t>0,

1
u(z,0) = Esinwaj, ug(2,0) =0, 0 <z <2

Upe — A2 Ugy = 0, O<z<l, t>0,
ug(0,8) =u(l,t) =0, t>0,
(2) u(z,0) = cos Z:E 0<zx<I,
37 o
ut(:E,O)—COSECE—FCOS Th 0<ax<l;
Ut = A2 Ugy, O<z<1,t>0,
(3) < u(0,t) =wu(1,t) =0, t>0,

u(z,0) = p(x), u(z,0) =v(z), 0<z <1,



x, 0<z<1/2,

Hrf (@) = 2(1 —2), p(z) = ;
1l—2z, 1)2<x<1,

Up = @ Ugy, O<z<m t>0,

(4) u(oat) :um(ﬂ-vt)

—0, >0,
u(z,0) = 23, u(x,0) =0, 0<z <.

& (1) oEAh % u(e,t) = X(2)T(). RATFTER

B

X" 42X =0, T"+A\T =0.

R FZAF w(0,t) = w(2,t) = 0 #EH, X(0) = X(2) = 0. FrLAh, X RLARHEE Y
X"+XX =0, 0<z<2,
{ X(0) = X(2) = 0.

EHAFEIR M= (0) MEIIORMEREUR Xo(e) = sin 20 4 A= X, fA T H577 BiL

T.(t) = Cncos%m —l—DnsinnTWt, n=1,2,---
BOIT 3R B Y T A
u(z,t) = ;sin n_;:v (Cn cos %Tt + Dy, sin nTm‘> .
RIEWIE AR
u(z,0) = iC sin = —lsinmc
) - — n 2 - 2 )
=n nmwx
ug(x,0) = 7; DnsmT =0
HY B R H R B
lu n =z,
D,=0, Cp={"
0, n#2.
I 50 o ol e

1 .
u(z,t) = 5 cos wtsinmz.

(2) B, 2 u(,t) = X ()T (). RATER

T”(t) _ X”(,T) _
2T X(2) ’

B

X"+ AX =0, T"+N\?T =0.



P F A wa(0,8) = u(l,t) = 0 R, X'(0) = X (1) = 0. FrLk, Xf @9 FRFAE(E ] & i
{X”+)\X=O, 0<z<l,

X'(0) = X(1) = 0,

FORRIEAERTN BB FR1E BR B0

_(@n—-1)r 2 B (2n — )7z B
An = < 57 , Xn(z) = cos 57 , n=12,

B A= AN T W77 RERR

(2n — 1)wat (2n — 1)wat

T,.(t) = Cy, cos 57 —I—DnsinT, n=12---.
& I IE i
> (2n — 1)mx (2n — 1)wat . (2n — 1D)7at
t) = — (Chcos——— + D, sin——— | .
u(zx,t) ;cos 57 cos 57 + D, sin 57
FHAE AR08 E H R %L
! _ 1, n=1,
Cn = 2/ cos (2n — 1)ra cosw—xdx—
Ul Jo 21 21 0, n#1,
4 b (on—1)mz 3 5
D,=—- —_ — —zx|d
(2n—1)7ra/0 cos 5 cos 21x+cos 21:10 x
21
= n=2
3ma’ ’
- 21
) — =3
5ma’ ’
0, n=145-
NI]
(2.1) = Tat T n 2l . 3rwat 3rx n 2l . brwat Srx
u(@,t) = cos - cos o + o sin —— cos — Foo Sl —— cos — -
(3) FTHE (1) i, EREmRN
u(z,t) = Z sinnnz (Cy, cosnmat + D, sinnmat) .
n=1

AMVHER 1R

1/2 1 4
Cn=2 / xsinmm:da:—l—/ (1 —z)sinnredz | = 2sinﬁ,
0 1/2 (nm) 2

1
4
D,=— [ z(1—-2a)sinnrxdr =
nwa Jo a(nm)*

[1—(=1)"].
B V] o

— [ 4 4
u(z,t) = Z (W sin n_27r cosnmat + W[l —(=1)"] Sinmrat> sinnmz.

n=1



(4) FITE (2) B, HIE XA

o0

u(z,t) = ;Sin (n — 1) (Cn cos (2n _2 1)at + D,, sin (2n —2 1)at> :

2

MRIEHEARFHE HH R R

2 (M 4. (2n—-1)x 24(-1)""t [, 8
n= = dor = —F—— -—— |, D=0
C /0 x° sin 5 T @n—1)r s @n—1)° 0

=241t 8 (2n—1at . (2n—1)z
u(z,t) = Z @n = 1)r <7r T s 1)2) cos 5 sin 5 .

n=1

25 H—BRN | WA, BRI PR, —InTE AL, MRS . SR PR IR B A
% R PR BE O3 A T A2 TS THT R A )

U = a*Ugy, O<z<l, t>0,
ug(0,8) = uz(I1,t) =0, ¢t >0,

u(x,0) = z, 0<z<lL
A EAER, W ou(z,t) = X (2)T(t). ARG

') _ X"(x)

a?T(t)  X(x)

AT ua(0,8) = ua(1,1) = 0 HEHI, X'(0) = X'(I) = 0. BrLh, X HHFAE(E BN
X"+ AX =0, 0<z<l,
{ X'(0)=X'(l) = 0.

=-\

EHPHERLE Ay = (), REBHAFIEREUL X, (2) = cos ™70, n =01, 4 A= Ay fOA T HH7 R
il

nmTa

T, (t) = Cy exp (— (T)Qt)’ n=0,12,---.

SIS IE X
3 2 nTT
u(x,t) = C, exp (— nma t) cos T
nZ:o ( l ) 1
H VB A& 2 1 R 5
2 [ nnx 921 .
o Y/Oxcos%dxzn%a((—l) -1), n=1,2, 7
" !
%/ zdr = £7 ne0
0
Jir A




2.6 fi T 5 EAL 507 AR B R A T AL

U = Uy, O<z<lI, t>0,
(1) < uw(0,t) =wu(l,t)=0, t>0,
u(z,0)=z(l—z), 0<az<l

U = 0% Usgy, O<x<m t>0,
(2) { ug(0,t) =uy(m,t) =0, t>0,

u(x,0) = sinx, 0<z<m,

Up — @2 Ugyy = 0, O<z<l, t>0,

ug(0,t) —ou(0,t) =0, t >0,

ugz (I, t) +ou(l,t) =0, t>0,
u(z,0) = p(x), 0<z<l,
HoHE o > 0.

& (1) [T 2.5 &, i FRRMERIERMH
> nwa\ 2 nwT
u(z,t) = Cpexp | — DTN sin 272
Z; ep< (z) )S I

(3)

HIAME A 30 52 th R L

S, AR Y
& 2
o) = 3 el - (Corless (- (4

> 812 (2n—Dra\>\ . 2n— Dz
Z m exp <— (f) t) S f

(2) [T 2.5 8, BHIAFFMERIERHEH

oo
2.2
u(z,t) = E Cne™™ "t cosna.
n=0

HIBIE 2% A 1 1 R %L
Co = l/7Tsirlgcd:10 = z,
™ 0 ™
- {Q n=1,
C, = —/ cosnxsinzdr = 2[(=1)" 1 — 1]
T B
BIE 1R A
u(z,t) = % — %; ! :2(:11)ne_"2“2t coSNT.

X(@)T(t), AI3RT TR T +a®AT = 0, MISET X WRHMEE M
{X”(x)+>\X_0, 0<z<l,
(2.4)
X'(0)—0X(0)=0, X'(I)+0X(l)=0.



Sh A, (2.4) BYJTREHT A
X(x) = Acos VAz + Bsin VAz.

SEPUR S LSl
B B VAB 4 cA B 20v/A
VAB - 0A =0, tanVAl = N VT ik
TEHRITE tan VL + 22V 0 95 0 MERDS A, BRI (2.4) ROBMEL XK EREY

X, (z) = Ay cos \/ Az + By sin /A, z
=B, (sin \/Eaz + VAn Cos \/Xx>

o
=K, sin(\/E:E +6,),
\/E Bn ) 25 > —_a2
Hr 0, = arctan o K= 7\/02 T B N RN T TR, FIESEMR T, (t) = Che= @Mt
B A5 H] A B i

u(z,t) = Z D= A nt sin(v/ Apx + 0y).
n=1

MRAUEWIELA1F 7T LARR 2 HH R %L z
/Osin(\/)\nx—i—Gn)gp(:E)dx
; .
/sinz(\/)\nx—i—ﬁn)dx
0

2.7 RS | (RS AR RIAR IR BE AR, TEd A © = 0 AbREFHIR wo, MTENT AL = = | KM -
5 B BUA B, SRR & B ST LR AT R R (e, t) TR

up = aPUgy — b2u, O<z<l, t>0,

D, =

U(Ovt) = Uo, (ux + Uu)|f€:l =0, t >0,
u(z,0) =0, 0<z<l

AR u(z, ).
B 2 u(z,t) = e t(x,t) + w(z), ATLLKRITEEAL N KT v(a, t) B 0

vV — a2 Vge = 0, O<z<l, t>0,
v(0,t) = (Vg + oV)|p= =0, t >0, (2.5)
v(z,0) = —w(x), 0<z<li

MRT w(z) 8% I IR A
a*w"(z) = b*w(z) =0, 0<z<l,
{ w(0) = ug, w'(l)+ow(l)=0.

JefR R W T RRILE AR (2.6), 1R M# w(z) = Ae"™ + Be ", Hort n = b/a. HIBFHMR

A+ B =ug, n(Ae"™ — Be ") + g(Ae™ + Be ") = 0.



HT BE A

B up(n — o)e " B ug(n + o)en
~ 2(ncoshnl + osinhnl)’ ~ 2(ncoshnl + osinhnl)’
TR
() = ncoshn(z —1) — osinhn(x — 1) "o,

ncoshnl + o sinh
FHRET v(e, t) BRMITE (255). 4 v(a,t) = X(@)T(t), B%T T lHE T + AT = 0 URKT
X HIFFAEAE ]
X'x)+ XX =0, 0<z<l,
{ X(0)=X'"(l)+0cX(l)=0.

R B, SRR an VAL + 2 = 0 935 0 AIERL 3 A, AR HERECY X, (2) =

sin VAuz. ¥ Ay AN T BT R, FTASEME T (1) = Cre @t TR E M AT

o0
v(x,t) = Z Cre™ @ Mt gin v/ Anz.
n=1

MRIEHIE AR E HHREL l
/w(x)sin\/)\n;vdx
Cp = —H— :
/sin2 vV Apx dx
0

2.8 MBI Dirichlet MBI FRIA, SR &
{um—i—uyy =0, 22+y?<d?

u|m2+y2:a2 = fa
Hdr f 525008 -
(1) f=AHE);
(2) f= Acosb;

(3) f= Asin?60 + Bcos? 4.

& A L Dirichlet [ BRI FR B H

u(p,0) = % + Z p" (A, cosnb + By, sinnb),
n=1

HPRECH
1 2
An:_/ f(@)cosnbdf, n=0,1,2,---,
Ta™ 0
1 27
Bn=—n/ F(0)sinn0dd, n=1,2,-- .
Ta 0

£ (1), (2), (3) FHRREL f AN AKXTT
(1) Ao =2A, A,=B,=0,n>1. Ll u(p,0) = A.



(2) RECH

1o Ala, n=1
B, =0, A":—n Acosfcosnfdi =
mam Jo 0, n=0,23.
NI}
u(p,0) = A cos .
a
(3) ¥ f BUH AL
A+B B-A
f=A+(B—A)cos’0 = ; + cos 20,

m‘uﬁﬁ%tﬂ anoa n:1727"'7

1 2”<A+B B-—A
A, = — +
7Ta" 0 2

A+ B, n =20,
={ (B—A)/2d* n=2,

cos 29> cosnf do

0, HE.
oIS
A+B B-A
2 + 2a?
2.9 2K o WRETEE RN, HREARNR, EARM R LA LRRER v, MAELERILA LIRRE
TR wr. RIEAR AR RS B R BE 2 A7

u(p,0) = p? cos 26.

& SIAMARAR, IR AT B A

1 1
uw+—ur+r—2u99:0, O<r<a, 0<6O<m,
u(r,0) = u(r,m) = u1, 0<r<a,

u(a,0) = up, |u(0,0)] <oo, 0<0<m.
A u(r,0) = v(r, 0) +u, W v 2 TR
1 1
UTT+—UT+—2U99=0, O<r<a, 0<fO<m,
r r
v(r,0) =v(r,m) =0, 0<r<a,
v(a,0) =up —u1, [v(0,0)] <oo, 0<0 <.
2 v(r,0) = R(r)®(9), NI BRI, 155 P14~ B0 J7 12 1Y R gk )

{q>"+Aq>=o,

B(0) = B(1) =0 &7

?R"4+rR —AR=0, 0<7r <a,
|R(0)] < oo.



HIHF 2R, FHAEE M (2.7) SRR E A RRAE 8 X003 51 8
Ay =02, ®,(0) =sinnd, n=1,2,---.
B A= A R 7R
rP?R'+rR —n*R=0,0<r<a; |R(0) <.
E—4 Euler 52 (& r =e® FLFIR R —n?R =0), KR |R(0)] < oo BB FAE

Rn(T) = CnTna n= 1725 e

B, 1%
v(r,0) = Z R, (r)®,(0) = Z Cpr" sinnb.
n=1 n=1
ML 5260 52 R KL
¢, = Hwo—w) /W sinnfdg — 200 =)y gy
wam™ 0 nmwa™
T
B = 2(UQ —ul) n n
v(r,0) = Z — [1-(-1) ](—) sin nf
n=1
Ay — 2n—1
= Z ((21:10_ 11;3 (2) sin(2n — 1)0
n=1
FCJRR ] L 4 Ay
2 A(ug —uy) 2l
u(r, ) =ug + ; @n—1)r (a) sin(2n — 1)0
M ESE GEIT L)
—sin(2n—1)0 o, | 1 2rsin 6
;7271_1 r —2arctan71_7ﬁ2, Ir] <1,
XATPAE R,
u(r,0) = u + 2(uo = w1) arctan ZC;T sin29, 0<r<a.
a?—r
- s L, = sin(2n —1)0 o, 21 2rsin 0
}I ﬂaﬂﬂ& 7; ﬁ?"2 1 éﬁf‘?ﬁ 5 arctan m

b, EEFRIFRX

2,27171

1, 142 &
Z1 - 1.
s T2 ;211—1’ Il <




. . . 1 _
it e =cos@ +isind, N sind = 5(5—5). FSpisg

oo

sin(2n — 1)6 1 — —(re
Z ln( n ) 7"2”’71 - — Z (7"5 (TE
2n—1 2i 2n—1

n=1

(I+7re)(1 —re)
(I —=re)(1+7e)
| 1—r?*+r(e—¢)
i nl—r2—r(£—§)

L N A

}J>|>—A

_ ilnl—TZ—FQirsin@
4i 1 —17r2—2irsind
= %arctan% (B EE)
2.10 SRAE T FIHIE L i R i 1] AL -
Ugz + Uyy = 0, O<zx<m O0<y<m,
(1) § us(0.y) =y = 5, ua(my) =0, 0<y<m,
Uy (2,0) = uy(x,m) =0, 0<z<m;
Ugg + Uyy = 0, O<zr<a, 0<y<bd,
(2) § w0,y) = u(a,y) =0, 0<y<b,
u(z,0) =0, u(z,b) = f(z), 0<z<q;
Ugg + Uyy = 0, 0<z<a, 0<y<b,
3) § u(0,y) =0, u(a,y) = Ay, 0<y<b,
Uy(2,0) =uy(x,b) =0, 0<z<a.
B () 2oulry) = X@)Y(y), RATER
X" Y”
Xy TN

B
X" XX =0, Y'+\Y =0.

MR F ALY (0) = Y/ (7) = 0. FREFALE &
{Y”—i—)\Y:O, 0<y<m,
Y'(0)=Y'(r) =0,

RRFAE(E M FFE R XN

Ay =n? Y,(y) =cosny, n=0,1,2,---.
HRE X" -\ X =0 WS

Xo(x) =ao+ a1z, n=0,

Xn(z) =Cre™ + Dype™™ n=1,2 ---.



i
=
=
an

o0
u(z,y) = ao + a1z + Z(C'nem + Dpe™ ") cosny.

n=1

1B 2 A A

ug (0,y) =y — g =a1+ Y _n(Cp— Dy)cosny,

n=1

ug(my) =0=ay + Z n(Cpe"™ — D,e™"™) cos ny.
n=1

HEARH a1 =0, AR

wE R 3
_ e "= (=1)"] _ el = (=1)"]
Cn = n3msinhnm D = n3mwsinhnmr
BT
= 2[1—(=1)"] coshn(z — )
u(r,y) = ao + Z 3 " amhne CoS™Y
n=1
Hordr ao HAEEHE

(2) 2 ulz,y) = X(2)Y (y), (AANTTERIG

XI/ Y/I

-A
X Y ’

&l

X"+2X =0, Y'-)XY=0.

M FRAER,X(0) = X(a) = 0. FREFEENEL
{X”—l—)\X:O, 0<z<a,

X(0) = X(a) =0,

PR RFIE R 2N

FTREY" =\ Y =0 Qe
Yn(y) _ Cnenrry/a + Dnefnwy/a'

&, %

u(@,y) =Y (Cue™™/* 4+ Dye "™/ sin ?.
n=1



1B 2 A A

Cn+D, =0,
Cne"™/* 4 Do/ = 2 /0 f(€)sin ”7”5 dé.
Fh A
l/ﬂamfﬁﬁ /f@mﬂﬁ%
Cp =20 . Dy=-0 .
a sinh n_7rb a sinh n_7rb
a a
i

sinh Y
_2 EOO: ¢ NS a . nmx
U(quy) = E — <‘/0 f(g) Slan§> W S T

(3) % u(z,y) = X(2)Y (y), fAATTER
X// Y//
X~ v N
B

X"—AX =0, Y'+\Y =0.

MR EAERLY(0) = Y/ (b) = 0. FHL{E M
Y'"+AY =0, 0<y<b,
{W@=W@=&
R IEEM R IER A
nmw nmy

/\n:(7>2, Yn(y):cosT, n=0,1,---.

HRE X" -\ X =0 fERE
XQ(LL‘) =Cox+ Dy, n=0,
X, (z) = Cpe™™/b 4 Dye /b =1,2, ...

2, 5
’U,(J,',y) = COCE + DO + Z (Cnenﬂ'iﬂ/b + Dne—nﬂm/b) coS %
n=1
SEPUR S LSl
= nmy
u(0,y) =0 = Do + ;(Cn + D,,) cos <
u(a,y) = Ay = Coa+ Do + Y (Cue"™/* + Dye™""/%) cos %
n=1
I Ab
EEEB%H:LDOZO, COZ— Aydy:_, u&
ab 0 2a
Cn+ D, =0,
2Ab
Cre™™ /P 4 Dye™"m4/b = = [(=1)" — 1].

(nm)



_ Ab[(-1)™ — 1] D, — Ab[1 — (—=1)"] '
(nm)? sinh % 7 (nm)? sinh %

sinh nmT
Abz 2Ab = [(—1)" —1] mh = nwy

u(x,t) = % + ? Zl n2 X inh @ COS ——

"= b

2n —1 2n — 1
Abx 4Ab 0 sinh( " b )7T$ COS( i b )7Ty

X
2 — —1)2
2a ™ (2n bl)ﬂ'a (2n—1)

2.11 SRIFF b — I {E &

1 1
{Au—uw—l— ;ur—l— T—2u99 = f(r), m <r<rg,

u(ry,0) = u(re, 0) =0, 0<0<2r

WA, For f(r) N ERIREL.
i T AR R ARSI f(r) #S 0 TTOR, B LA S 1] B Bl PR A
u(r,0) = u(r).

XHE, RIS T
(rug)y = rf(r).

rmjﬁﬁ@®+0
PHER LA 7, FRR AR AR IR P15
u(r) = / % dt/t pf(p)dp+ Clur + D
_‘K:Qﬂpﬂp[f%dt+CHnT+l)
_ K?ﬁ@nn£mr+cmr+D.

iy 1 5
{Omn+DQ
C1 __[" In 22 dp.
nry + D AIM@MH)p
5

1

Inre —Inrg

T2 ,,,_2
pf(p)In—dp.
. p

C = /‘ﬁwm%m

Inr
" Inry —1Inm



1 —1 2
1 nr/ pf(p)lnr—2dp, ry <r < rg.
P

Inre —Inry J,

u(r) = /Tpf(p)lngdwr

T1

AR B AT FRFIE TR SR, (HEBCH BB A %A 7] LR —i
2.12 SRARE MR

Uze + Uyy = f(x,Y), 0<z<a, 0<y<b,
u(ovy) = (pl(y)u u(aay) = @2(y)7 0< Yy < b7
u(xz,0) =1 (), u(z,db) =2(x), 0 <z <a.

B 2 u(z,y) =v(z,y) +ei1(y) + g[sﬁz(y) —1(y)], RIB AT FEAE M 5T v B 5 Ak (] A

Vo + vy = Fl@y) = $H () - 5 W) — ), 0<w<a, 0<y<b,
v(0,y) = v(a,y) =0, 0<y<b,
v(@,0) = ¥a(2) — 91(0) — Z[pa(0) — 1), 0<w<a,
v(@,b) = ba@) — 1) - Z[ead) — ()], 0<z<a

i FRRRIERT o R, TR AT
an sm@.
HHE 1, (), HEAN BT
iXﬂw—C?fnw%m%54@m—%@—9%@—%@y

FLGH, £ (y) 52 B ARSFUCH 303 7

70 = () ) =2 [ (5@ = 1) - Z1ej) - )] sin T de, 0<y<h @2

IRABLR A LA
o(w,0) = ¥1(2) = 1(0) = Z2(0) = 1(0)] = 3 JaO)sin ==,
v(o0) = 4a(o) = 109 = Tleal®) ~ 10 = 3 fo0)sin 2T,
B
1(0) = 2/a (1/)1(3:) —1(0) - E[Sﬁz(O) - <P1(0)]) gin 212 dz,
a 0 a a

o ra (2.9)
fa(b) = E/o (¢2(f€) —1(b) — E[gog(b) — 1 (b)]) sin —— dz.

R, SRIEET fu(y) B9 BR R0 7 RR A SOAE AR (2.8), (2.9), Bh AT 15 JF E M B T M. 2448, R TT

AL #re

u(e,y) = wla,y) + (@) + (@) — v (@),



BT w BB, FOARRMET v BFFRM, INEER. AT
2.13 T o Fl b Ru[BAMEL, 6] 2.3.2 fR gL RN T
i ®ME&LB3
@
KHARNRTF T HHE T () + AT (t) = 0, FI1FEH

Trn(t) = Cn sin v/ At + D 08 A/ Apnt, m,n=1,2---

TR I A A
u(z,y,t) = i (Cmn sin Mt + Dipn cOS /A t) sin m;r:c sin % (2.10)
m,n=1
RIEWIE T
u(z,y,0) m; 1 Dpn sin mbry
u(z,y,0) =Y(x,y) = mi_l V/Amn Crnn sin ? sin n—zy,
52 HH R %L
Crn = abm/ / U(x,y) sm sdeajdy,
Dy = // o(z,y) sm sdexd

¥ Cruny Dinn BIFRIZARN (2.10) 20T 75 57 7] 250 14 i
2.14 KA T 5 & ff 0] 5 -

2nx . 2mat

utt—a2um:sinTsmT, O<ax<l, t>0,
(1) w(0,) = u(l,t) =0, t>0,

u(z,0) = ue(x,0) =0, 0<z<lI;

Upt = AUy, O<z<l, t>0,

(2) < u(0,t) =12, ux(l,t) =0, t>0,
u(z,0) = u(z,0) =0, 0<z<I;
Upt — @PUgy = Asinhz, O0<ax<l, t>0
(3) < u(0,t) = ko, u(l,t) =k, t>0,
u(z,0) = u(x,0) =0, 0<a<l,
HA A, ko, b AWEG

U = Uy, O<z<l, t>0,

(4) < uw(0,t) =0, u(l,t)=At, t>0,
u(z,0) =0, 0<z<l




Ho A R

& (1) AT RALEE R

2
u(z,t) = —sin@/ / smi sin 227 inﬁ51n@(t— 7)d€ dr.
nmwa l l
1 2 2
= —sinﬂ sin— d§/ Tsi La(f—T)dT
ma l
- L sin 2mat_ t cos 2mat sin 27r_x
~ 4ma \ 27a l l .
(2) % u(z,t) =v(z,t) +t* +w(z), RAFES
Vi — 020y, = a?w" (x) — 2, O<z<l, t>0,
v(0,t) = —w(0), vy(l,t) = —w'(l), t >0,
v(z,0) = —w(x), v(x,0) =0, 0<z<l

RE v W77 R AR AR ST IR, B w R AE TR
{aQw”() 2=0, O<az<l,
w(0) =w'(l) =0

z? 2z
v =m T
XFFRXA w(x), B v(w,t) W2 2
Vet — @2 Ugy = 0, O<ax<l, t>0,
v(0,t) = v, (I,t) =0, t>0,

v(z,0) = —w(z), v(x,0)=0, 0<z <l
R TR, HOB RN

> t 2n — 1wat on —1
v(x, t) _Z<C cos l)ﬁa +Dnsin( i 2l)ﬁa>sin( i 5 i

n=1

R HVME S

2 (L2 2? (2n — 1)z 3212
c. == (___)- M = D,=0, n=1,2,
/0 a2 ) 21 v (2n — 1)373a? "

A
3212 . (2n— D7z (2n — 1)wat

Qn—1pma > 2 T g

S
B
“
N—
I
3
[ M8
N

TR R M R B A N

2 oo 2
.z 2z 321 . (2n— D7z (2n — 1)wat
u@ 1) =8+ 55 = Tr+ ) 2n—1pma2™ " o T
n=1

(3) 2 u(x,t) =v(z,t) + w(z), AT
vy — a2z = a?w”(z) + Asinh O<z<l, t>0,
v(0,t) = ko —w(0), v(l,t) =k —w(l), t>0,
v(x,0) = —w(x), v(z,0) =0, 0<ax <l



M v TR S 2R AP ST R, B w SR A
a*w’(z) + Asinhz =0, 0<z<l,
{ w(0) = ko, w(l) =k
A%, 15
w(x) = ko — aésmhx—i— (aésmhl—i—k k0>

~I&

XX w(), KA v(w, t) T 2 R 1]
Uy — A2 Vge = 0, O<ax<l, t>0,
0(0,8) = v(l, t) = 0, t>0,
v(z,0) = —w(x), ve(z,0)=0, 0<z <L

H G2 EA, OB RN

i(C cos +D smn

wat\ . nrx
sin —.

MRIEVEAR A E R R

B A SRATH IR S A T R 4 e Ay

o0 !
u(z,t) = w(x) — % </ w(§) sin nwa df) oS m;at sin ”lﬂ
0

n=1

A A 2 — t
= ko — —smhx + —smhl +k — ko r_:z Z / smn_w'édg cos nra sin
a? l —~ l l

(1) & ule,t) = (e, t) + Tot 4 w(e), AN

A
v — 02vge = a*w (z) — T O<z<l, t>0,
v(0,t) = —w(0), v(l,t) = —w(l), t >0,
v(x,0) = —w(x), 0<ax<l.

N v BT R TR IR, B w S {E

H i, 5

nmwx

T



Xt PR E R w(z), MR v(, 1) T 2 2 v B

v — avgy =0, O<z<l, t>0,
v(0,t) =v(l,t) =0, t>0,

— 2
v(x,0) —@x(x —1%), 0<x <l

H G2 R, OB N

MRIEVEAR A E R R

(—1)"+12Al2
n3m3a?
[eS) 2 9
v(x,t) = Z(—l)”“ﬂ exp (— (m) t) sin 22
B A Hh I A T R A
A 1)t 2A12 nmwa\ 2 . nmx
6a2l wa® = 1) —xt—i-z n3r3a2 xp( ( l ) t) ST

2.15 A—HT U E TR R TR, By ), R I B RRIGEZ TR SiREE A OF
BO AR eV L TP AR EE 8 ANTY R SRR e (R AR K 7 RUR B0 1),

u(z,t) =

B O — AN YEINE, SR (e, t) W2 T TH Y RS

U = Uy, O<z<l, t>0,
uw(oat):ﬁu Um(l,t):—ﬁ, t207

SARII AT RIE & u(e,0) = oo, 0) = Ta? + o, RANRES

22
vt—anm:—aTﬁ, O<z<l, t>0,

v,(0,t) = v, (1, t) =0, t>0,
v(x,O):A—Fgaﬁ—ﬁx 0<z<l.

_ 2026
WIRKEBEFIAL. 4 o(2,1) = w(z, 1) . 1

H R fife ]

wy — a®Wyy =0, O<z<l, t>0,

wy(0,t) = wy(1,¢) =0, t >0,

w(x,O)z?:f—ﬂx, 0<z<l.

AT 2%, HB N
w(z,t) = Co + i Cp exp (— (@)%) cos ”lﬂ

n=1



MRIEVEAR A E R R

l l 6’
2 [ 201
C, = 7/0 (?wz—ﬁx) cos == dg = ner[ +(=D", n=1,2,
IS
I = 201 2
w(z,t) = —% + ; nf‘rz [14(=1)"]exp (— (?) t) cos ?
Bl X Al 2 2 2
= % +,;1 93 exp (— ( n;ra) t) Ccos nlmc
TS D ] R0 1Y) e

24> I =
u(x,t):—?ﬁ—i—ﬁx—i—/l— alﬁt—%—i—z
n=1

Gl o _ (2nma 2t cos 2nmx
n2g2 P l I

2.16 K% T ARG HE
2
Ut — AP Ugy = _wl_a: sinwt, 0<xz<l, t>0,

(1) w(0,8) = wt, ul,t) =sinwt, t>0,

u(z,0) =0, w(z,0) =w, 0<z<l;

Ut — AUy = Uy, O<z<l, t>0,
(2) < u(0,t) =0, u(l,t)=Bt, t>0,
u(z,0) = u(x,0) =0, 0<z<l

Utt — Ugy = €7, O<x<l, t>0,
(3) € ugy(0,t) = -1, u(l,t) =t, t>0,

u(z,0) = ue(x,0) =0, 0<z<I

U = a%Upe — b2u, O0<z <, t>0,

(4) < u(0,t) =wu(l,t)=0, t>0,

u(z,0) = p(x), 0<z<lI.
XEE w, b, B ABHE B 0(x) K ERMITELLREL.
& (1) SRR AT 4 w(z,t) = v(a,t) +wt + %(Sinwt —wt), FRRT v B2 I R

vtt—a2vm:O, O<ax<l, t>0,
v(0,t) =v(l,t) =0, t>0,
v(x,0) = v(2,0) =0, 0<a<lI.

ZREM B R EME v(x,t) = 0. RUHJR T BT

u(z,t) = wt + %(sinwt — wt).



(2) VB u = e~/ CDy R IR v R
b2
1a2"

v(0,t) =0, v(l,t) = ebl/<2a2)Bt7 t>0,

Vit — @2 Vpy = — O<z<l, t>0,

v(x,0) = ve(z,0) =0, 0<a <l

HEARAMIRIM. 4 ofa,0) = w(e,0) + e at, BET w AR

b2 b’B
@w — mebl/(2a2)$t, O<x< l, t> 0,

w(0,t) = w(l,t) =0, t >0,

2
Wit — O Wy = —

B
w(z,0) =0, w(z,0) = —Tebl/@az)x, 0<z<l.

B2 w(x,t) = p(z,t) + g(x,t), HA p, q 735152 52 M &

b2

Pt — @*Poy = ——5 D, 0<z<l t>0,
4a?

p(0,t) = p(l,t) = 0, t>0,

B
p(x,0) =0, pi(x,0) = —=e"/ Dz, 0 < <1

il
b? b’B 2
g — 0 OT5 bij(2a) L
qtt — O Qza 4a2q 4@216 zt, O0<ax<l, t>0,
q(0,t) = q(l,t) =0, t>0,
q(CL‘,O):qt(ZE,O):O, 0<z <l
HIfE. R — DM 4 plet) = X (0)T(t), RAT BRI ELRG
T// +7’]2T X// A )
~er S x -

Hr n? =b2/(4a?). XFE, BRI H T J5 18 E i ] 2
X"+p32X =0, 0<z<l,
{ X(0)=X(1) =0

T" + (n* + a*B*)T = 0.
i X BIFFEME N, 52 R IEE MR R R

2
An =2 = (nl_?r) ; Xn(ilz)zsin@7 n=1,2,---.

B A RN T 897772, 158 %

T (t) = Cy cos vt + Dy, siny,t,

— ./ m2 a2{’)72— - + —



]
=
an

o0
p(x,t) = Z(Cn €08 Yt + Dy, siny,t) sin nlﬂ
n=1

HAMER S
l n
C,=0, D, = _2 Eebl/(QGQ)xsin ML e = MBGW(?GQ).
Tl Jo 1 l NTYn
A
p(z,t) 2B b/ (2a%) i ) sin*y tsin 8
n=1 ! L

X3 A g TR L 57 AL IR B A

q(z,t) = —sinw/ / < Zafl bt/ (2a )§T> sinnTﬁgsin%(t —7)dédr.
b’B bl/(2a2) sin nw sin y,t
= t——— .
2@ o Z Tn
7 A5 v Y A
u(z,t) = eba/ (2’ >( (z,t) + qla,t) + JZB bi/(2a%) t)

bi-=z)\ | B B & (—1)” b? , b? ,
—exp< 22 ){7 t ;Z o 2—m Sln”ynt‘FMt S ——

(3) 4 ule,1) = (e, ) + ¢+ w(e), TR
Vit — Vg = W (7) + €%, O0<a<l, t>0,
v:(0,t) = =1 —w'(0), v(l,t) = —w(l), t >0,
v(z,0) = —w(x), v(z,0) =—1, 0<z<lI.
N v TR S 2R AP ST R, B w DA M

w'(z)+e* =0, 0<z<l,
w'(0)=-1, w(l) =0

w(r) = —e® 4 €.
T BB v, t) TR R Ak
Vit — Vgz = 0, O<x<l, t>0,
v:(0,t) = v(l,t) =0, t >0,

v(z,0) = —w(z), v(x,0)=-1, 0<z<I.
M T AR, HAE X

= ;(On 08 Bt + Dy, sin Bpt) cos Bpz,  HH 6, = w

}.



HIAMELZ& AR B R 2K

2 _ 2(Bu+ (=)
C, = ; /O(e e')cos fprdr = — R
B _l 1 _ _2(_1)n+1

D, = 5nl/o cos Bprdr = 715721

BT LA
v(x,t) = %nz_:l <% cos Bt + % sin 6nt> cos Bp.
ey AP )
u(z,t) = el +t—e® — % g (W);;F;l S Ont — ( 612)71 sinﬁ,ﬂf) cos Bnx.

(4) 2 w(z,t) = e to(a,t), JRIFEATHEAL R v 852
v — 42Uy = 0, O<z<l, t>0,

v(0,t) =v(l,t) =0, t >0,

o(z,0) = (), 0<a<l.
LA A, B R

(w0 = 3 Cuesr (- (52) ) sin 2.
H B 26 B 2 1 R

(%:%A}@ﬁm%ﬁﬁ,nszm,
TR T

2inm (2 [ 2
:e_bt;<7/0 gp({)sinnTng§> exp (— (@) t) sin@.

2.17 43 7% RE IR
Ut — Uge = Blug — u), O<z<l, t>0,

w(0,t) = u1, u(l,t) =uy, t>0,
u(z,0) = f(z), 0<xz<lI,
HeAr B, o, ur, uo FIRHE RIEMITEEHR u(z,1) = uo +v(x, t)e™ 7" ZF, WEMFIEFAL K
U — U =0, O0<ax<l, t>0,
v(0,t) = (u1 — ug)e’, v(l,t) = (ug —up)elt, t>0
v(z,0) = f(z) —uo, 0<z<I,

)

FH IR w = ua = uo B u(z,t) BIFRIEX.
& JSibH] v iR LA (2.11). BRA

up = (vg — ﬂv)e*ﬁt, Upy = Vppe DL

(2.11)



RN T7 25

(vy — Bv)e Pt — vye Pt = — e,

Bp
Vg — Vg = 0.

R RS P 300 S A7

0(0,) = (u(0,t) — ug)e? = (uy — ug)e”,

v(l, 1) = (u(l, t) — ug)e?t = (ug — up)e?,
VMBS AR AL,

v(x,0) = u(z,0) — up = f(z) — uo.
IR] T 445 9 J 3.
Moy = ug = ug B, EREE (2.11) BCH
Vg — Vg = 0, O<z<l, t>0,

v(0,t) =v(l,t) =0, t>0,
v(x,0) = f(x) —ug, 0<a <.

H G2, BRI

v(x,t) = iCn exp <— (nl_7r)2t) sin n_7lrac

HIAMEZR 52 HH AR B
Cu=2 [ (516 ~uopsin T, m=1,2..-
=7 Uo) sin — , n=1,2,
TR A IR R Y o
= ! nm nw nm
u(z,t) = ug + e Pt Z (% /0 (f(€) — up) sin T§ d{) exp (— (7)2 t> sin T‘T
n=1
2.18  FHAHFMEJE T30 3K gt o] B
utt—um:%xt, O<z<m t>0,
u(0,t) = u(m, t) =0, t >0,

u(z,0) =sinz, u(zr,0)=0, 0<z <.

W R RTER  FAETRL (6 o R Bule, o) B Jot BITLAFERER {sinna}

n=1
R
u(z,t) = Z un (t) sin na, %:Et = Z fn(t) sinna,
n=1 n=1
Hp
fult) = (_1)n+1t, n=1,2,




XA I RN TT T
Z ) 4+ n2un(t) — fo(t)]sinnz = 0.

H AL R 2R 1Y 52 4 1 T A
up () + n*un(t) = fult).

RIEYESAF w(z,0) = sinz, u(z,0) =0, EH

AR 503 J7 R B B8 ik A

up(t) = S /t fun(T)sinn(t — 7)d7 + u, (0) cosnt
nJo

t —sint + cost, n=1,
= —1)ntt innt
) (t_m),nzz.
n n

1)’hLl sinnt
t) = (t— t 4 t— i
u(z,t) = (t —sint + cost)sinz + Z —— | sinnz

n=2

—1)nt+1 3 +
= costsmx—i—z ) (t_smn )sinnx.
n

n=1

2.19 XTI 2.7.2, B S AT RRBR RS E.
& B 2.7.2 Ay E RN TN
2

Up — @ Ugy = —b%u, 0<z<lI, t>0,

uzy(0,t) =0, u(l,t) =uy, t>0,

’LL12

u(z,0) = 7z 0<z<lI

)

oA b, BEME. EEEER 2 v, t) = u(z, ), WA
v — a%Vge = 0, O<z<l, t>0,
0:(0,8) =0, v(l,t) = use?’t, t >0,

’LL12

o(a,0) = o

0<z<lI.

PR R LEFUAL, A v(e,t) = w(z,t) +ue’?, BATE
Wy — aPwey = —uib?e?t, 0<z <1, >0,
we (0, 1) :w(l t) =0, t>0,

w(z,0) = 12 % — uq, 0<z<lL.



R it )RR B A P A w(w, t) = p(x, 1) + gl t), FoA p, g 53900 /2
pt_a2pmm207 0<I<l,t>0,
220, t): (z =0, t>0,

p(x,0) = 12 2?2 —u, 0<z<l

G — a%que = —u1b2e¥’t, 0<az <1, t>0,
q(x,0) =0, 0<z<lI

R — e MR, A5

( / ( 52—u1) cosﬁn§d§> B cosﬁnx

32U1
2n —1) 371'3

(2n—1)w

21

)= 2
i e~ @Bt cos Bnx, X8, =

XoF 58 A T8 M ) BRI Y AL R B, 45
o 2 t L b2 202
qla,t) = > 7 €08 fna / / (—ub?e” e =) cos B, dE dr
n=1 0 J0o
('] t n
4uq b? bt _ g—aBht

B Z(_ "(271_1)7(. b2 + a2/2

n=1

cos Bnx.

DR I, DI ] A

u(e,t) = o (p(a, ) + qla, 1) + wre™)

32Uy 2y > " 1 —a2B2t
ur +—5-e Z(—l) ————e “Prlcos B,

— (2n —1)3
oo Ul 1 _ e—(b2+a2ﬁi)t
g 2n — 1) b2 T a2ﬁ721 COSﬁna
Hrf B, = (2n = 1)7/(20).
2.20 B Hi & 2
U — a2Ugy = f(2), O<z<lI, t>0,

u(0,t) = A, u(l,t) =B, t>0,
u(z,0) = g(x), 0<z<lI
fig e — B 2.

& 2 u(e,t) =v(x,t) + w(x), (ANTTRR
vy — a2y, = a?w (z) + f(x), O<z<lI t>0,
v(0,t) = A —w(0), v(l,t) =B —w(l), t>0,
v(x,0) = g(z) — w(x), 0<z<lI.



RE v W77 R AR AR ST IR, B w R AE TR
{ a*w”(z) + f(2) =0, 0<ax<l,
w(0) = A, w(l)=B
W, 15

B—A—F(l)

w(z) = F(x) + 7

T+ A,

Heft F(z) 2 —%f(:v) B ARG, W F(0) = 0. X PIXABER w(z), v il 2 52 7 &

v — a2Vgy = 0, O<z<l, t>0,
v(0,t) =v(l,t) =0, t>0,
v(z,0) = g(z) —w(z), 0 <z <I.

F R AR, OB
> nwa\ 2 . nmx
v(x,t) = ;Cn exp <— (T) t) sin ——.

HIAMELZ& AR B R 2K
H

INTI A5 5 R it T LA o) — BB X

MLQ:A+H@+§;£%E@x

%) 1 9
Z / G(s) sin 73 4s exp <— (@) t> sin 7L
2\ J z z l

~I o

+

2.21 fEHIHAEE
utt+a2ummmmzo, O<ax<l, t>0,
u(z,0) =z(x —1), u(z,0)=0, 0<z<lI,
w(0,t) = u(l,t) = upg(0,) = ugx(l,t) =0, t>0.
& 2 u(t) = X(@)T @), (AT BRI B, 15

T X @)
T X

:A,

B
XWX =0,
T" 4+ 2T = 0.
RGBT ZAFR,X(0) = X (1) = X"(0) = X"(1) = 0. FRFFLLE
{XW—AX_0,0<x<L

(2.12)
X(0) = X(I) = X"(0) = X"'(I) = 0.



W X (z) 2ME (2.12) B F X L (2.12) WHREIFTE (0,1 o, Fo iR 5
l !
2(z)dx = "(2))2dz. i
AA‘X()d A(X())d (2.13)
MR AN=0, 0 X R

X"(z)=0, 0<az<l,
{X@)=XU)=0

TR X(z) =0. 2R A <0. i1 (2.13) AfF X(z) =0. B, WTF A <0, M (2.12) BAHAEZRH. Bl

B (2.12) fFFIERE ) —B A TE

L A=Y 8> 0. WE M (2.12) BE N

X (x) = Acosh Sz + Bsinh fx + C cos Sz + D sin Sz.

GlliEut s Lt

A+C=0,

A-C=0,

Acosh 8l + Bsinh 8l + C cos Bl + D sin 8l = 0,

Acosh Bl + Bsinh 8l — C cos Bl — Dsin 8l = 0
RIBRIF N HRAG A= C=0. SHEFHAFEATH B =0, Dsin gl = 0. B, FE (2.12) HIEZHY
HAYY sin Bl = 0. XREER T HRAE(E HIRRE 56 5L

nm

4
J,‘n@:m—ﬁn:mw-

A= 1 =

nm

# 08 = (“T) oA T TR MR

T;@)=:Ancos(a(ﬁ;)2t)+_anhl(a(§;)2t)_
& AT i )
u@hﬂ::g;{Anam(a(?;>20_%Bnﬁn(a(%ﬁy%)}ﬁnﬁgz-
MREWIEZEAF 3 E R KL

NI]




F=EE RoTE
§3.1 AREE
Fourier 35t
EX 3.1 % fel'(RY), B f&%, 5K KF. oA
F) = . flx)e N dg.

FI A % Ak by Fourierfr 4 & M4, 2T A o € R™, &=

f@) = s [ Fve=

%

A=A, ) €ERY, = (21, ,z,) € R,
AT =T - A=x1A1+ -+ Tp\y, / / /
n Rl R1

de =dzy---dz,, dA=d\;---d\,.
B F(\) #RA f 49 n BFourierBi. f(z) %A F(\) eFourieri@He, iwh F1f |(x), & FUF) A
A A R RE KSR
RS Fourier BHIIBABMBAMER (—AEHE). BEBIT LR Fourier 254t (1
) .
MR 1 (RMEMER) Fourier A8 RLAS AR AMAEH, BIR TAERBY R £.9 9K o, 5, L

Flaf + Bg) = aF|[f] + BFlg] = af (\) + Bg(N),
F -V af + 49 = aF f 1+ BF g = af + Bg.
MR 2 (RLRSMER) X TAERE A RS f M8 b, BT

~

Flf(x = b)) = e Ff(2)), Flf(x)e™] = F(A-0).

~

PERR 3 CHIRMAERD) X FAERMA RS f KR o # 0, BAL Ff(ax)] = 4 f(2).
PERR 4 (BUAMERR) & £, f' € L'(RY) NC(RY), M

— e, % £ f -, f e LYRY) N ORY), A

FIF™M (@) = ()" F).



A flFourier 32 M M LB, AT DA — N 0 J7 RR AL AR BT 2, 18— ke T7 AR e AL A A
IR
MR 5 RZTAMR) &/ f(2), of (x) € L'(RY), W&

Flaf () = 1570
_.ﬂﬂ-xi,m, ﬁﬂ% f({E), :Ef(:t), T ,:Ekf(ft) € Ll(Rl)a %K/A‘
b
Flat )] = -5 FO)

w7 Gt £ | [ s - -1
PR S (REUER)
o i@ R0 = 5 [ FOREN
o eI = o K OIH
PER 9 (EHERUME R Parseval 5558)

.Iz.f:i £ 2
| r@Pae= o [ IFoPa

EX 3.2 (EAR) BHK f,g AR LAZX. XMy | flo—t)g(t)dt *PTH G v € R! Al s,
]Rl
MARRARS A f 5 g $9EAR, TA
(o)) = [ fla =g

A LA E L2 TR BB W% f,9 78 R EHEN. HRa - [z = t)g(t)dt X+FFA I
z € R™ #YEL WFRERD A f 5 g BB, LAy

(f*g)(x) = . f(x—t)g(t)dt.
BRI TR
(1) 3t frg=g=*f;
(2) G54 fx(gxh)=(f*xg)*h
(3) S ECAR: fx(g+h)=f*xg+ fxh
MR 10 CBRUER) & f(2),g(x) € LYRY) NCORY), N

Flfsgl=F-3. Flfd=5-F+5 FF-g=7g



FIF Fourier A8, W] LATSE 20T A2 fff ] 1 gt g 3R 35 X
1. ¥l 37 FE R W) A W) &
{ut —a’Au = f(x,t), x €R", t>0,

u(z,0) = p(x), x € R

firiy ik

wr.t)= [ o@6@-enie [ [ renee-gi-nacan

-t (35

PR ARG F TR Green B, WARARE ST BB NS BEERE.
2. 5RIRBNIT R )
U — a*uzy = f(2,1), zeR, t>0,
{ u(,0) = ¢(), u(,0) = $(a), veR!

HoAr R

firiy ik

N =

r+at t prta(t—r)
uw(z,t) = =[p(z + at) + p(z — at)] + L / £)de + — / / ,T)dE dT.

2a Jy—at a(t—7)
3. AEFFUR AL i JT FE AR I
ug+v-Vu+cu= f(z,t), ©€R™ ¢>0,
{ u(z,0) = o(z), zeR"
iy FRIA A
u(z,t) = e oz — vt) + /0 emett=n) flz—v(t—71),7)dr,
Hrb v e R, i idd,c iR
4. TCF R PR3
Ut + 2 Ugzer = f(2,1), zeRY t>0,
{u(x,o) = (), u(x,0) =(x), z€R!

iy FRIA A
) = 7 [ #O <(§4_ oD e [ wgeos (SR 4 T ae
/ /]Rl 2ar/ma(t — 1) (4(5(15—_:1;);’) + g) d¢ dr,
Hrp

-/ ' / " p(e)dedy, Fla) = / ’ / " fle, naedy.



5. 1325 B 7 R Dirichlet [
—A’U, = 0, S Ria
u(xl7 O) = SD(:EI), Ty = 0, ,'EI S Rn_lg

lim wu(z) =0

|z|— o0

figa A

u(x) = 296—71/]1%71 ( #(€) d¢, o' = (21, ,n_1).

on e T eP a7
Laplace Z5#t

EMX 3.3 % f(t) At>0 LA, AT EH p, X f #Laplace® #: A

£ifl = 7o) = [ T e,

0

AR [ R [ HRFLE.

do R L[f()] = f(p) A, MAR f(t) & f(p) #9Laplacei¥ T %, A KA f £ f(p) WIRIFRBRIESH
. v AR

_ cr+ioo~
fO=LF ) =5 [ T dp >0 (3.1)

¥ flp) RXA£F-F@Rep >0 L.

K (3.1) WAHEME—NERSY, LRI E 2. FEFSHBIT, WA Laplace A8 Bk
WA (HE, ZERZHIFIL T, MFEL T Laplace TG EHR.

FIE 3.1 F f(t) £ [0,00) Lo BELGHETARTRKAEK, BPAELAFTE M,a > 0 #47F |f(1)] <
Me®t, W] f(t) #9Laplace™® #e*+i#% & Rep > a ¥FFA p A 1.

PERT | (RHEPEIR) Llof + Bg) = oL[f] + BLIg), L7 af + 8] = L7 [F | + L (F].

~ n!

PR 2 (GIBAER) LS ()] = Fp — @), Rep > a. dHAER £[t"e") = o —
PR 3 OB £l7(en)] = ~7(2), e >0
W 4 CBUMAETR) 272 [0,00) 1. f (1) SELHESE S (1) HE4 FUR B EUBIA G, BIAEAER 4L M, o > 0

{543 £ (1) < Meo'. W4 Rep > o B, f/(t) B Laplace ZEHAFAE, HLBUL LIf(1)] = pf(p) - £(0). Xt T
BT S 3 AR IRAE [0,00) 70 (1) SPBEESE (1), [/(2), - [ D(1) 3SR A%

B, R4 f() (1) # Laplace ZHAETE, HALSL

Rep > a.

LI @) =p" ) = 9" (0) = "2 F/(0) = oo = fO7V(0), Rep >

VLR 5 (RUAMER) c[ / fde] = 0.
PER 6 (T2 HET)



MR 7 GERHEFD) Lf(t— 1) =ePf(p), B#F L e P f(p)] = f(t 7).

MR 8 (BIEEHE) f(0) = lim /(1) = lim pf(p).

MR 9 (RERHE) f(oo) = lim f(t) = lim pf(p).
ML 10 (R R B AR M)

EN 3.4 A&
t
(F=at) = [ f=mg(rar
BB 5 g 8B
BEE TR

frg=gxf, (fxg)xh=Ffx(gxh), fx(g+h)=fxg+fx*h

PR 11 CERBUEHD L[f * 9] = f(p)g(p), B L7 f(p)g(p)] = £ * g-
§3.2 EMHE

3.1 R TR Fourier 28 ik .
2|, |z <a,
(1) fz) =

0, l|z|>a>0;

sin Aoz, |z| < aq,
(2) flx) —{

0, 2| > a;
(3) f(z) = cosnx?, sinnz?, n>0.
& (1) BEEMAEXS
Flf(x)] :/ |:1:|e*iMd3::/ |x|cos/\zd33:2/ x cos Az dz
—a —a 0
2

2 2
= Tasin/\cH— ﬁcos/\a—p.

Flf(x)] = / sin Agze ™M dx = —21/ sin Apz sin Az dz
—a 0

_ sin(Ao —A)a  sin(Xo + Na
B Ao — A Ao+ A



cosnze N dx = / cosnz? cos Az dx
R1

J
= /}R1 cos(nz® — \r)dx = /Rl cos {77(:10— %)2 - g}dx
1

A2 A2
= — ( Ccos — / cost? dt + sin =— sin ¢2 dt)
47’] R 477 R

T (1 A2 1 . A\
- (Eenmen)
™ PR
e (m3)

XHEAFT Fresnel B4y [ costdt = / sint?dt = \/g Hefpl AT 75
R Rt

T DL
Fsinna? z/ sin(nz? — Az dx:,/—cos(——i——)_
[ ] R? ( ) n n 4

0, <0 (z) = sinz, 0<x <73
e, x>0 YT Y0, Ha

3.2 K f(a)« gla), K f(@) = {
R wEN A
f(x)*g(x) = 8 f(x —t)g(t)dt.
B <0 f(x) *g(r) = 0; 24 0 <z <7/2 B,

¢ 1
flz)*g(z) = / e @ Dgintdt = §(sinx —cosx+e ")
0

x> 7w/2 Y,

/2 1
f(:E) * g(x) = / e~ @t gintdt = Ee—m(l + eﬂ'/?)'
0

33 JEH] Fourier HMBRUEE (FIR 10) (95 A SRF (gl = 5T +5.
TG ik, BRI Fourir BB L JRI Fubind 52, 51

Flfgl = g f(@)g(x)e " dz

_ —iXx i -~ iwz
=l f(x)e (271_ /ng(w)e dw) dx

-1 [ G < Fz)o i) dx) dw
2T R! R
U 1o
= L[ G- was = e
T Jr1 2m

Ik BN FIfg] = - 49, SR 7 | 7] = fo BN PR Fubini e
— - 1 T\ iz
Fo £ T = W/R ( le(T)g(A—T)clT>ek ax

1 ~ 1 .
= — f(T)esz <_/ a(/\ _ T)el()\ﬂ-)x d/\) dr
27 R 2 R

1 N iTx 1 -~ iwe _
=5 ) f(r)e (27r /ng(w)e dw) dr = fg.



3.4 F|F Fourier A f g i, R T 5 B E0H Fourier 258 i .
(1) f(x)= ze~lzl a4 > 0;

e, |I| <a,
(2) f(x)—{ R a > 0;
0, |z|>a,
(3) f(x) =e 9l sin \oz, H¥L a > 0.
||l — 2 NE
B (1) R Fle™") = 755 BARMEER
e 1 2 2%
Flem] = a” 1+ (Ma)3?  a+ a2
i e WL U
Cazr - d 2a _ 4dali
Flwe™] = ) [CL2 + )\2] T (a2 A2
(2) E#EHHSE

a ) 1 )
F — axfl)\xd - - (a—iX)z|@
@) = [ e = e,

1
T a—iA

TEHy Fourier A5 e fly 28 Mk A7 B 1 RS

(eazfi)\a 7a2+i)\a)'

—e€

(3) FA (1) 501 Fle~) = 20,

Fle=*lsin \gz] = F [%e_“m(ei’\” — e_i)“’m)}

1

= = (}-[e—a\m\ﬁxom] -~ ]:[e—a|m|—i>\om])

. 1 1
- (a2+()\+)\0)2 - a2+(/\—/\0)2> '
3.5 REH F(O\) = e P B Fourier #7484, Hdr t > 0 HZ%%.

—alzx 2a — 1~ p
& M Fle ) = pr FIXBREER 7' f(2)] = o f(=A), T
1 2t t
—17,—t|A| - —
e = v T sy
3.6 KT HIAIE ] & iy e«
U = aPUgy, z €RY >0,
1
u(x,0) =1+2% xeRY
Upg — Ugy = tSinw, ze€R, t>0,
uli—o = 0, ut|i—o = sinz, x € RL;
tx
2 _ 1
Utt—auzz—m, $6R7t>0,
(3)
’U,lt:o =0, ut|t:0 = T € R

14 22’

& (1) JiE— HEMNAARXS

u(x,t) =

exp (— (x4;2?2> (1+&5)de =1+ 2 + 2d%t,

1
20,\/7% R1



izgq J iﬁl‘l ] EE$ 8 /N
r)dr = v2¢(r)dz = o + u?
/lgb( )d 1, /1 o(x)d o ,

1 (x — u)2
Varo P <‘ 207 )
Tk BEEAMARRECREARX (77) 18

H ¢(z) =

u(z,t) =1+ 2% 4 2a*t.

2) EEMAAXAE

1 [r+ +(t—71)
u(z,t) = 5/ sinéd¢€ + = // : Tsin&dédr
r—t (t—7

= sinxsint +/ Tsinzsin(t — 7)dr
0
= sinzsint + sinz(t —sint) = tsinz.

3) HEEMMAXAHE

1 xr+at z+a(t—T)
t d¢d
uet) = 2am(n1+525+2a/llagf e e

1
=5 [arctan(z + at) — arctan(z — at)]
a

+41_a/0t (1+(x_i(t_7))2 - 1+(x+2(t—7‘))2>TdT

1 1
%a [arctan(z 4+ at) — arctan(z — at)] + E(I —1II).

(1>

TEHEBRS IMIL & o —a(t—7)=s W 7=t —x/a+s/a. I\

t x _
1:/ T fhzl/ toejatsja,,
o L+ (x—alt—7)) O - 1+s

1 1 2
= (at — x)[arctan x — arctan(z — at)| + 503 In ﬁ-

i, FTLAK H

1 L ! 2k
I = E(at + z)[arctan(z + at) — arctan x] — 32 In %—;;)

AT N

1
u(z,t) = 13 [(z — at — 2a%) arctan(z — at) — (z + at — 2a®) arctan(z + at)

1 . 1+ (z+at)?
+2G/t arctan {E:I + @ 111 m

3.7 FIH Fourier A2 # >R LT % M 0] 851 -
Up — @2Ugy — buy —cu = f(x,t), x € R >0,
(1) {
u(z,0) =0, r € RY,
Hea, b, c ZHE



Ugg + Uyy = 0, reR', y>0,

(2) { uly=0 = p(x), z e R,
lim u(z,y) =0,

z24y?—oo

HoAt o(a) REIELLREL.

& (1) XTSI R T o« 4T Fourier ARH, 15

Uy + (a*N? —ibA — c)u = f(\ 1), U(A0) =

XA o 7 R R R TR, R AR B U

t
u(t) = C(A)e‘(“w‘i“‘@%/ FOA, 7)o@ =ibA=o)(t=r) g
0

b 2,2 .
ﬂ(/\,t) :/ f(/\,T)e_(“ AZ—ibA—c)(t—T) ar.
0
Kt
t
u(x,t) = F1 {/ f(/\7T)e*(azszibAfc)(th) ar
0
t
= [ FR ) e e g
/f.’IIT *]: a)\z(t T)+HibA(t— 7-)] c(t— T)dT_
| F Fourier A5 iy or #: DA 2 F =0

‘/,__.,1 [efaQ)\zt] _

1 < x? )
exp | ——= |,
2a+/7t P 4a2t

G
1 gma? N (=) HibA(L—T)] 1 exp [ — (z +b(t —1))*
7 2a\/7(t — 1) p( da?(t — 1) )
TR
(x — &+ bt —bT)?
u(z,t) //n@l?d ﬂ't—T ( 120 = 1) +C(t—7‘)>d§d7‘.
(2) M ITRRME MR R T « 4T Fourier 284, {15
gy — A =0, U(\0)=pN).

Hom R

a(\y) = C(N)e MY + D(N)ellv,
G TR lim G(A,y) =0, Bt D(A) = 0. 3 G(A,0) = §(A), F C(A) = &(A). AT

T\ y) = (A)e M.



FFH & 3.5, 15
u(w,t) = FH |[F)e Y]
= FHE)) « F [eY]

_ Y
B

_y [ w8
‘w/Rlyu(x—s)?df'

3.8 W u(w,t) HIEMH
{ut:azum, z €RY t>0;

u(z,0) = ¢(z), ze€R!
{9, 358 (o) SEEFLAESEA I (~,b) BOSHIBIEAED REERHC JE Jim u(o,t) = 0 T = —

M.

EBA EHEAARE ST R RIAR, 15

1
u(z,t) = SN exp <_W) p(&)dE

= A [ (U e

K o(x) € C(RY) HAEXE (—b,b) SMFIEAZE, B ©(—b) = ¢(b) = 0, FHAEM XA [-b, 0] LHF, Rk
W |o(z)| < M. AT

M P (z —€)? Mb
|u(z, t)| < 2a\/ﬁ/_bexp (— pn )dgg =2

I lim u(e,t) = 0 XF ¢ —SURS.

59 AW IHBL GBI u(e.0) = { 175 1 SR AR A
u(z,t) = %/000 sizu cos piwe ™ M .
MEBH EfR A
U — aPUgy =0, x €RY ¢ >0,
_ L el <t
{ w0 = {0, 2 > 1.
1 R TR KA R
_ 1 (z —&)?
u(x,t) = vt e exp <— e >u(§,0)d§

A Fubini 2 #ELL K T




HAIFE

1
u(zx,t) :/ .7-'_1[6_“2’\2t_i’\5]d§

i dé. e @ Nt (z—€) d\
2 R?

1
— i efa2)\2t+i)\z dA/ e*i)\E dg
27 Jr -1

2 [Tsi
= —/ sin A cos Aze ™ N A,
™ Jo A

3.10 ) IR SEFH J7 95Tt 5 5 A T ) SR A 25X

up — augy = f(x,t), >0, t>0,

(1) ¢ u(z,0) = (), x>0,
uz(0,t) =0, t>0,
XELAYEREL ¢ W2 ¢'(0) =0, f2(0,1) = 0;
Ut — a2Ugy = f(2,1), x>0,t>0,
(2) § u(®,0) = (), ue(x,0) =1(z), =0,
u.(0,t) =0, t>0,

KHEATEREL @ MY W ¢'(0) = ¢'(0) =0, fo(0,¢) = 0.

() o) BEHER O(z): 24 x>0 8 &) =9(), 4 2<00f &) =p(—2). £ f(z,t) HIE

PR F(x,t) : 2 o > 0B Fa,t) = f(z,1), 25 o <0 B Fa,t) = f(—=,1). ZEYENH

Ui — a*Uyy = F(x,t), x € R, t>0,
U(z,0) = ®(z), r € RL

h H A SRR AR A R 1S

= e o (s [, o

=I+1IL

XA Uz, t) BRFITE » > 0 LRUREFBR#. T 1A IL

-t oo (o [ e (5
Sy {exp<-<zazf>2>+exp<-<z;f>2>}da

] e G [
L o2 (2




T M >0t>000
u(z,t) = #/m (6 {exp <_(Za_2t§)2> +exp <_(Z;;f)2>} d¢

[ S o () o (5255
(2) Xt f, 0 F1 ) VEMBRIES -

©.4) f(z,t), x>0,t>0,
F(x,t) =
f(=z,t), <0, t>0,

p(z), x>0, U(z), x>0,
P(z) = { U(z) = {
QD(—CL‘), x <0, w(—l'), x < 0.

5 F(x,t), ®(x) F1 W(x) X700 b 55 0

m—i—at z+a(t—T)
[D(x + at) + P(x — at)] + 21a / &dE+ — / / 7)dé dr.

—at a(t—T)

N =

Uz, t) =

XA Uz, t) BRFITE « > 0 LRI RE. THE u(z,t) WREX. 2 2> at o —at, z+at >0,
T

z+at z+a(t—T)
u(x,w:%[so<w+at>+so<x—at>1+2—2/_t ds+—// L Jenedr
M 0< < at B,
1 1 0 1 r+at
uat) = gl +at) +plat o)+ 3o [ w-oae+ g0 [ vl

1 t—z/a 0 z+a(t—T)
a0 | < [ T)f(—ﬁ,r)d§+ / f(s,ﬂds)dr

1 t z+a(t—T)
% / / T)dEdr
a Ji—z/a Jz—a(t—T)

z+at at—x
= Sl +at) +plat — o) + 2i | v g [T v
1 t—z/a z+a(t—T) a(t—7)—x
30 | ( [ e+ | f(&T)d&)dT

1 t zt+a(t—T)
—/ / T)d¢ dr.
2a t—z/aJr—a(t—T)
3.11 SRfgEICF )&
Ut — P Ugy = 0, z>0,t>0,
U|t:0 = Ut|t:0 =0, >0,

U|g=o = Asinwt, >0,

Frh P PAERE
& XITRBEMANFRT t 4T Laplace A H, 1%

_ P2
Uy (z,p) = Eu(m,p), x>0,
Aw

u(0,p) = ———.
u( 7p) p2+w2



Joitl p BAESEL, R EHEMR

(w,p) = C1(p)e P/ + Ca(p)er™/*.

BHE) lim [u(x.0)] < o, AT @ A 5 Calp) = 0. A (0,p) = ﬁ SHE O (p) = ﬁ.
i

~ Aw —px/a

u(z,p) = e +w2e pz/a

Ml Laplace 22 iy SEIR L F 17

u(z, t) = Asinw(t— g)H(t— E) =

a

Asinw(t—z), tzf,
a a
t

x
< —.
a

=
o
IN

WHE S ITRRMIE SRR R LR A LA SN IER, JE BRI g E AR %, AL
B t WRIAREL FFIEZE ¢ — /o= c. I THREW R « (v > 0), TERZ] to = v/a ZH, B ¢ <0, A3}
FH B IE BA R ENIZ A (u(z,t) = 0); TERZ] to = x/a ZJ7, Bl ¢ > 0, ZZIB AWM DL 2% A,
Pele LI TR R B O UTRFIE AL 48 u(x,t) = Asinw(t — 2).

3.12 KT HK ¥ A Laplace 284t (% w # 0):

(1) f(t) = coswt,;
(2) f@t) = %sinwt;
(3) f(t) =e*tcoswt;

(4) f(t) = sinhwt.

B (1) I Laplace ASH i 2ttt 75

Lleoswt] + iL[sinwi] = L[] = pﬂiz"z.
FrL
Llcoswt] = zﬁ, Llsinwt] = ]ﬁ, Rep > 0.
(2) 38 LI ()] = F), A
LS (0] = Llsinwt) = =5 = = ()
TR
Fo) = F0+ [ Fioyar = 70) - [ 2 ar = o) — aretan 2

i Dirichlet FX4 %0




Bk

fp) = gsgnw — arctan g, Rep > 0.
(3) F Lleoswt] = - K Laplace HIABILR, R4

L[e*t coswt] = %, Rep > |wl.
(4) M Laplace 28 iy e M I S AL B AR IR (E A5

Llsinhwt] = %(ﬁ[em] — Lle™")

1 1 1 w Rep > [w]
= — — = wi.
2\p—w pHw pPow? 7
3.13 F Laplace 83K T 41| 1] &1 i -

2 _
Uty — A Ugy = 0,

x>0, t>0,
(1) { w(0,t) = f(t), lim u(x,t) =0, t>0,

u(x,0) =0, ue(x,0) =0, x> 0;

U — P Ugy = 0, x>0, t>0,
(2) § w0, 8) = fi, lim u(z,t) = fo, t >0,

u(z,0) = fo, x>0,

e fo, fL WREHEEL
R (1) X EMSMET ¢ T Laplace 24, 1§

p2
{ uxz(xvp) = ﬁu(xvp)a T > 07

(0, p) = f(p).
eIt p BESEL SR EHERE

(w,p) = C1(p)e P"/* + Ca(p)er™/".

i Jim u(z, 1) < oo Sl u 5, I @ AR, B Co(p) = 0. R 50, p) = Flp) XHHN C1(p) = F(p). FF
P

FIF Laplace 254 $iE 38 1 15
u(x,t) = f(t— §>H(t_ E)

X H & Heaviside AN BEEREL H (x) = { (1)7 :; Z 87

(2) XM ITRESEMRSRAEIRT t AT Laplace 28 #k, 15
{ a2awm(x7p) —pﬂ(l’,p) = _f07 T > Oa

u(0,p) = %, Jimu(z, p) = fo

p



Joitt p BAESEL, R ERERR

u(z,p) = C1(p) exp (—gw) + C2(p) exp (?w) + @.
p
- o _fo ,
M (0, p) =25 Jim (e, p) = <7, FEHE
aip) =1L oy =0
N}
u(z,p) = h—fo e (—@x> + é.
a p
BRH
L1 [l exp (—@xﬂ _ 2 O: e~ ds,
a L
Kt
2(fi—fo) [T g
u(z,t) = fo+ L e ds.
7
3.14 SRAF— Yo J7 R Y 52 ik Te]
U+ Uy =2, x>0, >0,
u(0,t) =0, t>0,
u(z,0) =0, z>0.
& XTGBT ¢ 4T Laplace 84, 15
8 p BEVESH, LA UE K
du
T2 = —pxdx.
TR
Infii - p~°| = = Za® + C(),
Bp
iz, p) = 1% + De P72,
H1 u(0,) = 0 1 @(0,p) = 0. frkh D = —p~2. I
e,p) = (1 — )
b) p2 .
N}
t, 0<t< =z?



3.15 EH K%L

v(z,y,t,6,1,7) =

1 (x =€)+ (y—n)?
in(t—7) P (‘ At —7) )

KT (2,y,t) WRITTE v — (Vax +vyy) = 0, RTAER (&0, 7) WRETEE vr + (vee + vyy) = 0.

IEBA EHEGH A

R )

A exp<_($_§)2+(y_77)2),

T8t — 1) At =)
Ur = (16(5:(15_5)72)3 ) 8w(t1— 7)2) o <_ - 54)(2;%_ W) ’
Uy = (16(72(15_17);)3 B 8w(t1— 7)2) op (_ = 54)(2;:(3)_ W) |

A1 DA L3Rk, AXERIE

Vg — (Vgg + Uyy) = 0.
WT=t-1,X=2-§Y =y—n fv@RELXH, BEATURRHN T, X,Y HJREL

oo e (LY

FIRK S aE=0E N, FATE
vy =vrly =vr, vy =0Ty = —VUT, Vg = UXX = Vgg, Uyy = Vyy = Upy.
H v TR (6,0, 7) WRETRE
Ur + (vgg + V) = 0.

3.16 ;é: Ul(.I,t), U‘Q(yat) ﬁ%u%ﬁiﬁ@rﬁ]ﬂ

0 0?
{ “ ul:O,xeRl,t>O,

ot Ox?
u1(z,0) = ¢1(z), z€R!

ot oy
us(y,0) = pa(y), yeR!
H i, IEFTRR L w(,y,t) = wi (2, t)ua(y, t) &2 M IR
{ut_ (Upw + Uyy) =0,  (z,y) € R, ¢ >0,

u(x,y,()) = 901($)902(y)a (‘Tvy) eR?

0 02
{uz u2=0, yeR, t>0,

.

VEBA BARE u(z,y,0) = ui(x, 0)uz(y,0) = p1(x)p2(y), FH

ouq Ous 0%uy 0?us
Uy = U2 +UL—, Uga = U2, Uyy =

ot ot




54

(gt t1yy) = g (22 P2 o _ Py
e Wea Tlyy) = WA 5 T g2 ) T2 Tar T 922

3.17 LS ITREYIE N

Ut — (Ugy + Uyy) =0, (z,y) €R?, t >0,

u(z,y,0) = Zai(x)ﬁi(y), (z,y) € R?
i=1

& RMCEHIE, STRYMER

Ve —Uge =0, 2x€RY t>0,
o(@,0) = o), =€ R!

firiy B AR

v(x,t) =

| (2 - &)
= [ e (-5 ) e

I 3.16 BHIEE 1R H1, WMEWE
{ w — (We +wyy) =0, (z,y) € R%, ¢ >0,

’LU(I, Y, 0) = Oé(ft)ﬁ(y), (‘Tvy) eR?

firiyFRIE AR

o — £)2 Y
wloipnt) = g [ e (- EZ Y aggysy

H B R B A B iy R IR 2O

n

)-o

want) = g2 3 [ e (— R ")2) 00 (€) 5 (n) € .

47t 4
=1

41

)d§ dn.



FONE KEhE
§4.1 AERE

— L IRTN 12
Ut — @2y = f(2,1), zeRL, t>0
{ u(x,0) = @(x), u(r,0) =(z), xR
IR A WES
1 | perat t peta(t— T)
u(a,t) = 5[¢(x+at)+<p(x—at)]+%/mt d§+—// " T) r)de dr.

Y f =0 B, %A R — 4 L IR 77 #EHT D Alembert 23K

=R ARV
{utt—azAu—f(x,t), r €R3, t>0,
w(z,0) = p(x), w(2,0) = (z), ©€R?
H R A~ 2
1 (9 oz + &) Y(x + ) 1 flx+&t—r/a)
u(x,t) = 477@2 (E /Sgt 7t dS,E + Sgt 7t dSE) + 4_71'@2 /’,<at , dVa

F I ERAEAR, 22 AT LAE K
2w pm
u(z,t) = 4 En / / to(x1 + atsinf cos ¢, x2 + atsinfsin ¢, x5 + at cos ) sinf df d¢
T

2T
— / / ty(x1 + atsinf cos @, x2 + at sinfsin @, x3 + at cosf) sin 6 df d¢

2 pw
/ / / :101 + rsinf cos ¢, xo + rsinfsin @, x3 + rcosb, t——)r51n9d6‘d¢dr.

T
2 f =0 B, BRIZKR A XA FFIRFTFER Poisson A7 8 Kirchhoff 243K,
t’ 3 2Pk 2 R
uy — a?Au = f(x,t), == (r1,72) € R% >0,
{u(az,()) = (), ui(x,0) =p(z), e R?

B R A A =
1 /0 + &, + + &0 +
u(xl,xg,t) _ 2_<_ 80(51712 251 $22 522) de; dés + 1/’(11712 251 $22 522) e, d&)
ma st yat Tat Vart? =& — &
; / S — % g, agy .
2ﬂ'a 52

XS R 6 & PR 0 SRR Lot FRERWEE, S5 & & & FH L P(e,x) HE L.

63



PA at J9FAeH [ T . *'Jﬁl*&ﬁéﬁ, LA P A

u , /at/Qﬂ' «Tl + pCOSH T2 + pSlne) d6‘ dp
27Ta ot a2t2 — p

/ 2 4h(zy + pcosb, zo + psinf)
27ra a2t2 —p

/ /277 " f( I1+pcos9 :1?2—|-PSH“9 t— T/a)pdpder.
—P

pdfdp

27ra2

2 f =0 B, BRIZREA T FIR T FRE Poisson 242
§4.2 SJERE

4.1 FA D'Alembert 232 T 5N WI{E ] & -
X {uttzum, zr€eR! t>0,

u(x,0) =sinz, w(z,0) =22, e RY

Ur = AP Ugy, zeR, t>0,
u(z,0) = 22, ug(r,0) =2, xR

utt—a2um:0, IERl, t>0,

3)
— — 1
u(z,0) =0, ut(x’o)_l—l—xQ’ z e R

% EEAIH D Alembert Az A]18

x+t

1 1
—[sin(z +t) + sin(z — )] + = / £2d¢ = sinzcost + 22t + —t3;

(1) u(at) = 5/ 3

N | —

r+at
(2) u(z,t) = =[(z +at)* + (z —at)?] + o / : £d¢ =2 + at + a®t?

a —at

L\:JI)—l

1 z+at 1 1
(3) u(z,t) = % /I L ite d¢ = a[arctan(a: + at) — arctan(z — at)).

4.2 KA T FNAESFFIR J7 FR A HIE [F] 2 -
Ut — Ugpy = T + 1, reR t>0,
w(z,0) =1+ 22, u(z,0) =sinz, xR

Upt — Ugy = tSinw, ze€R, t>0,
w(x,0) =0, uy(z,0) =sinz, reRL
g BEEAMAAAE
1 ) ) 1 T+ z+(t—7)
(1) u(x,t):§[1+(3:+t) +1+(I—t)]+§/ sin€d¢ + = // (& +7)dédr
z—t (t—7)
= 1+22 + 2+ 3at? + 33 + sinzsint;
1 T+ z+(t—7)
(2) u(z,t) = 5/ sin€d¢ + = // Tsin&dédr
z—t (t—7)

= sinzsint + (¢ —sint)sinz = tsinx.
4.3 MYME u(2,0) = p(z), ui(z,0) = () WRALZRKMFR, TR B3 I7 M BIE B b A 2 75
R ?



8 Jrik— EEE D/Alembert ARAF. iT U(z) K (x) B—KBSY, HARS

r+at
u(t) = =lp(x +at) + p(z — at)] + — / bE)de

2a —at

N = N =

LWz + at) — Uz — at)].

(ol + at) + ol — at)] + -

BAE 2 A A A R L, BLRLSE
%QD(ZE + at) + %\P(x +at)=C, B ap(x)+¥(z)=C.

PR & RFAG ¢(2) = —ag' (x). DA RE BT B R K A& 1F.
Tk BAEAIE A A O A AR B, AT 2 u(z,t) = f(z — at). FIABIESRMFS

o(x) = f(z), Y(@)=—af(z).

RGN ¥ (2) = —ay/(2).
4.4 TE LT {(2,0) : 2 € RNt > 0F B —/ M = (2,5), X TR ITE we = uee KL, K
M HHBIX EEAT 42 B M RAEFTER (1,0) KM X ?

g S M UG IX A [2—5,2+5] = [-3,7]. /& (1,0) Bysgm X3 {(v,t): 1—t <z <1+¢, ¢t > 0},
BHRIER M #EA (1,0) BT XA .
4.5 RIE T FIHIE M -
Upp — @ (Ugy gy + gy + Uzgzs) = 0, (71, 72,23) € R, >0,
{ uli=0 = 3 + 2313, Utli=0 = 0, (71,2, 23) € R3;
Upp — 8(Ugyzy + Ungwy + Ugses) = 227, (11, 72,23) € R3, t >0,
{U|t_0—$§; Utlt—o = 3, (z1,72,23) € R
Ut — 2(Ugy 2y + Uspay) = 0, (w1,22) € R2, t >0,
{u|t_0—23:§—a:§, Utlimo = 223 + 2%, (71,72) € R?
“ {utt — (Ugyzy + Ugu,) = tsinwa, (71,72) € R, t >0,

ult=o0 = 33%, Ut|i—0 = sinxy, (x1,22) € R2.

& (1) J7k— HEENAA=4EEE)J7 72 Poisson AXHERALARIE X1T

2 pw
z,t T i 875/ / (z1 + atsinf cos ¢)® + (z2 + at sinfsin ¢)* (3 + at cos )] sin 6 dd dg
i

4
drxd + dma®t?xy + dwries + 37ra2t2x3)]

8t[(

= 2} + 3a®t?x1 + 7333 + a*tx3.

Tk MR =R RRABCREAX (77) 7

242

a
u(z,t) = o3 + 373 + T(le + 2x3) = 2% + 3a*t* 2y + 2523 + a*t s,



(2) Jrik— it o® = 8, I Z4EAEFFIRIE B TR R B BRABARE A AT
2m 2m
u(x,t) = g 8t/ / (22 + at sin O sin ¢)? sin 6 dO dg + —/ / (z3 + at cos0)? sinf df do
2
. 2 2 .
—I—W/O /0 /0 (21 + atsinfcos ) (t — r/a)*rsinfdf deo dr
= a3 + 8t? + tad + §t° + tlad + Z15.
ks FIRREAE. A u(rr, o, 23,1) = ui (@1, 1) + ua(@a, t) + ug(s, t), HEMFEIRHE, JE A& 0] 4
i T T = i

{m 4t — 0PUL gy, = P07, 1 €RY, t>0,

u1(21,0) =0, ug +(z1,0) =0, z1 € RL,
{u2tt_au2mgz2—0, xo €RY >0,
uz(2,0) = 23, ug(22,0) =0, 2 € RY,

Al
U3, — a%U3 pyzq = 0, z3 €ERY, >0,
{Ug, (23,0) =0, uz(w3,0) =23, 23 € RL

HEFH D' Alembert A3, 15

suta(i=r) 2 2 1 4,2 2 6
dédr = —t*z —t°,
Ui fL'l7 2@/ ‘/LE1 —a(t—1) 5 é‘ T = 12 Ty + 45

uz(x2,t) = 2[(:1024—@1%) + (29 — at)?] = z3 + 8t

1

wattat 2 2 8 3
’U,g(.fg,t):%/ 13 d{:ta:3—|—§t .
xr3—at

i 2153 i ] R A
u(zy, T2, 3,t) = 3 + 8% + tri + gtg + 112t4 + 42—5156.
TE= BEEAAES BN RECREAR (77), 15

t 2t
u(z,t) = x5+ a*t® +tos + a*t3 /3 + 23 / (t —7)r*dr + % / (t—7)37r2dr
0 0

8 1 2
2 2 2 3 4 6
8t 41 =1 —t 'z —t".
R R LT it 45

(3) Fi—: A& a® =2, B YW 372 Poisson A XM ABFRIE R, 15

at 27
2( 0 0
u(@,t) = 27a 3t/ / o =y )2 2 (w2 4 psind). pdfdp
a a“t —p

at/2ﬂ2xl+pcose) + (22 + psinf)? 0 dp
27ra W22 — p

1 0 ("4 -2 oy 2 3
_ 19 7T:1c1 7T:E2+7Tp pdp + mcl—i— 7rx2—|— 7p? pdp

1
27a Ot J, Va2t? — p2 2ma Jq Va2t? — p?

1

0 2 1
~ 5 {27Tat(23:1 r3) + %agtﬂ + %[ZW(M(%:% + 23) + 2ma’t?]

2:1:1 — 23 + a®t? + (223 + 23)t + a*t3

223 — 22 + (202 + 23)t + 2t2(1 + ).



Tk HEM MBS TR RBCR A (77), 1%
u(z,t) = 223 — 3 + 2t* + t(22] + x3) + 2t°.
(4) & u(wy,wo,t) = ur(w1,t) + ug(wo, t). HSINIEIRI, JF R AT 24 T TH AT T4 2 ik 1] 7

{ ul,tt - ul,wlwl = 07 1 S R17 t> O,

u1(z1,0) = 22, uy4(21,0) =0, a7 € RY,

{ U4t — U2, zpzy = ESIN T, ze €RY >0,

uz(w2,0) = 23, us¢(r2,0) =sinze, xy € R

FIH D’ Alembert 2S5

1
ul(:bl,t):§[(:1c1—t) + (21 +1)?] = 23 + 17,
1 xro+t $2+(t T
u2($2,t):§/ sin£dé + - // Tsin€d€ dr = tsinzs.
To—t zo—(t—7)
I JE A5 i v R Y i

u(zy, 2, t) = up(z1,t) + us(ze,t) = 23 + 2 + tsinzy.
4.6 A FELENL S X R BN J7REHY D' Alembert 225X
& Jrik—. AVMIE, =4I EH) Poisson AR

(1) = — (ﬁ/gat@dsgju @d&).

471'(12 ot t Sat

AN o F1 o HHRE o1 HR, 188 o(21), (x1). BRE SY BTH o1 =& Ay = & + d& B
B BRH TH AR T R
dSe = 2mat d&, B % = 2mad&;.

H IS —4E 2 R D' Alembert A3
a xr1+at xr1+at
o) = 5o (5 [ vtenaa+ [ viaaa)

1—at x1—at

x1+at
= sletn +at) ol —an) + 5 [ ue)de

Frik B A =4k 3 72 Poisson ARXHIBRBRER, 5

2m e 2m pmw
u(xy,t) = 47”{%/ / ty ;vl—i-atcosﬁ)smGdﬁd(b—i——/ / tY(z1 + at cosf) sin 6 df de

1

= 1o gp(xl + at cos9)tsinfdo + —/ Y(x1 + at cos @)t sinf df
1 8 x1+at 1 x1+at

= oo [, e o [ i
1

x1+at
— Lot + at) + p(a1 — at)] + 1/ B(E)dE.

20 Sy —at

N |



4.7 RAERF TR
e — % (Ugy oy + Uspzy) = 0, (w1,22) ERZ, ¢ >0,
{U|t—0 = ¢(r), wilimo = P(r), 7= /a7 + 3
HIRIXT PRI w = u(r,t).

& _ZEP 372 Poisson AR BN ALFRIE R R

2T
o(x1 + pcosb, zo + psinb)
uler, w2, t) = 5o / / g0y
1 2T )(x1 + pcosb, zo 4 psin )

—— dodp.
2ra Jo Jo a2 — p? p p

Y R PR u(r, t) = u(z1, 22,1) = u(r,0,1). T2

at  p27 at 27 :
0, 0 1 0 0
ulr,t) = / o(r+ pcosb, psind) pdfdp + / Y(r 4+ pcosb, psin )pdt?dp
21a Bt Va2 = p? 27a 20— 2

- /at 27 \/7«2 + p2 + 2rpcos) pdfdp 1 at 277@[’(\/7“2 7+ 2Tpcose)dedp
- 27ra ot |

a2t2 —p 277@ o Jo \/m
4.8 SRFFHRIE ]
Ut — a2 (Ugyzy + Upgzy) = 2u, (z1,72) ERZ, >0,
{u|t_o = (@1, 22), ule—o = (w1, 32), (w1,32) € R?
H e HHE
B A v, a2, 05,) = 2 ulay, w2,1), W 0 1R A
Vit — a?(Vgyzy + Vagay + Vagas) =0,  (71,22,23) € R3, ¢ >0,
{ V|i=o = 6“3/“@(:1:1,:1:2), Velt—0 = ecx3/a1/)(:1:1,:1:2), (21,72, 73) € R3.

1 =4k B 772 Poisson A 1%

27
v(z1, T2, 73,t) = 471- ot / / tec(zatatcost)/a o(z1 + atsinf cos ¢, x2 + at sin @ sin ¢) sin § d6 d¢
0

2T pm
+— / tec(@atateosO)/ay, () 4 atsin 6 cos ¢, xo + atsinfsin ¢) sin O df de.
0

ESliq
u(xy, e, t) = e_c“/“v(xl,xg,xg,t)

1 27 pm
= 4—% / et <0 (1 + atsin cos ¢, x5 + at sin fsin ¢) sin 6 df do
T

2 pw
+— / tet <599 (21 + at sin § cos ¢, x5 + at sin O sin ¢) sin § df de.
o Jo

4.9 #F u=u(xry,x2,x3,t) LW 3N REPIE NS
Uit — az(umlml + Uzyzs + u1313) = Oa (Ila T2, 133) € Rg, t> 0,
uli=0 = f(z1) + g(x2), (21,29, 73) € R?,

Utle—o0 = @(x2) + Y(x3), (z1,72,23) € R?



i, R R R IE A
B 2wz, o, w3,t) = ui(z1,t) + ug(xe, t) + ug(as, t), HEIFEIRHE, JE R A4 T =1 &
[
{ Uttt — @2U g0y =0, 1 €RY, >0,

Ul(fEl,O) = f(xl)u ULt(fEl,O) = 07 T € Rlu

{ Ut — APU2 gyy = 0, z €RY, >0,

uz(z2,0) = g(x2), u2t(x2,0) = p(z2), x2 € R,

{ Uus,tt — a2u3,x3x3 =0, xr3 € Rl, t>0,

U3(5E3,0) = 0, UB,t(fE37O) = 1/)(1133), T3 € Rl.
FIH D’Alembert 2355

ui(z1,t) = S [f(x1 + at) + f(z1 — at)],

N~ N

xo+tat
[9(z2 + at) + g(z2 — at)] + 5= / p(§)d¢,

Uo(xa,t) =
2(72,t) 2 )

xr3+at
us(23,1) = = / B(E)dE.

- 2_0’ 3—at
TG D T Y

u(xy, e, x3,t) = %[f(xl +at) + f(z1 — at) + g(z2 + at) + g(x2 — at)]

1 xotat xr3+at
o < / plee / » ¢(£)d§>-

4.10 B QRIEFTE { 21| <1, |x2] < 1}, u(a,t) VAN
{utt—élAu:O, z€R? t>0,
u(z,0) = ¢(x), u(z,0) =p(x), =€ R?

+

0, x €, NI -
o, S w(z),w(l‘)—{ﬂzﬁ Lo, WL > 0 B, u(r.0) = 0 IR

% B HEST RIS TR WIME M T Poisson AFXFTRLAH, 24 ¢ < 1/2 B, FEIETTE XK

{lz1] <1 =2, || <1 -2t} W u(z,t) =0; 24 t > 1/2 Bfu(z,t) > 0 7E R? AL



SRE MBHE
§5.1 AERE

£ — Green AR:

/ vAudzx = va—g dS — | Vu-Vovdz.
Q o On Q

&E = Green AX:

ov ou
/Q(uAv —vAu)dx = /asz (u% - v%)dS.

R u e CHQ)NCHQ), N

reogease— [ s, sea

uw) = - [ T rue+ [

o0

B I 5 — IO AR L5, 5 IR LR AL S, =R UZ A XL T(z, §) = T(|z — €]),
1

I(r) = (n — 2)wy, ’ ’
i In l, n=2,
2r 7
oo = o R R R Bl — 2,y — b

RISV EARRD AR IR v e C1(Q) NC2(Q) 2 Q PEYTAR KX NS

ou ol (z, &)
u(x) = I'(z,&)— dS —/ u——>dSe, x €.
@= [ Teogpasc— [ vmrtas

AFR LA E AT
1. NeumanniZ 14 ¥ # # M 6956 & 54 RIZEE v € CH(Q) N C*(Q) EJEF R T BRI Neumannif {E
[F] 8

ou

{—Au—f(:zr), xz €,
%:SO,

x € 0f)

g, T

fd:E:—/ 8_zde:_/ pdS.
Q o 01 0

IRBRE u € C1(Q) 1E Q PR, T

ou
—dS =0.
/asz on

2. EA R EAY-F AN X JARMREERE X Q ME—SWESTEEULZE N OHES T Q
RYBER (BRT) LAy TFH4E:

1
~ Br(@)] Jpp
B 1
~ |0Br(®)] Jopa()

70

u(z)

w(§)d¢, Br(z) C 9,

u(z) udSe, Br(z) CQ



3. BRAARLRAE BCRREL u 7E Q PITRRT. AR o ANRFEG T u 7E @ WEEA A B SR (E A A2 /)

fE.
4. F3ARARRIE YRBREL w 7E Q PR, N
minu = minu, maxu = maxu, max|u|l= max .
Q oQ Q o0 Q o
Green ¥ R G(z, £) /& Laplace 77 FEFEX I, Q L Green pREL, ML T FEHT Dirichlet FI{E R
it
—Au= f(z), €,
u = o(z), x €0
W T AR R N

uw) = [ 6o 5@~ [ Oz dse wen
LR EEX % Y Green F#{ & Dirichlet [G1RRAYHR
Lon (n>3) 4= A BRI _ERY Green EUE

6.6 = (o —¢) -1 ([Hle - €1). 5.1)
R2

IER", €€BR7 $7é§, (E?ég*_|§|2

n 4EBRIH B Dirichlet 7] 51

—Au =0, z € Bg,
U=, x € 0Bgr

R* - |l‘|2/ e(§)
u(zx) = dS¢, x € Bp.
(@) wnl  Jopy, |2 —&" ¢ f

2. [F3 (2 4E) A9 Green HREUZ

1 Rl ) R,
Gla.8) = ( mog e -mg ) CTS TFE S gES

[&]18_t- ) Dirichlet [f]%
—Au =0, z € Bg,
U=, x € 0BR

B 1 27 (R2 — 7”2)(/7((25)
w0 =5 [ e a5

Hrf,(r,0) B Br W REIRAETT, (R, ¢) 2EJH 0Br L3 S BIHALRE.



3. R"(n>3) HEREE RT = {r e R": z, >0} LAY Green HEE

G(z,§) =T(lz =¢)) = T(jlz =€), =z eR", {eRY,

JEA 7 FERY Dirichlet i) 55

—Au =0, z € RY,

’U,(ZZ?) = w(‘r/)? LTp = 07 LS Rn717

lim u(x) =0

|z|—o0

I#é?

. 2z, 90(5/) / n
u(a:)——/]R%1 0 n/zdg, r € RY,

o oo € 1 40)
KEPTI = (I/;In)v x = ('rlvaa "'aznfl)-

4. FRFHEE Green BREE

1 . (21— &) + (22 + &)?

Dirichlet [r] 51

—Au = f(z), x €R, x5 >0,

u(x) = p(x1), 1 €RY, 29 =0,

lim wu(z) =0

|z|—o0

(21— &1)? + (22 — &)

+ (&2 + 22)?

o3 [t | Lo i

§5.2 SJEEMEE

5.1 EH T 3 oR BOAT 2 VAT R K-
(1) y Ml 2 —y*
(2) 2® —3zy® M 327y —y°;
(3) sinhnysinna Ml sinhny cosna.

B (1) % ur =gy, uz =2° -y HEITHA

0y N 0y o, 8%us n 8%us
Ox? Oy> Ox? Oy?
B wy T g FRIAAL
(2) % w=1=3zy? up =32y -y’ N
(92’(1,1 (92’(1,1
2 6z, B2 = —6z.

+ (&2 — 12)?

x#g*’

d¢ dé, = e RA.



B Auy = 0, XV EA wy AR [F PR EN ug YA

(3) 4 uy = sinhnysinnz, us = sinhny cosnz, NH

2 2
% = —n?sinh ny sin nx %
Ox2 T oy?

B Auy =0, XYL wy JAAL FEEEEHA uo PRI
5.2 JEH] 2 4 Laplace 7 FEIEMALAR (r,0) T AILAE A%

Au*lﬁ( 8u> 1 0%u

“ror\"or) T 2002

MEBA TEMRARAREH © = rcosf, y =rsing ZF, H

= n? sinh ny sin n.

=0.

sinf 0
T@ﬁ’
cosf O

)"

% = co 0%4— i 9%
or Vg T oy’
ou _ L ino2% 4 coso 2t
89 = T S1n ax T COS ay
H G A L
ou Ou sinf Ou 0
5r = 505, ~ g5 = (o0,
%7 . 9%4_&59@7(. 924_
ay s T ae P,
XS B F 2 RS e R
O g d _sin9 0 . .0
or  Ver T T a6 oy or

it

0 sinf 9 \?2 .0
Au = (COSHE - T%) u+ (sm@a
0%u  10u 1 0%u

oz o TR oe
5.3 HEEA 3 4 Laplace J7TRAEERTE ALAR (r,0,0) T, ATAB L

Au = = 6(26u)+ ! a(sin9@>+

r2 or " ar 72 sin 6 90 VoL,
B BG4 2 =pcose, y = psing. FIHTE 5.2 15
Au =

B z2=rcosd, p=rsind, 5H

+__

Lo
r2 gin? 6 0¢?

82u+82u+ 18u+ 1 9%u
op*> 022 pdp  p?0¢*

O o _u Low 10
op2 022 Or2  ror 12062

KAl ST 5i 5.2, ATLASR H
ou . Ou cosfou
— =sinf— + ——

dp or r 00’



H AR

A *&—Fl%—Fi@—F 1 &—F 1 ('9%4_‘3059%)
T e T e T 292 T 2sinle 0¢?  rsinf S5y r 00
1 0/ 450u 1 0 ou 1 0%
— (2 s~ 9 (neld) 4 —— Y
r2 Or (T Br) + r2sin 6 89(sm 86‘) + r2 sin? 6 D¢?
5.4 JER] IR AR AR R /R T 5] B RCER R AT BR K (r > 0):
(1) Inr F1 6;
(2) r™cosnd Fl r"sinnd, n N
(3) rlnrcosf —rfsinf Hl rlnrsind + ro cosf.
JEER o) 5.2 4, HELGIE
10/ ou 1 0%u
Au=g(rgr) + g =0
I
(1) WAL
(2) i up = r"cosnl, wup =1r"sinnd. WEH
A O ( dur\ _ 5 ng Pur 5o,
o = nr cosnb, E(Tﬁ) =n“r"" " cosnb, 202 = —n“r" cosnb,
TR
- 10 8u1 1 (92’(1,1 -
i =25 (5 + m o =0

FIFE A1 Aus = 0.

(3) it ugy =rInrcos® —rfsinf, ug = rinrsind + rf cos 6, N

8U1 - . 8 8u1 o .
W—COS@-FIHTCOSH—HSIDH, E(Tﬁ) =2cosf +1Inrcosf — Osiné,
Our : : PPuy .
20 = —rlnrsinf —rsinf — rf cos b, 50z = —rlnrcosf — 2rcosf + rfsinf.
BT LA
- 10 8u1 1 (92’(1,1 -
Bur =5 (r ) + 5 g = ©

[P A1F Aug = 0.
5.5 RATEFH LIRS — Green A, 5 Green 2>F DA KA R B0 H AT 73 A3
JEER % Q &FH E—FREHE X, © = (v1,22) € R% FE Green A

/(PI1 + Qq,)dx = / (P cos(n, 1) + Q cos(n, x2))dl
Q

o0

EP; ﬂ P = 'Uuzlv Q = 'Uuz27 J:J_:tz_‘l:ijl%

/vAud3:+/ Vv - Vudz,
Q Q



/ V[, cos(n, x1) + Uz, cos(n, x2)]dl = / v% dl.
0 oa On
IXFERLASE] S — Green AZ:
ou
/ vAudr = / ve=dl — / Vo - Vudz. (5.2)
Q on On Q
e EAPES u il v, 15
/ uAvdr = / u— dl — / Vu - Voudz. (5.3)
Q oo On

(5.2) X5 (5.3) XA, BIFHEE = Green A3

Av — vAu)dx = — —v— | dl.
/Q(” v - vhu)de /m<“aﬁ ”aﬁ)

T ST b VR B B B A RO A5, X TR R R BR R w, 5 € € R DALRCHE e > 0, i M¢[u]
FR u FELL € Kb, UL e KR RAERTE OB.(¢) LRy THy, B

1

Melu = 10B=()] Jos. (e

u(z)dSe.

WA n =2 HHEIERB T (2,6) = 5—In

ek
Az, ) =0, z€Q, z#E.

M TRE T (2, §) 18 « = § A TEE Q PE—TL NG, B e MR (e RN BIE B:(6),
ZEMRECH 0B-(€). XK, 1E Q- 2 Q\ B-(¢) WEE L(2,&) R AL =0. {5 Green ARG

/m ( 8F§r -1 2};) di = /QEMF(M) —T(x,&)Au)dz = 0.

E]jbaﬂE:aQuaB()}FEj‘aB()J: — B

/m(a”f ) (O( or(rg) r(:c,g)‘gj)dz
o e ()~ (i) 3

- wdl + 1BE / 9u g
27 Jon.(o 2 Jon.(e) Or

= —Mg[u] + ElIlEMg [g—r} (5.4)

NHEHF u, Vu TE Q Li#ESE Frik Erg+ M¢u] = u(€), lim 511(15M5 [g } =0. 75 (5.4) XHFL e — 0", A

e—0*t

/m (u% - r(;v,é)gu) dl + u(€) = 0,

&l

u(é) = /BQ (F(m,é)% - uarg;, €)> dl.



TR ST T L B PR A R RO AR A
5.6 % Q= {(z,y)| 22 +y? < 7?/4}, u € C(Q) N C?(Q) & & k]
AU = Ugy + Uyy =0, (z,y) €Q,
{uzsinx, (x,y) € 00

s, WHE w 7E Q _ERBRKIE M B/ ME.
& SR AR

maxu = maxu = max sinxz =1,
Q o0 z2+4y2=n2/4

minu = minu = min sinx = —1.
Q o0 2+y2=n2/4

5.7 FIHE— Green AZIER] =4E Laplace J7F£H) Robin [W] 75
{ Uz + Ugoxy + Ugsrs = 07 ($1,$2,$3) S Qa

(@hwo _f o> 0 RHs
on

o0
JEER HEHEH f = 0 XA FFIR M8 R A ZMENF]. ZE5— Green A
ou
/ vAudz :/ v—_,dS—/ Vu-Vuvdx
Q oo O Q

/ua—gdS’: |Vu|? d.
oo Of Q

iy HE— 1.

FL v =u, [EAFE

OS/ |Vul? de = —0'/ u?dS <0.
Q ro)

/|Vu|2da::/ u?dS = 0.
Q o9

X v=%% BEQ Lu=0. TE F£Q ELu=0.
5.8 # u(r,0) ZHALR LA EEL H w(l,0) = cosf. KEEL v 7ER s BIE.

B o ZIEHE LA

% Fh URRT R B BR T T E A RS
1 27
/{)Bm u(1,0)dsS = %/0 cosfdf = 0.
5.9 & Br &P LLVARE S AR, R AR RS JE A B8 Green & $UE

1 1 R
G = — (1 —1
(=€) 2w<“u—a “mwx—eo
= S (ln L —1In Uiy
o Mo —g M e - A

u(0,0) =

| ~

R2
e

),x¢a Ny



2R BB BT PRI eR R w 72 OBr LHUE o(¢), WIE LR RS u ByPoisson A Z %

Lo (R? —1?)(9)
u(r,9) = 2 /0 R2 + 12 — 2Rrcos(¢p — 0) dé,

Hrf,(r,0) B Br W REIRAETT, (R, ¢) 2EH 0Br L3 S BIHALRE.

WEBA 7EFK Br WAEI— R & BEXRTEE 0Br KRN ¢ = —6 AMEFIE= AT 20 5=

e
9% ¢ O ML (W 5.1),
[215.1
Pt
©-¢| R
= — OBnp.
w_g g TeoPm
AR
1 1 1 R
_1 ———In—""—— =0 O0Bk.
“w—5| o Mg TEOPR
LSRAERH I T(e,6), BB o HTE—Tév@O.%ﬂ—AWZQxelﬁ-E%X
H1,Green BRECH
1 1 R
G - —
(=:¢) w< sl |a|w—e0
i( I 14 )
or \"Tr—g iR - R
XJ:II,TE@BRHTJ'
oG 2 L o~ T &) (zi— &) R? —|¢]?
T Lo, 2R g;%R(IWfP+M—8P>:_%MWfP

75 B35 - Dirichlet w5
—Au =0, z € Bg,
u=e, xe@BR
K]

- oG, R | o)
MQ_‘A&E(th — [;”I_Wd&,geBR




%I H, E EE R

R? — |af? p(€)
u(z) = 5T /833 PR dS¢, x € Bg.

KA AR, EXCATE R

1o (R? —r?)p(¢)
J

u(r,0) = — R2 412 — 2Rrcos(¢ — 0)

5 de.

5.10 SREGEC u, HHAEEALH o BB PEM, EEE C _LrHIHCTSIE:
(1) ulc = Acosd;

(2) ulc = A+ Bsing,

HAr A, B #2wE
g (1) BEEA A B L AR E Poisson A, 15
1 27 (1,2 _ p2
u(p,6) = o /0 ACOS¢a2 + p? —2apcos(¢p — 0) d¢

= %/OQ’TACOS¢[1+27§(g)ncosn(¢—9) do

= —pcos¥b.
a
(2) FEEAT TS

u(p,0) = %/()%(A+Bsin¢) [1 +2§: (g)ncosn(d)— 9)}d¢

n=1

B
= A+ —psind.
a

5.11 RABRIES h Z4EA 77 B 1E L P #Y Dirichlet 0]
{Auzo, zeRY y>0,
u(z,0) = f(z), =€ R!
i RAA S, FERIE Y f(x) 73BT 51 B8 R0 H A%

(1) BHRIELRE
1, z € [a,b],

(2) f(=) —{
0, «¢Ja,bl;

1

3) f(z) = 1—1——:102

B TE LT AR — R (& n), TEXRUHCE BALIE AT, SA e R 7 « # LA Ay
%, WEAE (&) KT = WK (&, —n) LBCERALA AR (A 5.2).



Em)

TTAT 7T T >
O : X

(&v_n)

P FELART 7 A B 1 L I TE T T LS T X R (2, ) AR AR HEE

(=8’ +y+n)?
(x =82+ (y—n?

BEHEHGIE Yy =0 WHETE £y >0 H (v,y) # (&n) HWLHAMTRE AG =0, XH A =
000z + 0y0y. I, XA BREL G BEIE GBI ITREAE LT B Green PR
TS LAY Dirichlet [WEUfFARA. BN

1
G(x7y7§777) = E In

oG oG n 1

o I W T

BT LA
- oG . f(@)
u(,n) =— s f(;v)%dx = ;/Rl e dx.
L, BAV LB L
Y f(&)
u(z,y) = . /Rl L d¢. (5.5)

(1) 24 f(x) A F &SRB, Hr R0 (5.5) R
(2) M (5.5) K, FATH

b

1 1 b— _

u(w,y)zg/ 7d§=—(arctan z—arctana 3:)
T Ja (x—&)?+y? ™ Y y

(3) MA (5.5) R J Fourier 2 #k, 15

_ Yy 1
uley) = o / T+ @G -7 1
y 1 1
p g

~ 2527 | o 7 ]

- 1+y
P+ (1+y)?

dg




512 B u XK Q PR YGESE R R WX T Q R —BRE S, AL

/—dS_O

UEHT w R Q A A R AL

JEBR AR —AER Br(z) € Q, HEFHAXS

/ Au(€)de = / 9 45c = 0. (5.6)
Br(z) OBR(z) on

B w e C*(Q), BA Aue C(Q). MELERBEIERA, MMEK 2 € Q, &

Au(z) = lim !

A dé€.
SR TB S SO

L (5.6) RAEL Y = < dist{z, 00) af/ €)de = 0, FFLL Au(z) = 0. [ 2 8945 M0 AT A
L

5.13 EAASE O {E R &1
{Au_um—kuyy—o, 0<r<R,

ou
o leer ©(0)

o, é/ (6)d6 = 0 FFFTLLE

2
u(r,0) = —% /0 ©(B)In(R? + 12 — 2Rrcos(f — 6))dB + C,
H O MIEEHEL

WEEA 2 B AR AR AR TE X

10 /7 Ou 1 9%u

TaT( _87") g =0 0<r<R,0<0<2m,
ou

= = (0 <0<?2

or r=R 90( ), O— =

u(r,0) = u(r, 27 +0), |u(0,0)] <oco, 0<r<R, 0<0<2m.

2 u(r,0) = T(r)®(0), AT BRI B
L A
r o
BEXAHAE R A, SXREREAR 2 BT H 00 J7 Ry 2 1] &
O+ AP =0,
{@w)_¢@w+m

r2T" +7T' —XT =0, 0<7r <R,
|T(0)| < oc.



SERREE— AN E MR . R R S, HARRIEECA A = 0%, n=0,1,2,- - FRIERECH
Dy(0) = ag, Pn(0) =apncosnd+b,sinnd, n=1,2,---.
¥ A = n? O T BIIPRL IR 7(0)] < oo 0K

To(r)=Cpr™, n=0,1,2,--- .

B, 1%
u(r,0) =C+ Z(A" cosnb + B, sinnd)r™.
n=1
ou o .
G R IR OR Y EES
1 2
An = W/o ©(B) cosnBdg,
1 2
B, = mR—1 /0 ¢(8) sinnBdp.
1 A5
u(r,0) = C + i " /2Tr (B) cosn(B — 0)dg
’ = nrR*1 [, v
R [" N A
=C+ ;/0 0(B) <n¥1 " (}—%) cosn(3 — 9)) da.
A ESE GEIILRHE)

22%(:03719:—ln(1—2rcos0+r2), 0<r<1

n=1
27
% / £(0)d0 = 0, 75 T SR
0

r

2m
urf) = C =50 [ o)1= Feoss -0+ (3) s
- C_ £ /Qﬂgp(ﬁ) In(R? + r? — 2Rr cos(3 — 6))ds.
2T 0

A p| <18, TE6F AR

o0 o0
2an cosnb = Z(pneine +pne—in9)
n=1 n=1
pei? pe—if
= 1— pel? + 1— pe 19
2p% — 2pcosf

14 p%—2pcosf’
L XPAARL p, 15

= 2p —2cosf
2 n—1 f=——"r =“""
Zp cosn 1+ p2 —2pcosf

n=1



XA p A0 B (r] <1) ARy, %

2Z%cosn9 = —1In(1 — 2rcosf +r?).

5.14 Bt u(x) ZEUFE A RE L. R ERIE Br WIAM, £ Br L#EZE. W M = | w?de. WIE

Br
i
1/ M\Y?
W o<y (F) |
1 M 1/2
SEE (1) VR RO ER T A R
1
( )_@ BRUdiL'
PRI Cauchy A% %1
oy 1 2 1 ) B
O =15 </B “‘b”) = 1BaP /B“ dx/BR W= 1B
oI

[u(0)] < (|B—f‘i|)/ = (%)/

(2) M FAERE o € Br, T Br_jo)(x) Bk o HELLR — || HbAanE. A A R
AR Cauchy FER, RATATLHEE]

0 = e, )

e L
|Br—2)(@)[* JB,_,, ‘(z) Br_|s ‘(z)

_ ;/ Cdr< — M
IBr—12(@)| JBr_ ., () |BR \m( )|

hut)] < (%)m = (%W'

2
5115 ulp.0) JLB B SMPHIRAIEREC 4 o(0) = u (2 0). SED8 o(.0) S B i AT
A IR S R

&)

Au =0, {EERQ\ER,
U= <P(9)7 T E aBRa

WA A u(p, 0) ZH Br SMA F AN R HF

0%y 10u 1 0%u

—+-—+—-=-==0, p>R.
ap? - p op - p?* 062 g



2
i RT — p, W o(r,0) = u(p,8), 0<r<R, p>R HHEHEH

v R*0u  0*v 2R*Ou  R*O*u  9*v  d*u

o oy 07 B op AP 0 o

Bk

a7 Tror o ot
ST o(r,0) R Br PRV RAL
FHE RS S DA, 1S R

P 10w 1o
dp*>  pdp  p?06?
u(R,0) = p(0), [u(0, 0)] < oo, 0<0<2m,

0%v  10v 10% R* /% 10u 1 9%u
et -t 5= | =0
dp*  pdp  p* 002

Au = =0, p>R, 0<6<2nm,

u(p,0) = u(p, 0 + 27), p>R, 0<6<2m.

R? . . . S e
tete 1= 2 T LR o 0) BRI
820+ 18v+ 1 0%v
a2 vt o
v(R,0) = ¢(0), [v(0,0)] <oo, 0<06<2m,

Av = =0, 0<r<R, 0<6<2m,

v(r,0) = v(r,0 + 27), 0<r<R, 0<60<2nr.

FI I Poisson 22K, % W& ff A

1T (R —r)p(9)
v(r,0) = 5 /0 RZ 417 —2Rrcos(é—0)

P 28 — RSN AE M B Y A

/R N1 (P* — R?*)p(¢)
u(p,0) = “(7’9) T om /0 R? + p? — 2Rpcos(¢ — 0) @

5.16 HIWTLAT MU 4 A %, A i, K.

Au=1, r<1,
(1) ou

%*0,7“:1,
Au=1, r<1,
(2){8u1 _1
on 3’ ’
Her=|z, s €R?

& (1) & u AT YA, 628

Audzx :/ a—z_de.
Q PRUL

fiAsit [ Aude= > 9 45— 0. B AR
Q

m -
377 Joq O



(2) MIBA M 921 Bluo = %(xz +y? 4 2%), AXERIEE W R 72 XK Laplace 772 Neumann
HEMEE T CH(Q)NC*(Q) WREZHE—DHE, BT US)

(2 + 2+ 2% +C.

S| =

HATHE— e fy R d 72 B TE R E .

EOXE, RAVEF n (> 3) 4PoissonF A2 AR u = u(r) ¥R ARH X, H#4 B NeumanniZ 14 7] 2
ARG AE R e o AT M. R u HRTAE

Au = Tﬂ—:%(r"_lg) =f(r), 0<r<R,
] A%, 3
%(r"‘lg) =r""1f(r), 0<r<R.
WL AR L 1F
T”’lj—z = /0 p" " f(p)dp + C.

LRV r T R ARG H X ARG R A, 1T

T 1 t
u(r) = /0 praY dt/O " f(p)dp+ Er*™" + D

T T 1
= / p”flf(p)dp/ prom dt+ Er*™™ + D
0 P

T2—n

= T [ o o s (o)dp - B D,
n—2 0

XE.C,DE #HEFHK Z4MEr=0HAF, LRA F=0. X2 n 4EPoisson7y 42 b *F 4 69 2K A
K. #Neumannid R4 # g—“ =D T, RAAM SRR AR

r=

R
%/0 p" " f(p)dp = fo.

B % & M & = 0 Neumanni 18 9] 2 A 4 T 4 X 49 2
T2—n
n—2

ur) =+ [ o™ = ) p)dp 4 D.

5.7 FIBRTECT-HE RIS ERS [ dS, Heb S & RS g B0 € R® R A

s [z — ol
£1|I0|>:L

B A SIERE o1 75 RA(0) LA SUH laol > 1, 8 o — x|~ 7EBR By(0) RBAL. th VBRI
AR T4 (E 7S

1 1 1

Zaéu—mﬁs‘ﬁm

1 4
/7613 _
s | — o] |0

B



b= St SRR P

1 Wn,
ds =
)£|x—-xa"—2 e

7% % S # R @A, x| > 1.

2 RN o %453k __ 2
AFSER fEEHKA W, = T/2)

§5.3 FEIESHE

518 MR f(x) BRT v € R™ WIMHTEREL, M T y € R™, & SR

u(w,y) =y @] Wik + -+ Ak f(a),
k=0 ’
- (_1)k 2k+1 2k+1 k
k=0

ER w, v #ZERT (z,y) € R ByJARIREL
VEBA HESHE o MIERAE v BRIEZELL. BRI

Amu(x, y)

P ) AT f (),

)k+l
(Wi* + -+ i) AR ().

2

k=0

S (_1)k 2k—2 2k—2 k
Agule,y) = Y oo (7 o AN ()

k=1

2.

B Avu+ Ayu = 0. FI u BT (oy) € R B JE E5L
5ﬂ>&uﬁkﬂ¢$@ﬁ£%ﬁﬂ@ﬁjﬂ%%j/u%mﬁﬁ.

WEEA ERREL, MR © € R™, R > 0, AN REBHIBR-TFHELAM Cauchy A5ERH

2 2
b n 1 ( n ) 206\d d
i (wnR" /BRu)u(g) 5) = o /BRw)u % o

= " u2 " U2 .
—%mém)@ms%mén@m

TELRXFLS R— 0o Fu(x)=0. il z e R" FEEHES v=0. K5CMFMTE.
5.20 405 w=u(r,0) ZVEFREL, UEH v = ru, WV REL H i IR S5 0 (E ] &5
{Au:um—i—uyyzo, 0<r<R,

ou
o leer ©(0)

%ﬁ,%/wwmw:owﬂugm
0

27

u(r,0) = — ©(B) In(R? + 12 — 2Rr cos(f — 6))dB + C,

27 Jo

H O MIEEHEL



B A v = u(r,0) R EE, oA

T4
10/ ov 10 10/ 9/ du 1 9%/ Ou 1
b= 5wt = 0 05)  map () = 08w, =
LR o WREAEE B T u 055 MR % T v ) Dirichles Y{EME

—Av=0, 0<r<R,
v = Rp(d), r=R.

1 Poisson 2AZHI, [ f# A

v(r,0) = dg.

R /27r (R? —r*)e(B)
21 o R2+712—2Rrcos(3 —0)

27
ﬂma%%@ﬁ 2(6)d0 = 0, LK v B Rl Tt

R 27 R2 o T2
o(r:f) = 2 / <R2 +72 —2Rrcos(3—0) 1> p(B)ap

B ™ 12— Rrcos(3 —0)
I / R? 4 r2 —2Rrcos(f — H)Qp(ﬁ)dﬁ
H A D5 ] G iy
w(r.6) = u " u(p,0)
(r.6) (0,9)+/0 22 a

B R [*™( [T p— Rcos(B—0)
= u(0,9) - ;/0 </0 R2 + p? —2Rpcos(fB — 0) dp> #(B)df

27
= u(0,0) — 25 /0 ©(B) In(R* +1* — 2Rr cos(B — 6))ds3.

X H,u(0,0) AT LURER AL
5.21 SRIXi Q LA HE Dirichlet MY Green FEL, HH Q 471K
(1) W2 —FH:Hy = {(z,y): >0, y>0}
(2) 2EBREEBY = {2 = (v1,20,23) €R® . |2| < R, 23 > 0};

(3) BIRZEE):Hy, = {x = (z1,72,73) €R®: 0 < a3 < h}.

& () M Z T Hy WAER—R (& n), TERRRE AL AT, DL 5.3. A E A f i e
GtE « i LR AR, FETE (& n) KT o BIBIXIFRA (€ —n) KEMCE AL T .

t------ -/ -------- -t

' /|

! VAV AVAVA >

: 0 *
(-&-m) &-n)



Al 5.3

P RLGTE T L5 T (6 m), (6 —n) WAL (2, y) AT AR AL

(z -8+ y+n)?
(z =82+ (y—n)?

BRI y B LR AR AR, R y R LR E, MRELE (& n) KTy BB (—€,n)
SETCE AL ST, TE (€, —n) KTy BIRIXFRR (=€ —n) LHCE ALIEFAT, PO~ BT A 1y i L 3 7E

T LA A (2, y) AHIZEE B ER

G(z,y;6,m) = G*(x,y;6,m) — G*(x,y; =€, n)

_ L E=07+ (g4 n)ll(e+ 67 + (y — )]
A (2 =2+ (y—n)?[(z + )2+ (y+n)?

EAE Ay B L EHCYE, B Gz, y;§n) BRI Z — T 1AM 7772 Dirichlet [W]H] Green

(2) Eﬂlﬁi‘ﬁkﬂi By WHER—& & 76 ¢ FCE—RAIERA (WA 5.4), b&ﬁ z € R®(z # £) AbHy
L2 | 5k N T FIERTE LHACAE, TER § RTRRIEH RK BT & = |€|2€ AEFCE g BRI S
fif,q FisE, ERTT ARSI « SHTHEALE

) 1
G (%y;fW) = Eln

— q 3 *
”($7§)——Wa reR’, z#L

El 5.4
MATER— 8 0 € Ba # & €) BBRZ AR T - T AR TEEIGELH) o
{752 o € OBy BEEAFIHE, B
1 g & _ =€
g We-e] 7 1T Tgr 1€0Bn

XH Br & R® FLRECARRD. REREER BN =M 206 5=AK <O e84 O ArikM, A
BE e ARy PIARRLA LB (€] - R = R < [€], BTRAK B A= AR AU i

e-¢| R

=-—, € 0JBg.
lz—¢ ¢ r




S ULEAR, i o = R/ T o(0,6) = - TR TS

1 1 R 1
g = — (. L )
(:8) 4w<|x—s| g |x—s*|)

TERRTH_EHEAZE, (B RAE I 25 = 0 LIEME, AMTE € RTFE 25 = 0 FXTFRA & LcE
PP RAT, T8 & R TP 23 = 0 BXFFR A L &8 BCE DY ¢ BYIE AT, XS E] Green AL
G(‘T7€) = G*({E,f) - G*(x7€—)

1 1 R 1 1 R 1
T <|x—§| T el gl +E'W>'

(3) FEEARZEN Hy, = {2+ 0 < 5 < h) PUERR—1% B = £ = (61,60, 65), E P SUSCH — (i E HA7
(L 5.5), BAER « € B (o £ B) AbpgHLfife m

HWESE Glaymo = 0. WAMHE B %T 25 = 0 BIRTRA By = (60,60, —Es) AOHUE L0 5 LA, ELIE
BE B R4 Glayon = 0 RAEHAL.

WAL Glasr, = 0, WAAE P T w5 = h BRBRE Py = (61,60, 2h — &) ABCERAL
LA 1E Py T w5 = h SRFFRA P — (€1, €0, 20+ €) AT B G IE F . IR AT LA GREDY o 577

B T vs = h LRGN E, HBF KM Glos—o = 0 UNREWR T .

------ ;- ----------------------------------x3=3h
PI
----------------------------------------- xg=2h
PI
| N xa:h
" _—
— / X5=0
Po 4
----------------------------------------- X =—h
3
+
P—1
------------------------------------------ x.=—2h
P,
------------------------------------------- x3=—3h

Kl 5.5

FTELE Pr RT 23 = 0 XIFRE PH = (&1, &, —2h + &) OBCERLLERS, 72 P™ T 23 =01
PR P2y = (6, &2, —2h — &) SEHCE AL H Gloy—n = 0 XURRENE, IIKAZERZRZ, —H
B PR R FEI 2 25 6] UL

FRYCT B AT A 7 BEAEXT AR A AT B A ARAR Y AT, S RVT R R P = (6, &2, 2nh + &) ALHRTICE
BALIERAT, BTA R P,y = (1,8, 2nh — &) JEARHCE AL T AT, X n I\ —oco THEXE] co. XHERATEL
5% Green FEEHN

1 & 1 1
Gl &) = En;m <|x_Pn+| B |x—P,;|>'
LRI FEEOHMERE R € € Hy, Ml o € R3 A2, X TRATLLEH
1 1 4(,’E3 — 2nh)§3

— = :O —2’ )
le— Py |x—Py| |oe—Pf|-|lz—Pil(jlz—Pl|+|z— Py (™), In[— o0



5.22 JEB Harnack A& # u 78 n (> 3) 488k Br(0) WAERIAM, NXHEE « € Br(0), BL

(B + [z~

R"2(R + |z[)

u(0) < wu(z) < )T

u(0). (5.7)

iEBA TR uw € C(Br(0), BA R —c 08 RIEW (5.7) XML, L e — 07 BIA]. fRiZ

w(z)|opR0) = ¢(z) > 0, H Poisson A A

u(z) = R2—|xl2/ (§) dSe, © € Br(0).
19}

wnll  Jopr) lo ="
FEH H
1
u@0) = oy /6 o p(€)dSe.
MAAR%EX
R—l|z| < |z —€¢ < R+|z|, =€ Bgr(0), &edBg(0),
5

R — |af? _e®
’U,(JJ) < wnR /aBR(O) (R — |$|)n ng

R+ |z /
- - p(£§)dsS
wnR(R = [2))"7" JoB a0 (€)dSe

_RR+ ),
I

R? — |$|2/ (€
ulz) 2 ds
) wnlR  Jopg) (R+|z))" ¢

R — |z /
- - p(£)dS,
wnR(R+ |2)"~Y Jopg(0) €

Rl
IR

I, REERX (5.7) AL
¥ AR Harnack 1~ F X AR F 2 T @ UAE®:
1. % u A% Bg(0) WiEfiAA, MMEE 2,y € Br(0), A

(R—lyD" (R — |=)
(R + [z~ (R +[yl)

(R+ )"~ (R +x)
(R — [z))"~H (R = [yl)

u(y) < u(x) <

u(y).
BT UM de, HEE e (0,R), AT E X

R n
supu§< M) inf 1.
B,(0) R—1r) B.0)

2. % u A3 Brly) WIEfiiA4, # E |2 < R, MR

(B + [z~

B (R A |zl)

u(y) <u(z +y) < e

u(y).



FRE, A v@) = u@+y), M o) &3 Br(0) AIEHAA, 4 o(z) AN Hamackh F X RAF LK.
4o RA z=x+y, N z€ Brly), LXAEHH

R (R — |z —y)
(R+ [z =yl

R (R + |z —y))
(R—[z—yl)!

u(y) <u(z) < u(y), Vz € Br(y).

3. #] A Harnack 5 X, &A1 vLiE ALiouvillex 32 A% W] LA TR (R LK) 678 Fo F) b A % %
FRE FuATR NAELEEFHK M, # v=u+M IR\, NHHEE xR, A A Harnack ¥ X,

HA R — oo, #4528 v(z) =v(0). THLW v 2FEK. B u 2.



